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CHUYEN BE SU DUNG TIEP TUYEN
TRONG VIEC CHUNG MINH BAT BDANG THUC
Nguyén V1rh Duy-CTKG

Loi Mé Dau
Nhiéu Itic toi dit ra cAu hdi khi doc 13i gidi cia kha nhiéu bai todn dic biét 1a BDT
t6i khong thé hi€u ndi tai sao lai c6 thé nghi ra né nén cho ring day 1a nhitng 15i giai
khong dep va thi€u ty nhién. P&n cap ba khi dudc hoc nhitng ki€n thitc mdi t6i mdi bit
diu c6 tu tudng di sdu vao bai todn va 15i gidi cda ching.Va ciing tir d6 cong thém
nhitng ki€n thiic c6 dugc trong qud trinh trinh hoc tap toi da di vao tim hiéu mot
phuong phdp chitng minh bat ding thitc: ** Phuong phdp sit dung ti€p tuyén >’. Pay la
phuong phap chimg minh bat dang thtrc lién quan dén cac ham sé c6 dao ham.
Mot s bai todn trong chuyén dé nay da c6 & mot sd sdch tham khdo, chuyén dé

vé BPT, tuy nhién trong chuyén dé nay cic két qua dé dugc xay dung mot cich
khdch quan va sip x€&p tir don gidn d&€n phiic tap gitp ngudi doc c6 mdt cdi nhin tdng
quan hon. Mot sb bai toan c6 phan cha ¥ dé chung ta c¢6 thé nhin nhan bai toan tir nhiéu
huéng khac nhau.Chuyén dé gdm hai phan chinh:
Phan | :SU DUNG TIEP TUYEN TRONG VIEC CHUNG MINH BBT

Phan Il : MOT SO MO RONG PHUONG PHAP SU DUNG TIEP TUYEN TRONG VIEC
CHUNG MINH BDT

Vi niing lvc con nhi€u han ch& nén & chuyén dé c6 nhitng thi€u sét nhat dinh. RAt

mong nhin dudc sy thong cdm va gép y d€ chuyén dé dugc tot hon.



Phan I:SU DUNG TIEP TUYEN TRONG VIEC CHUNG MINH BBT
Nhan xét: Néu y= ax+ b la tiép tuyén ctia do thi ham s6 y = f(x) tai diém A(xy;),)
( A khong phai 1a diém ubn) , khi d6 ton tai mét khoang D chira diém x, sao
cho f(x)=ax+b VxeD hoac f(x)<ax+b VxeD.Dang thirc xay ra khi x = X,
*Néu y=ax+ b latiép tuyén cta do thi ham s6 y = f(x) tai diém A(x,;),) thitaludn phan

tich duoe £(x) —(ax+ b) = (x- x,)* g(x) , k=2

Bay gi® ta van dung nhan xét nay dé& chirng minh moét sé bat dang thirc.

Bai toan 1: Cho a,b,c,d >0 thda man a+b+c+d=1.CMR: 6(a’ +b’ +¢* +d’) > (a’ +b* + ¢’ +d2)+%
Nhan xét. DAu bang xdyra<> a=b=c=d = i . BDT can chirng minh:

(6a’ —a*)+(6b —=b*)+(6¢> —c*) +(6d° —dz)zé <:>f(a)+f(b)+f(c)+f(d)2%

Trong d6 f(x)=6x"—x*. Ta co tiép tuyén clia dd thi ham sb y = f(x) tai diém c6 hoanh d6 x :%Ié

Lo L L (Y Y| Y (1Y (1Y sx-d
y=F G 4)+f(4)—{18.(4j 2(4)}()6 4%(4) (4) sy=

S5x—

! v6i x €(0;1)

Diéu chung ta can: f(x) >

L& giai.
S5a-1

Taco: (6a’ —a’)> < 48a° —8a> —5a+1>0 < (4a—1)*Ba+1)> 0 (Pung Vx e (0;1))

5(a+b+c+d)-8 1

vay: f(a)+ f(D)+f(o)+f(d)= 2 (dpcm)
Bai toan 2: Cho él,b,CZ—é vaa+b+c=1.CMR: 23 + 2b + 2C Si
4 a+1 b +1 c+1 10

Nhan xét. DAu bidng xdyra<>a=b=c :% va BDT chirng minh ¢6 dang f(a)+ 1 (b)+ f(c) S%

trong doé f(x) =

VOi x € [—%;m] Tiép tuyén cla dd thi ham sb y = f(x) tai diém c6 hoanh d6

x> +1
. 36x+3
x=—la: y=
3 50

36a+3 _a _(a-1’(4a+3)
50 a+1  50(@+1)

Vae[—%ﬁoo}: a__36a+3 Vae{—%ﬁoo}Véy: a b L _36(a+b+c)+9 9

L&i gidi. Ta cé

< + <
a’+1 50 a+1 b*+1 c*+1 50 10
dpcm

Chu y: Bai toan 1.67(Poland)/trang101 Sang tao BBT



1 1 1
Béitoén3:Choa,b,c>0véa2+b2+02:1.CMR:(—+Z+—)—(a+b+c)22\/§
a c
Nhan xét. Ta thay dang thirc xay ra kh|a=b=c=$ va BDT da cho c6 dang

1
F(@)+ f(b)+ f(c)=23 trong do f(x)=——x véi x € (0;1)
X
. . . . |
Tiép tuyén clia d6 thj ham s6 y= f( x)tai diém c6 hoanh do x = ﬁ la: y=—4x+ 2\/§

Tasé danhgia f(x)>—4x+2+/3.

2
L&i giai. f(x)—l—x2—4x+2\/§<:>1 al 2—4x+2\/§<:>(\/§x—1)220 dang Vx va déu

X X

bang xay ra khi x:%.Véytacé: f(a)+f(b)+f(c)2—4(a+b+c)+6\/§

Mitkhac: a+b+c<y3(a® +5% +c2) =3 = f(a)+ f(B)+ f(c) 223 dpem

Chu y : Ta thdy rang yéu t6 quan trong nhét d& chiing ta co thé str dung phuong phap nay la ta chuyén dwoc BDT vé dang
f(a))+ f(ay))+...+ f(a,) 2 mnosc f(a))+ f(ay)+...+ f(a,)<mva a; (I=1,..,n) thea man didu

kién nao do.

Bai toan 4: Cho a,b,c >0 va a+b+c=3 .CMR: \/Z+\/Z+\/E = ab+bc+ca (1)
Nhan xét. BDT twong dwong :

@ +2Ja+b +23b+ 2 +24c = (a+b+c) =9 < f(a)+ f(b)+ f(c) =9

Trong d6 f(x) = x>+ 2+/x v&ixe(0;3) . DAu “=" xay ra khi a=b=c=1 va tiép tuyén ctia d thi ham sé
y= f(x) = x> +2/x tai diém co hoanh do x=1 la: y=3x

Xét: £(x)=3x = (x —=1)*(x+2/x) = 0 ¥xe(0;3). Vay ta c6 1di gidi nhw sau:

L&i giai. (1) < a® +2Va+b> +23b+c* +2Jc >9

Tacoia’ +2Va —3a=(a-1)>(a+2Ja)=0

=0 @’ +2\a >3a

Twong ty: b +2+b > 3b;¢? +24e 2 3¢

Cobng ba BDT trén ta cé dpcm.

Chu y: V&i bai toan trén ta c6 thé st dung BDT Cauchy dé chirng minh.
Bai toan 2.3 Rusia MO 2000/trang106 Sang tao BDT



. b 9
Bai toan 5: Cho cac so6 thwc a,b,c >0 thda man a+b+c=1.CMR: a + + ¢ >—
1+bc 1+ac 1+ab 10
1—
L&i giai. Ta co bc<(b+c) —( . (‘”c) —(—) b<(a+b) =(TC)2
a b c 4a 4b 4c
+ + >— +— +—
l1+bc l1+ac 14+ab a —-2a+5 b -2b+5 ¢ —2c+5
1 ) ) s 4
(Nhan xét: DAu “=” xay ra khi a =b =c =~ va tiép tuyén ctia ham sb dd thj y=f(x)=2—x tai
3 x —2x+5
R 1 99x -3
diém co hoanh do x=—la: y =22
3 100
— — 2 —
Ta 6:—; 4x 99« 3:(3x 1)2 as llx)20 vxe(0:1)
x —=2x+5 100 100(x" —2x+5)
4b 4 99a+b+c)-9 9
Suy ra: — a +— +— ¢ 2 (@ ) =—  dpcm
a —2a+5 b -2b+5 ¢ —2c+5 100
. X . 1 1 3
Bai toan 6: Cho cac so dwong a,b,c cé tong bang 3.CMR: + + <—
9—ab 9-bc 9-ca 8
Nhan xét.Ta cé: ab < (a-zi_b)2 = (320)2
1 4 1 4 1 4
= <— .Tuong ty: <— ; <—
9—ab —c"+6c+27 9-bc —-a"+6a+27 9—ca -—-a +6a+27
. D4u “=" xay ta khi a=b=c=1 va BDT cé dang f(a)+ f(b)+ f(c) s%
4 ) ) X . s )
Trong d6 f(x)=—5—————. Tiép tuyén cla d6 thi ham s6 y = f(x) tai diém c6 hoanh d6 x=1
—X"+6x+27
3y =t
64
— — 2 —
Loi gidi. Ta c6:—; Omx_ DO g vye(03)
—x"+6x+27 64 64(—x" +6x+27)
4 4 4 2
Vay: —; +— +— T=(atb+c) 3Ta c6 dpcm
—a"+6a+27 -b"+6b+27 -—c +6c+27 64
Chu y: Bai toan trén c6 thé giai bang BDT chebyshev
Vi du 1.3.8(crux)/trang41 Sang tao BBT
Bai toan 7:Cho a,b,c la d) dai ba canh tam giac. CMR:
l+l+l+ 2 241+1+1
a b ¢ a+b+c a+b b+c c+a
Nhan xét. Ta c6 BDT chL'Png minh 1a thudn nhét nén ta co thé gia st a+b+c=1
BDT: (———) (———) (———)<9 < f(a)+ f(b)+ f(c) <9trong d6 f(X)—
—-a a 1-b b
1 . . X " 2 . R N
DAu “=” xay ra khi a=b=c= E.tiép tuyén cuta do thi ham s6 y = f(x) tai diém c6 hoanh do
1 -1)*(2x—
x= &y =18x3. Ching ta hy vong co sur danh gi: £(x)—(18x—3) = 3¥=D (22" D <o)
-X



Via,b,c la ba canh clia tam giac théa mén a+b+c =1, gid st @ =max{a,b,c} khi d6

1 1
l=a+b+c>2a=>a <Esuy ra a’b’ce(O;E) =>(1) dung

L&i giai. Khong mét tinh tdng quat gid str a+b+c=1, khi d6 BDT tr¢ thanh:
5a—-1 5b—1 5c-1

a ~+ ~+ ¢ ~<9
a-a- b-b" c-c

1
Vi a,b,c la d6 dai ba canh cua tam giac va a+b+c=1= a,b,c € (O;E)

— — 2 — —
Ta co: 2 1-(1861—3):(3“ D (22“ D <0 va ey =4 13(1851—3)
- —-a 2 a—a
5h—-1 S5c—1 . \ e .
Twong tu: b < (180 -3);—— <(18c~-3) .Cong cac BDT nay lai v&i nhau ta co:
- c—c
S5a-1 5b-1 5c-1
>+ >+ ><18(a+b+c)—9=9(dpcm)
a—a- b-b" c-c
Dau “=" xay ra khi:a:b:c:%
e a b c 9
Bai toan 8: Cho a,b,c>0 .CMR: >

(b+c)? +(c+a)2 +(a+b)2 T 4a+b+o)

L&i giai. Khdng mét tinh tdng quat ta gid st a + b + ¢ =1. Khi d6 BDT da cho tré thanh:

. b S 222@ fa)+ f(B)+ F)> 2 voi f(x)=—

(1-a)® (1-b?> (1-c)?® 4 4 (1- x)°
L X z N TR Je .4z . \ ” \ 18x -3
x € (0;1) Tiep tuyén cua do thj ham s0 y= £( x) tai diem c6 hoanh doé x =§ la y= y
J— J— 2 J— J—
Taco: flx)—oX=3 _Bx=D (322")20 Vxe(0) = Ax)> 083
4 4(1- x)

Suyra: f(a)+ f(b)+ £(c)> 18(a+i+ 99 :% dpem
Bai toan 9:Cho a,b,c > 0 .CMR: a(b+c) + b(c+a) + c(a+b) <é

A +(b+c)Y bP+(c+a)t P +(a+b)? 5
(Trich dé thi Olympic 30-4 Lép 11 ndm 2006)

L&i giai. Khong mét tinh tdng quattagias a +b+c =1

a(l—a b(1-b c(l-c
(-a) _b1-b) _ el-0

Khi do BDT da cho tré thanh: 3 3 3 3 5 3
> +(1-a)? B +(1-b? F+(-c)

<5
5

6 x(1—-x x—x°
Hay f(a)+ f(b)+ f(c)sS- voi f(x)=— (1=x) > == voi xe(0;1).
5 x“+(1=-x)" 2x"-2x+1
Dau “=" xdyrakhi a=b=c= 3 va tiép tuyén clia d6 thj ham sb y= £( x) tai diém c6 hoanh do

1, 27w+
Y-

X =



C 27x+1 Bx— 1) (6x+1) 27x+1

Ta co: = Vxe(0;1)= f(x)<
AR 25(2x —2x+1) )= 1) 25
Vay f(a)+f<b>+f(c><27(“+ 2t gapcm
_ N2
Bai toan 10: Cho a,b,c >0.CMR: (btc a) (c+a b) + (@atb—c) Zé

(b+c)* +d? (c+a) +b0* (a+b)*+c* S
(Olympic Toan Nhat Ban 1997)
Loi giai: Tagid st a + b+ ¢ =1. Khi d6 BDT d4 cho tré thanh:

(1-2a)* .\ (1-2b)* .\ (1-2¢)* .3
(1-a)Y +a> (1-bP*+b> (l-c)+c* 5

4a® —4da+1 4b2—4b+1+4c2—4c+1 3

>
2@ —2a+1 2 —2b+1 2P —2¢+1 5
1 1 1 27
< + <—<=>f(a)+f(b)+f(0)<—
2@ —2a+1 22 —2b+1 26 —2c+1
1
Trong d6 f(x) =——— voi x €(0;1)
1 2x* —2x+1
« K X > A . ~ A . . R - ~ ~ N 54'x+27
Tiep tuyén cta do thi ham sO y=f(x) tai diem c6 hoanh dd x:§ la y:T
3 2 12
Ta ch: 54x+27_f( )_2(54x : 27x +1):2(3x 21) (6x+1)20 Ve (0:1)
25 252x° =2x+1)  25Q2x"—2x+1)
— fla)+ f(b)+ f(c)£54(3+zgc)+81=2—57 dpom

Chu y: V&i bai toan trén ta cé thé sir dung Phwong phap hé sb bat dinh dé chirng minh
(vidu 1.6.12/trang68 Sang tao BDT)

Bai toan 11: Cho a,b,c>0.Cmr 1;/*? (a* +b° +c2)(l+%+l) >a+b+c+a+b* +c?
a C

BDT da cho ddng bac nén ta chuan hoa:a’ +b° + ¢ =1, khi d6 BDT tré thanh:

1+3 1

f(a)+ f(b)+ f(c) =1trong d6: f(x) = 5 (——x) v&i x €(0;1).Dang thirc xay ra khi

1 .. . X . T . |-
a =b=c=—=Tiép tuyén cla do thi ham s6 y = f(x) tai diém cé hoanh d6 x=—1a

5 N
y= 1+2\/— 2+2\/§ .Chung ta chrng minh
33 3
dwccﬁ.(l—sz—“zﬁﬁ 2+2V3 vx e (0;1) dang thire xay ra khix=— . Ta
33 \x NE) 3 3
coa+b+c<2(a’+b* +c?) =3
1+243 1+243

Do vay: f(a)+ f(b)+ f(c) = - 7 (a+b+c)+2+23=- 7 J3+2+2+4/3 =1 ta ¢ dpem



Phan Il : MOT SO MO RONG PHUONG PHAP SU DUNG TIEP TUYEN
TRONG VIEC CHUNG MINH BBT

Qua cic vi du trwée ta da thiy ré dwoc irng dung ciia phwong phdp tiép tuyén nhwng nhw thé cé Ié
cdc ban vén chwa thod mén béi Ié ¢ cdc bai todn vi du trén viéc tao cdc biéu thire dpc lip hay néi
cdch khdc la viéc tao lgp cdc ham dic trung dé xét tinh 16i Iom va diém roi ciing khd don gian.Va t6i
dd sir dung 2 vi du sau theo cd nhén téi la khd hay va khi xdc dinh hwéng gidi chic cdc ban sé khong
nghi téi phwong phdp tiép tuyén.

Bai toan 12: (Vinh Duy) Cho céac sb thyc at,a2,...,an thda man Zai =1.

i=1

n

Chung minh:  )° & S "

=2-a; 2n-1
e 1
L&i giai.Ta thay dang thirc xay ra khi a, =a, =...=a, =—va BDT da cho c6 dang
n
> fla)= > " 1 trong d6 f(x) = 5 v6i x e (0;1). Tiép tuyén cla do thi ham s y = f(x) tai diém
i=1 n— -X
2 l 2
1 2 2 _1 2 _ 211 (x__)
c6hoanh do x=—laiy=—2 X1 Tacs X 2xl_ >0 Vxe(0;])
n 2n-1) 2-x (2n-1)" (@2n-1)"(2-x)
g n(2n2.l—l)
Va > n___ - Ta c6 dpcm
y,Z:l“Z—af (2n-1) 2n—1 P
Chu y:Bai toan trén co thé giai ngan gon bang BDT chebyshev
(Vidu 1.3.1 (Balkan MO)/trang35 Sang tao BDT)
3 3 3
Bai tofin 13: (Vinh Duy) Cho abe 50.CMR: —— 4o, ¢ atbtc
a +ab+b~ b +bc+c ¢ +ca+a 3

Loi giai . Ta chirng minh:
3
a > 2a—-b
a’* +ab + b’ 3

Chttng minh tuong tu vdi cac biéu thirc con lai rdi cong ddn ta c6 PPCM.

(*) < (a+b)a-b)> =0

Ta s& phén tich viéc tao ra duoc BDT phu (*) theo hudng tiép tuyén .
3 4 3 212

. a a +2a’b+3a’b

Ta xét ham so0 sau a)=—,f"(a)=
/(@ a’+ab+b’ /@ (@’ +ab+b*)

Ta nhén thdy dau bang xay ra khi a=b Liic d6 ta s& danh gia f(a)> f'(b)(a —b)+ 1 (b)
Twr d6 ta nhan duogc (*).
Mot sé bai tap dé cac ban kham pha:

a’ N bh* N c? _atbte
(. =
a+b b+c c+a 2
3 3 3
a b c a+b+c
EJ. 5 5 + 5 B + 3 3 :j
a® + b* T e e Sy 2

c¢) Cho a,b,c >0 a+b+c =2 .CMR:

110* —a* 11 =6 11a® — ¢
— + — + =

ab + 4h° be + 4e” i + da-

4 4 4
d, Cho a,b,c > 0.CMR: 3a T+ 3b T+ 3c 32a+b+c
a+b> b’+c¢ c’+a 2




Mét s6 bai tap ap dung:
1.Cho a,b,c>0 va a+b+c=1. CMR : 10(a’ +b’ +¢’)=9(a’ +b” +c°) > 1

11 1
2.Cho a,b,c>0 va a> +b*+¢* =1.CMR : (—+Z+—)—(a+b+c)22\/§
a C

3.Cho a,b,c>0 va a’> +b* +c* =3.CMR :(l+l+lj+%(a+b+6)27

a b c
4.Cho a,b,c,d>0 va a+b+c+d=2.CMR : ! -+ ! >+ ! >+ ! > ZE
1+3a” 1+3b~ 1+3¢~ 1+3d 7

1 N 1 N 1 <1
a+3-a> b +3-b +3-c*
6.Cho cac sb thuc dwong a,b,c théa man : a+b+c+d=2.CMR :

a’ b? ¢’ d? 16

2 >t 2 > T2 D) 23_

(a"+1)" (B~ +1)" (c"+1)° (d +1)" 25

1 N 1 N 1
Ja? —3a+3 b =3b+3 2 —3c+3
8.Choa,b,c>0va a’ +b° +c* =1.CMR ; ! + ! + ! 32

l-ab 1-bc l-ca 2
! + ! + ! <1
4—ab 4-bc 4-ca
Ca s ., 1 1 1 1 1 1
10.Cho a,b,c la d6 dai ba canh tam giac. CMR : —+—+—< + +
a b ¢ a+b-c b+tc—a c+a-b

a b c 9

2+ 2+ 22
(b+c) (c+a) (a+b)y 4a+b+c)

b+c c+a a+b a b c
12.Cho a,b,c>0Cmr: + + > 4( + +

a b c b+c c+a a+b
2x’ 2y° 27°
2 2+ 2 2+ 2 2 Sl
2x"+(y+z) 2y +(x+z) 2z +(x+Yy)
(2a+b+c) N (2b+c+a) N (2c+a+b) <3
20 +(b+¢)? 2b% +(c+a)® 27 +(a+b)?
3(a+b+c) N 3(a+b+c) N 3(a+b+c) <375
3a’ +(b+c)” 3b+(a+c) 3¢ +(a+b) 11
(b+c-3a)’ N (a+c—-3b) N (a+b-3c)’ >l
20> +(b+c)’ 20> +(a+c) 2 +(a+b) 2
1 1 1

17.Cho a,b,c>0 va a+b+c=3. CMR : > +— +— <1
a +b+c b +c+a c +a+b

18.Cho céc sb a,b,c,d khong am. CMR :

a . b e . d 3B 1
b+’ +d> C+d +a’ dP+a’+b A+ 2 YR 4br+ R +d?

5.Cho a,b,c 1a cac sb thyc sao cho a” +b* +¢> =3.CMR

7.Cho a,b,c>0 va a+b+c=3. CMR : <3

9.Cho a,b,c>0 théa man a* +b* +¢* =3. CMR :

11.Cho a,b,c>0.CMR :

13.CMR:

14.Cho a,b,c>0. Cmr:

15.Cho a,b,c>0.CMR :

16.Cho a,b,c>0. CMR :




19.Cho a.b,c>0.CMR: xyz(”y”)’“m) 3+43

(x +y +z )(xy+yz+xz) = 9

20.Cho a,b,c,d >0 théaman: ab+bc+cd +da=1.Cmr:
3 3 3 3
a b C d >1

+ + + > —
b+c+d c+d+a d+a+b a+b+c 3

3 3 3
21.Choabc>0.CMR: |~ 4 | 0, ¢
a +(b+c) b’ +(a+c) c’ +(a+b)

22.Cho céc sb thuc dwong a,b,c. CMR : Z atbtc +\/; > 9+3\/§
e b+c 2\a+b+c

b c
23.Cho a,b,c>0. CMR: ,/ (a+b+c)
\/b+c \/a+c \/a+b 2

24.Cho a,,a,,...,a,20va » a,=n.CMR <—
. ZE Z3 2458

4 4 4
25. Cho a,b,c>0.CMR: 3a T+ 3b T+ 30 32a+b+c
a+b b+ ¢’ +a 2




