10 DANG TICH PHAN HAY GAP TRONG CAC KI THI
PAI HOC - CAO PANG

Trong céc cac ki thi Pai Hoc — Cao Ddang cau tich phan ludn mdc dinh xudt hién trong dé thi mén Toan.
Tich phan khdng phdi la cau héi khé, day 1a mét bai toan “nhe nhang”, mang tinh chdt “cho diém”. Vi vdy
viéc mdt diém sé tré nén “vo duyén’ véi nhitng ai @ bo chit thoi gian doc tai liéu. O bai viét nho nay sé
cung cdp téi cc em cac dang tich phdn thwong xuyén xudat hién trong cac ki thi Pai Hoc - Cao Pang (va
dé thi ciing sé khdng nam ngoai cac dang nay). Véi cach gidi tong quéat cho cac dang, cac vi du minh hoa di
kém, cing Véi lwong bai tdp da dang, phong phd. Mong rang sau khi doc tai liéu, viéc ding truwéc mét bai
toan tich phan sé khéng con 1a rao can déi véi cac em . Chic cac em thanh cong !
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I. SO PO CHUNG GIAI BAI TOAN TiCH PHAN

SO PO CHUNG GIAI BAI TOAN TICH PHAN

POI BIEN
D.ésNG HUU T1
TAC, l
TI( H PH _XN 5 > f).:'s.P S{j' Thanh Ting
f CON G THUC
/ NGUYEN HAM
Tinh TUNG PHAN
DE Néu chwa ¢d a hodc cd b thi tim a.b bdng viéc gidi phiwong trinh hdgd: f(x) = g(x)
BAI
Cho
y= 2 g(x) = b
y=s(x) _ B 3 o
4 il Sun =[S -gWdr —=—n S, = ]| f(@)|dx
|V —8 Tinh
=
i 2 P2 — 02 g(x)=0 5|
Vox _F’Tl‘f (x) 2 (X)‘d T—}mchoanh(omg) i jf (x)
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1. CAC CONG THUC NGUYEN HAM CAN NHO

Piéu kién tién quyét dé lam tot phan tich phan 1a ching ta phdi nhé va hiéu duoc céch
vdn dung cac coéng theec nguyén ham sau: (chi can hiéu 8 cdng thaic thi sé biét cach suy
lugn ra cac cong thzc con lai)

a+l

_ a1 (ax+b)
1~ du__ 1
uz u+C’ u* (a—l)u“‘1+C

=—In|ax+b|+C
a
[a‘dx=-2_+C; [e'du=e'+C
N Ina

[e*dx=e*+C;  [eX**dx =%eaX+b +C

1jsin xdx=—cosx+C

jsin(ax+b)dx:—%cos(ax+b)+c
1jcosxdx sinx+C

[cos(ax+b)dx = %sm(ax +b)+C

j ——cotx+C
sin?
- dx 1
jm— 5cot(ax+b)+C
| ax =tanx+C
cos? X
- dx 1
du _ 1 |u-a
N Iaz—uz_ 2alnu+a+C
x*—a’ 2a |x+a
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I11. LOP TiICH PHAN HU'U TI VA TiCH PHAN LUQNG GIAC
1. LOP TiCH PHAN HUU TI

CACH TINH TICH PHAN HAM HU'U Tii | =f§§)2dx )

CACH TINH TiCH PHAN HAMHOU TI 7=[£0 a4 ¢

i e z X
TH1:Biccia f(X) < Biccia g(x) =&(%)
aff+b
- 1= :—1 +b
i(x) it > lax+b |m |m n act+b
A> 0 -5 4 I A l- 1 1 dx—hQ -
b= = \
/ a(x We—xm)  am—m) i\ r—m x—x) sl
I:F A= U £ A 4
[ax +bx+|:: @ | =7 @
= ‘ma(x x:,) a(x X;)
A<0 Pat x+x =ktant G
’I—— a’x——r =?
3" T a (‘{+x:,) +i (g 1y [ ke
re ——:i— %
272
A>0 _fCa-x)+Dx-x) 15 C i
= = + e - ve
!: a(x—xNx—2x,) a[' g e 5 =gl )
A=0 Ax+B 2 A(x—x‘)+C
> = o z dr=— d — 1 4
[a(x xa) a;[ alx— x) [ L x—x (t xg)Jx Quay ‘E()xa()
A<0 b h, %d b ; s
[k(ax +hx+) '+ _[ (ax’ + x+c)+"’*| _1n|ax‘+bx+c” @)
ax” +bx+e b ax’ +bhx+c ax +bx+e &

B éi bién

\J giam bic s

£(x) c6 béc lém hon 2 Quayve (1) hodc (2)
Tich, ghép (hoic déng nhit hé s8), nhin, chia

Chu thich: So dd trén duoc hiéu nhu sau :
Khi dtng trudc mot bai toén tich phan c6 dang hitu ti trude tién ta quan tam téi bac cua tir sb va mau so.
*) Néu bac cua tir s6 nhé hon bac cua mau sb, khi do ta chi y toi bac dudi mau sb. Cy thé:
++) Néu bac dudi mau sé bang 1 ta ¢d ludn cdng thic trong bang nguyén ham va dua ra duge dap so.
++) Néu bac dudi mau sé bang 2 ta quan tdm téi A hay “tinh c6 nghiém” cia phuong trinh dudi mau.
+) Néu A >0 tirc khi d6 ta s& phan tich dudi mau thanh tich va ding ki thuat tach ghép dé tach thanh
hai biéu thirc c6 mau bac 1 (quay vé trudng hop mau sb co bac bang 1).
+) Néu A =0 tirc khi d6 ta s& phan tich dudi mau thanh hing dang thic va ding ki thuat tach ghép dé
dua tich phan vé dang d4 biét.
+) Néu A <0 tre khi d6 ta khong thé phan tich dudi mau sé thanh tich va hiang dang thirc dugc.
-) Néu trén tir 1a hang s6 khac 0 ta s& dung phuong phap lugng gidc hoa dé chuyén vé dang co ban
( theo cach ddi bién ¢ so db trén).
-) Néu trén tir c6 dang bac nhat ta s& chuyén vé bac 0 ( hing sé hay sb tu do) bang ki thuat vi phan
nhu cach trinh bay & so d6 va quay vé trudng hop trude dé (tir 12 hang s6 khac 0).
++) Néu bac caa mau sb 1on hon 2 ta s& tim cach giam bac bang phuong phap di bién hoic cac ki thuat:
Nhan, chia, tach ghép (d¢6ng nhat hé sd), vi phan...
*) Néu bac cua tir s6 1on hon hoic bang bac cia mau s thi ta chuyén sang TH2 (truong hop 2).
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TH2:Baccia f(X) > Biccia g(x)
Cach gidichung I = ’fh(x)d‘{ : Tich phin co ban
=L/ j{h( A )}d‘f jh(r)atwj
chia g(x) & g(x)

2 )
2 =I@(i‘f:Qua3' vé TH1
= 8(%)

CHUY :
Viéc dong nhat hé sb dya theo cach phan tich sau:
f(x) A A, A, B,x+C, B,x+C, B,x+C,

- 5 o= 5 . m+ 5 =F 5 2+...+ﬁ
(ax+b)"(cx® +dx+e)" (ax+b) (ax+b) (ax+b)" (cx”+dx+e) (cx” +dx+e) (cx® +dx+e)
Sau d6 quy dong bé mau, dung tinh chét “hai da thie bang nhau khi céc hé sé twong Gng cua chling bang
nhau” tir d6 tim duoc cac A,B;,C; (i=1,m; j=1,n) hoic c6 thé dung cach chon x détim cac A,B;,C

Cac vi du minh hea

2
Vidy L Tinntichphan 1= [~ % vei: 1) k= 2) k=1 3) k=4

o X*+2x+k

n|w

Gidi: 1) Vi k :% th

2 2 2 2 2
I=J. dx 3:,[ 24dx ZZJ-(2x+3)—(2x+1)dX:J-( 2 2 )dx=|n 2x+1 _inls
0 %24 9x4> o AX°+8x+3 ¢ (2x+1)(2x+3) o\ 2X+1  2x+3 2X+3||, 7
2 2 2
2) Véi k=1thi: 1=, -| dxzz_ .2
5 X +2x+1 5 (x+1) x+1|0 3
2 2
3) Vi k=4 thi:
) -!x2+2x+4 -!(x+1)2+3
Pat x+1=+3tant Véite( —%j =— \/—(1+tan t)dt va x:0—2 thi tE—>§
% 2 % K
Khi d6 IZI@.(lﬂzan t)dt_ij- zﬁquﬂﬂ
> 3.(tan“t+1) 3 3 % 18
6 B
Vi du 2. Tinh cac tich phan sau:
2 0 1 1
3 dx dx dx
1) I, = dx 2) L=|——— L=({——mF 4) |, =|—
) b {4 =) )\ _Ilzx2+x—3 )1 £x2+6x+9 )1 £x2—2x+2
1 2 2
4x -5 3x+2 X—3
5 I, =| 5———dx ) l,=|————— 7)1, =|———dx
) s !xz— = ) s Jl.4x2—4x+1 ) le2+2x+4




* 3. 7

2
=j 3 =—In|4 —14 =ZIn
) 4x— 43
21 _])- dx ])- EJ. (2x+3)-2(x-1)
2ol ex-3 J(x- 1)(2x+3) 59 (x-1)(2x+3)
1% 1 1, | x-1 1,1 In6
==||—- dx==In =In==—
57 {x-1 2x+3 5 |2x+3 5 6 5
3)|:j dx =j dx 1:i
PUIx46ex+9 I (x+3? x+3, 12

4) | :j‘ dx =I
fdxe2x+2 d(x-1)%+1

0
bat x-1=tant Vvoi te[—z;zj:dx=d—t2=(1+tan2t)dt va x:0-1thi t:-% 0
2 2 cos“t 4

Khi d6 I, = J- (1+tan t)dt J-
T tan?t +1
[_4x-5 1) +3(x-2 1
) IS_-([ - _I(X(Ijlg(x(iz)) —I(—+—jdx (In|x—2|+3|n|x+1|)‘0=4In2

Chuy: Viéc phan tich 4x—5=x+1+3(x—2) c6 dugc 1a do ta di tim hé s6 a,b thoa man
a+bh=4 {azl

4x-5=a(x+1)+b(x-2 4x-5=(a+b)x+a—2b khido =
(x+1)+b(x~2) & (a+b) {a—2b=—5 b=3
3 7
2 27(2)(_1)_,_7 2
6) I, = [t 2 _gx=[2 22dx=[ s _,_T Zjdx
1 AXT—4x+1 1 (2x=1) 1\ 2(2x-1)  2(2x-1)
= EIn|2x—1|—L = 3ins L
4 42x-1) ), 2 6
x—3 2;(2X+2) (2x+2) ¢ dx 1 .
=] x=[2 = j 4j—=—A 4B (%)
XS +2x+4 X" +2x+4 X +2x+4 X“+2x+4 2
2 2
+) Tinh A—I (2x+2) :J.d()z +2X+4)=In‘x2+2x+4u =2In2 (1)
o X +2x+4 X +2x+4 -1

2 2
+) Tinh B=
) J.lx2+2x+4 J.l(x+1) +3

Pit x+1=+/3tant Voi te(—%;%):dx \/_dt \/_(1+tan t)dt va x:-1—>2thi t: O—>§
443

In2——
3

3 .
I«/—(1+tan t)dt ‘/§Idt:‘/§t|3:£” (2) . Thay (1) va (2) vao (*) ta duoc: |,
tan?t+1 g ° 3
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Vi du 3. Tinh céac tich phan sau:

29y3 _ 2 Ly 9y3 g2 _ 2 A3 _ fy2 _
1) |1=J-2x X +2x+4dx 2) IZZJ-X 2)(2 4X° + X 2dx 3) I3=J-4x :1x +7X 2dx
1 2x-1 0 X" —2x-3 T AXT—4x+1
1 2 2 2
(x+1) 2x°+x-1
4) 1, =|——dx (D-2013 5 I, = ———dx
) s £x2+1 ( ) ) s ;[x2+2x+4

2,003 2 2 3 2
1) I1=J'2X —X +2X+4dx=J'(x2+l+ > jdx= X—+x+§In|2x—1| _ 10,53
] 2x-1 ] 2x-1 3 2 ., 3 2
1 4 3 1 _ _
2) IZZJ-X 2x2 AX% + X — 2, _J-(X . X#5 jdxzj-{xz_ 2(x+1)—(x 3)}1)(
3 X°—2x-3 x> —2x-3 0 (x+1)(x-3)
1 3 1
=I{x2—l—(i—iﬂdx= X——x—2|n|x—3|+|n|x+1| _ 2In3-In2-2
5 Xx-3 x+1 3 . 3
A -AxE+Tx-2 , 6x—2 f302x-1)+1 ‘ 3 1
3) I3=J. > dx=J.( +2—de=J. Xt ——— dx=I X+ + > | dX
T AXT—4x+1 1 4x° —4x+1 1 (2x-1) 1 2x-1 (2x-1)
2 2
= X—+§In|2x—1|— L “1 33
2 2 22x-1) ) 6 2
1 2
[ (x+1) B
4) |4_£ R (D -2013)
1.2 1 1 1 1 1 2
I4=I$+2de=j(l+ 22X jdx:jdx+j 22X dx=jdx+jd()§ +1)=(x+|n(x2+1))‘1=1+ln2
5 X' +1 5 +1 5 5 X 5 y X +1 0
3
5) 1, = [ 2 XL —j =] 2-2———— |ax
o XO+2x+4 X +2x+4 0 X" +2x+4
2 2
zzjdx_E d(x +2x+4) 6] d (2x—§|n(x2+2x+4)J £6l =4-SIn3+6l (%)
0 27 X*+2x+4 X +2x+4 2 0 2
2
Tinh 1= [ dx =j ox
o X“+2Xx+4 3 (x+1)°+3
2
Dat x+1=+/3tant (voi te(—% %j =31+ tan” )t va x:0—2 thi t:%—)%

w\:\

_ 1/3(1+ tan” tydt £

3(1+tan’t) 3

(Y3,
3

'—-w\hl

T

6

m\h\'—.w\hl

z
6

(x+1) +3 3(1+tan’t)

3z : 2In3

ST (2*). Thay (2*) vao (*) ta duogc: |, =4——

\3r

3
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Vi du 4. Tinh cac tich phan sau:

1 7 2 X2 _
dx (B-2012 2) I,=|——=dx dx
;[x“+3x +2 ( ) )1 !..(3—2x“)2 -[x (x* +3x +2)
2 2 2
J- : 2X+3 dx 5) 1 _J- i X" -1 dx 3dx
L (X% +2X)(X* + 4x+3) 5 X =43+ 6% —4x+1 1 X
1 2 0
8) I,

v!;(l 2x) Jl.x 1+X2%4) J.l(

3

1
e X dt
Gidgi: 1) I, =|—————dx (B-2012) Ditt=x?=dt=2xdx hay xdx=—
= ' £x4+3x2+2 2

1 1

2 1 _ 1
VA x:0>1th t:051 =1, =] X xdx =] Lt =1j2(t+1) GJFZ)dt:%J(%— L jdt
+

X 4342 24tP4+3t+2 29 (t+1)(t+2) t+1
1
=(|n|t+z|_1|n|t+qj ~n3-3in2
2 o 2
3 3 1
L dt = -8x"dx < x“dx =—=dt
2) I2=I —dx Patt=3-2x'= 8 vax:051th t:351
0(3 2X) X4=E
2
1 1 13_t 3
7 4 _
Khi 46 1, = [ dx = [ ik = = —2—dt = [ L
5 (3—2x7) : (3—2x7) 8 t 164 t
3 3
1 (E—ljdtzi(—§—lntj _
16l t 16\ t X 16
ﬁ X2_1 - 2 dt \ N .
3) Iszj'#dx Dt t=x’ = dt = 2xdx < xdx=— V& x:1—>+/2 thi t:1-2
1 X(X"+3X°+2) 2
V2 2 2
Khido 1= [ 0D =T oL g
1 X (X" +3x°+2) 29 t(t°+3t+2)

Lac nay ta s& phén tich ﬁ thanh tong cac phan thirc c6 mau bac 1 bang phuong phap dong nhat
+3t+

A 2. t-1 t-1 A B C

h¢ s6 . Cu the: —; = =4 +
tt°+3t+2) t+)(t+2) t t+1 t+2
St-1=At+(t+2)+Bt(t+2)+Ct(t+1) (*)

Viéc tim A, B,C c6 thé Iam theo 2 cach :

1
A+B+C=0 A:_E
Cachl: (*) o t-1=(A+B+C)t’ +(BA+2B+C)t+2A khidd {3A+2B+C=1<{B=2
2A=-1 C:_g
2
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Céch 2: +) Chon t=0 thi (¥) c6 dang: —1=2A <> A=—+
+) Chon t=-1thi (*)cdédang: 2=-B<B=2
+) Chon t=-2 thi (*)c6dang: -3=2C < C =—g

2 2
2 2t t+1 2(t+2) ) 4 ;

:j 2x+3 dx:j 2x+3
CI P20 +4x+3) L X(X+2)(x+D)(x+3)
Céch 1: (ddi bién)

it t=x"+3x = dt = (2x+3)dx va x:1—>2 thi t:4—-10

2 2x+3
dx=I 5 > X
1 (X7 +3x) (X" +3x+2)

10

10
Khi d6 u:jL:lj(l—Ljdtiln
2Ht+2) 25\t t+2 2

4

t

1I 15
t+2

2 12

Céch 2: (tach ghép va sir dung Ki thuit vi phan)

B I [ (¢ +3x+2) - (x* +3x)](2x+3)dx 2{2

J-(2x+3)dx _i (2x +3)dx
(X% +3x)(X* +3x+2) T XP+3X 1 X +3X+2

x® +3x
X*+3x+2|

1 15

2 12

1] fd(x*+3x) Fd(x*+3x+2)| 1
=5{f D

L X3 7 X +3x+2 2

2 _ ~ 2
5 I, = J' n 3X 12 dx Chia ca tir va mau trong biéu thirc tich phan cho x* ta dugc:
% X1 —4XT+6X° —4x+1

a 1_% (l—jdx
I =j X

dx I 1
4x+6—7+— +—2 -4/ X+—|+6
X X X X

Céch 1: (ddi bién) Pat t=x+= = X
X

2

va X:-2— -1 thi t:—§—>—2

+i+2

2 _
t=x s

o -2 dt _ dt _ dt | =
Khido I, = J.(tz 2)—4t+6 J;tz A+ 4 J.(t 2) - | =

2
Cach 2: (thch ghép va sir dung ki thuit vi phan - danh cho nhiing ai c6 ki ning phan tich tot)

a (l—ijdx 1d(x+1—2j
X 1
=] 2 -] 1
-2 1 1 2 7_2
X+ -4 X+ +4 x+;—2 X+
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2 2
6) I, = =
¢ J.x +x° Jl. (1+x )
Céch 1: (d6i bién)

Dat t=x2:>dt=2xdx<:>xdx=% va Xx:1—-2 thi t:1—>4

f _1} I(t+1)—tdtzli 1 1 dt:lf 1 (-t
x(1+x) 2 t(t+1) 29 t3(t+1) 241t t(t+1) 2417 t(t+1)

| :

1

Khi d6 |, =

t+1

315
24 Zin
8 2 8

Céch 2: (Dung ki thuat tach ghép)
2 2 2
I_J-(1+x) X2 _J- ig_ 1 : dx=ji3 A+x)-x* J( __+ X jdx
x*(1+x?) X* X(1+x%) 1L X X(1+x?) 1 X 1+x°

1 1

2

2
j( j jda+x) { 12—mx+1ma+ﬁﬁ RS < B
) 29 1+% 2x 2 .8 22 8 2 8
L142x-1 1 1 1 1 T
J. Y J. 3dX=_J. 2 3 |OX=2] + 2 ol
o (L+ o (1+2x) 291 (@+2x)° (1+2x) 2| 2(1+2x) 4@d+2x)" )|, 18
2
s Y
e ] x 1+x2014
"’,..
— . N
= bt t =1+ x® = dt = 2014x**dx < x*dx=—— va x:1 > 2 thi t:2 >1+2%"
13 2014
2 2013 1492014 1402014
Khi do | :J. 2014 dX2014 = : J. a = : J. ( —ljdt
! X @+x ) 2014 5 (t-Dt 2014 5 (t-1 t
__ 1 -1 2005In2-In@+2%)
2014 | t |, 2014
¢ x2dx 3 . .
9) |9=J'ﬁ batt=1-x=>dt=-dx va x:-1—>0thi t:1>2
—X
-1
2 2 2 2
jl t)? dt—jl 2t +t dt—j(——3+i6jdt=(—i7 ia—isj _ 33
) AR Tt 5t°) 4480
2 2 In2
Vi du 5. Tinh cac tich phéan sau: 1) Ilzf X3 L ox 2) I,= _|'\3/eX —1dx
1 X 0
Giai:
2 /x? = tdt = xdx
1)I=_|' Xs 1dx bitt=Vx*-1=t?=x"-1=< = vacant:0 >3
1 X X =t"+1
'_i XZ_ldX‘J. ~Lxdx f tidt _f t?
'S ) (D)7 (1417

Trang 9



biat t=tanu > dt = dL: = (1+tan®u)du vacan U0~
C0os“ U 3

z

3
3'1:_[
0

T

tan® u.(1+ tan’ u)du _j‘- tan’u
(1+ tan® u)? g

3
= J'—l cos2u du =(1u —lsin 2uj
5 4

3t2dt = e*dx

In2
2) |2=j€/eX—1dx Deflttzi‘/ex—1:>t3=ex—1:>{ex 1
=t"+

0
In2 |n2m xdx Lt t3dt 1
SR R e e [

Ta dung phuong phap dong nhat hé sé:
1 1 A Bt+C

3,1 2 = T3
t'+1 (t+D(E"-t+1) t+1 t°-t+1

0

A+B=0

&1=(A+Bt’ +(-A+B+C)t+A+C =
A+C=1

z
3

0

-A+B+C=0< A=

3
inZu .
.cos’ udu =J.sm2 udu
0

71'\/§47Z’3\/_

"5 8 24

vacan t:0 —»1

jdt
1

=1=A{t’-t+1)+(Bt+C)(t+1)

Bo_t.c.2
373

OOII—‘

(C6 thé chon t=0 va t=+1 dwocbapt3dn A B,C rdigigi tim duwoc A B,C (may tinh co thé gitp ))

_t=2 J
t?—t+1

1(2t—1)—1

tz—t+1

1 —t+2 _1( 1

Vaytaco: —= +—
t°+1 3(t+1) 3(t°-t+1) 3\t+1

t+1

!I t+l t—t+1j ;‘?

1

=( t—In(t+1) + —In(t —t+1)j

0

2
NE] q J3(+tan u) 4

:j).( t+1j 2%

—J =3-n2-3 (%) Véi‘]_jtzwl_!( 1j2+[\/§

1

fd(t?—t+1)
I t? —t+1 !2

©oodt

2c0s’t 2
bt t—lzﬁtanuz : (f3Y va t:0—1 thi can u:—%%%
(t—lj H 3 =§(1+tan2u)
2 2 4
¢ ) z d
o[ty 2B B 2 g
% 2 3(1+tan®u) 3 7 3 | . 9
6 x oz
Thay (2*) vao (*) tadugc : I, =3-In2- 2\{;”
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Nhan xét: Trong cic bdi todn doi bién cac em sé nhan ra mér diéu (rdt quan trong trong phdn doi bién), khi
chiing ta doi bién thi buéc tiép theo la buée Vi phan cd 2 Vé. Sau khi lam xong diéu nay cac em sé biét ngay
la bai todn ching ta di cé ding hiréng hay khong. Cy thé: Néu sau khi vi phan ta co: f (t)dt = g(x)dx thi
xay ra 2 kha nang:

+) Trong dé bai c6 chira g(x)dx (co thé phai thém buéc tach ghép, thém bér dé nhin thdy nd) va phan con
lgi cuia biéu thire dudi dau tich phan (néu c6) con chira bién X ma ta rit dwoc theo t. Khi d6 xdc sudt ta di
theo huong nay dung la cao.

+) Trong dé bai khéng c6 hrong |g(X) dé ta chinh (Vi dx di mét minh luc nay “khdng 6n”” phai c6 mat
g(X) di cing hay phai c6 g(x)dx thita méi chuyén diroc theo 'f (£)dt). Khi do cic em nén nghi téi Viéc t
nhén thém vao (dé bai khong cho thi ta tw cho) va chinh bang céch nhan véi liong tiwong 1ing ¢ dudi mau sé
va phan phat sinh thém sau khi nhan cling véi biéu thitc trirde dé sé rit dwoc theo t (6 cd hai bai toan trén
ta d4 tw nhan cd tir va mau lan leot véi X va €*)

Bai luyén
1 1
. " A dx 1 1 4x+11 9
Tinh cactichphansau: 1) I =|———— (Ps: =In= 2) l,=|———dx (DBs:In=
P ) ;[xz—x—Z ( 3 4) )1, ;[x2+5x+6 ( 2)
3 V3 3
9 x“dx 3
3) I, dx (Ds:3In4d—— ) l,=|——— (PBs: =—In2
) ;[x2+2x+ (Bs 4) ) L. ;‘;xz 1 (Bs 2 )
1 1.2
1 3 X°+3x+10 1 4
5) I bs: =In— 6) I, = dx (Ds:l+=In—
) ;[x“+4x FERRLLPY ) s ;[x2+2x g & (Ps+oing)
1
0 2
D= 2 (bs: Sin3-1 8) wj# (Ds: 1—ilns)
5 (¢ —4x+3)(X* —4x +4) 2 2 6 o X —=2x"+1 3
1 1
dx 7+In3 dx (9-2V3)r
9 ly=[—— (Psi- 10) 1. = [— % (pg U287
) s ! Taeoa (PS5 ) ) ho ;[x“+4x2+3 (s =)
1 1 1 3
w=[2dx (BsS) 12)1,,= j _ (ps:%12) 1?,)|13:ILX2 (B
e 3) 8 s (x +1) 8 2 (x-4) % 128
\J6+/10
1 2 1
dx 73 1+ x? \/—n 1+x* T
14) 1, =|—— (Dbs: —In2+— 15) | 7dx (bs: ——) 16)1 Ds:
) L, !Ms( 3 ) 15) 1, = !1 ( ) 16)1,= llx x (Bs: )
1 2 1
X°=2 3 2X+5 1.5
101, = bs: — 18) I, = X (Ps: =In—
Mo -!.x4+2x3+5x2+4x+4 (Bs 44) ) o ;[(x2+3x+2)(x2+7x+12) (Ps 2 4)
2
1 V2 2
2x+1 3 X° =3 13
19)1,, = dx Ds: In—= 20) I,,=| —————dx (bs: —I 3——I 2
b ;[x“+2x3+3x2+2x—3 (Bs:Ing) ) Jl‘x(x“+3x2+2) ( )
1 1 2
Xdx 3 2X° +5x -2 1 3
201, = [— 2 (Ps:Z—2In2 22) 1, = dx (Ps: =+In—
Ma !(x2 1)(x 2 (PSgp 52 ) 1z ;[x3+2x2—4x—8 (Bs: 5 +In7)
2 ,3 5 3 2
X 4x -1 8 15 4x° —2x°—x+1 15 2
23) 1 —d Bs: In——— 24) 1, = dx (bs: In———
)y = j (Bs:in=-=%) ) Ly j T ( =)
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2. TICH PHAN LUQNG GIAC CO BAN
Trude khi di vao 10 dang tich phan hay gép trong cac ki thi Bai Hoc — Cao Pang cac em can nam
dwoc cach tinh cac tich phdan luong gidc co ban qua cac vi du sau:

Vi du 1. Tinh cac tich phan sau véi k =15 (c6 40 cau tich phan trong vi du nay) :

: : : :

A= _[sin" xdx B= _[cos" xdx C= _[tan" xdx D= _[cot" xdx
’ 7
0 B I 2

E= dx F= dx G= dx H= dx
lsink X ;[cos" X ltank X lcotk X
3 s 7

Giai:
*) Vol k=1 .Taco:

+) A =I3|n xdx_—cosx|2 = +) B, = [ cos xdx =sin x|2 =

O'ql\)\h\

2
0
R
I an xdx

e i :
=I SIX 4 =—J.dCOSX=—In|cosx||4=—In£=£ln2
5 COS X 5 COSX 0 2 2
26 2 -
+) D, = | cot xdx =J' J-dsmx Injsi §=—In£=£m2
z < SinXx n 2 2
2 2

E

2 2 sinx 2 sinx
Cach 1: =|—dx= dx = | ————dx . LUc nay ta c6 2 cach trinh ba
Cach1: E f f ll_coszx y y
3 3 3

Cach trinh bay 1: Pat t=cosx = dt =—sinxdx va x:%e% thi t:%—)O

1 1 1 1

2 2 2 2
Khido £ =[] I(l t)+(1”)dt=1j(i+ijdt=llnﬂ ~Lins

1=t 5 (1- t)(1+t) 27 (1-t)L+t) 29\1+t 1-t 2 |1-tf, 2
Céch trinh bay 2:

: : :

E - J- d cos x __EJ-( 1 . 1 jdcosx=—llnl+cosx =1In3
* (1—cosx)(L+cosx) 22\14+cosx 1-cosx 2 |l-cosx|z 2
3 3 3
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z T, X 2 X X ™ z X = X
2 4 2SiN° —+C0s” — 1zsln—dx lzcos—dx 2dcos— 3dsin—
Cach 2: El:j_ dx = ZdX:_I 2X e = X2+ Xz
zSInX ~ 2sin-—Ccos— 25 CoS— 25 sin— T €O0S— * sin—
8 3 2 2 3 2 2 2 2
2
= —Incosﬁ+lnsin§ =Intan§ =1In3
2 2| )= 2= 2
3 3
T 4 3 i X T
2 2 2 zdtan 5
Céach 3: E1=J. .1 dX=I : dX:I dx =I 2 _mnfan |’ =Lin3
x SINX = 2sin 2 cos T 2tan ~cos? X T tan> z 2
3 3 2 3 2 2 3 2 s
81 % cosx 5 cosx ey L
+) R :J' dx=I > dx=J.+2dx ( tinh twong ty nhu E, - hodc doi bién hoac vi phan)
5 COS X 5 COS” X 5 1—sin® X
L e : inx[e
=£J. _dsmx - =1J.( 1 + 1 jdsinx=lln 1+s!nx =1In3
27 (A-sinx)(@+sinx) 25\1+sinx 1-sinx 2 |l-sinx 2
0 0 0
: ; : e .
+) Gl=J'idx=_|'cotxdx=_|'ﬂdx=fd‘_c"nx=In|sinx|;;=In\/_=lln2
- tan x . - sSIn X - sinXx 5 2
6 6 B 6
2 2 z z .
+) Hl=J'de=J'tanxdx=dex=—jdcosx=—In|cosx|§ =—In£=1In2
7 COt X ” % COS X » COSX 7 2
1 4 4 4

*)Véi k=2 .Taco:

2 % %
+) A =Isin2de=£J.(l—c032x)dx=1(x_lsin sz -
0 20 2 2 0 4
2 3 :
+) B, ZJ.COSZ XdX:lJ.(l-i-COSZX)dXZl(x—i-lsin ZXJ _r
0 20 2 2 0 4
# ! L A4-r
+) C, = [ tan® xdx = ( —1}dx=(tanx—x)4=—
’ ! ! cos® X |0 4
feot? P12 S _4-m
+) D2=_|.CO'[ XdX=J. sinzx_l dx=(—cotx—x)|£=—4
: 4
2 :
+) E2=_|. .12 dX=—cotx|§=£
I sin® x 23
3
§
) F=| 12 dx =tan x|¢ = V3
4 COS” X 3
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i g i i - -
+) Gzzltanzxd =£ cot xdx=£(sin2X—ljdx=(—cotx—x);§=\/§—1—E
6 6 6
0 Hy =[x fran? wa= [ —L——1]ax = s-Bo1-Z
) 2_;[cot2x x_lan xx_l oty Ljdx= (anx—x)%_ -1
4 0 0

*)Veoi k=3 . Taco:

T V3

2 2
+) A= _[sin3 xdx = Isinz X.sin xdx = —
0 0

V3

3 2
cos® x
(1—cos® x)d cosx=[—cosx+ 3 j
0

(= L]

=§ (co thé dat t =cosx)

T T

2 2 2 sin® x 2
= J'cos3 xdx = J'cosz X.COS Xdx = J'(l—sin2 x)d sinx =| sin x — 3
0 0 0

0

=§ (co thé dat t =sin x)

7 1 7 i
tan x
+) 03=Itan3xdx:j(tanx+tan3x—tanx)dx I[tanx(1+tan X)—tan x |dx = j ANX _tanx |dx
0 0 0 4 | cos? x
i i i -~

tan x tan” x|* 11
=I >—dx jtanxd jtanxdtanx—clz— ~C,==-=In2

dcos’x o ) 2 |, 5 7

(cac em co thé xem lai cach tinh C, ZEIHZ da tinh ¢ trudéc do voik = 1)

2
+) D, = J'cot3 xdx =

(cotx+cot3 x—cotx)d

| cot x(L+cot” x) —cot x |dx = FOEX —cotx}dx

SN~ X

b\hl'—.v\:\hl
MN'—-NH

n

MK

—Dlzl—llnz
2 2

cot? x
2

BNV [N BNy — |y

dx —| cotxdx =—| cotxd cotx— D, =—

N

Llo

S | O

=

>< ><
.Mhl'—.v\:\hl

BN — N

ENE]

(cAc em c6 thé xem lai cach tinh D, :%In 2 datinh o trudc do voik =1)

2 % i 5
+) E3=_|. .13 dX=J. S dx= J.de Dit t = c0sX = dt = —sin xdx Va t:= -0
7 SIn” X 2 SIn” X J (1-cos® x)°
3 3 3
1
Khi d6 E :f dt 1[0+ @-p]dt 17 (1+t) -1 +20-1).04Y)
TIA-)Y 4y (DR 4 (L=). (1~ 1)’

JZ[ ! 12+ 2 }dtz—j{ >+ 12+1+1}dt
< (1-1)? (1+t) (1—t).(1+t) 44 (1-t)° (@+t)° 1+t 1-t

3

TR 1)
T 41—t 1+t |1—|
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+) Fszj.

1 [ COS X [} COS X
5 dx=J' dx = J'
5 COS™ X 0 0

cos* x (1-sin? x)

bat t =sin x = dt =cos xdx va x:0—>% thi t:0—>%

dt ET @+ +@a-nfde 1 a+¢)+(1 )° +20-1).0+1)
4'0

Khi do F !a 17)? Q-0’.a+t’ 4 -1 (A+1)

0
1

=£j[ >+ 12+ 2 }dtz—j{ >+ 12+1+1}dt
451 (1-t)° (@+t) (1—t).(1+t) 44 (1-t)° (@+t)° 1+t 1-t

_1(1 ||n4| :_|3__
41—t 1+t |1—|

3

+) ngj' 1 i j'ote‘xd = [(cot x+cot® x —cot x ) dx = [[ cot x(1+cot® x) - cot x |dx
5 5

0N —— |y
cn\hu'—..l;\:u

JT

=j|;[ cot X _cosx}dxz}cotx dx—}wd _ j:- cot xd ot x J-d_sinx
5 5 5 5

sin®x  sinx sin x

6

2 i
_[-cot X—In|sinx| —1-L1in2
2 z 2
i
s 3 : :
+) H3=J' t3 dx Ian xdx I(tanx+tan3x—tanx)d J'[tanx(lﬂan X) —tan x |dx
J cot® x ; ; x
4 4 1 3
3 tanx  sinx 3 tan x 2 sin x 3 2d cos x
=I T —— dx=I >— X I dx =Ianxdtanx+j
J| cos®x  cosx Jcos?’x  Jcosx J COSs X
a 4 3 4 i
2 3
_[fan X+In|cosx| _1-1n2
2 .2
*) Vol k=4 . Taco:
3 4 2(1-cos2x ) 12 12 1+cos4x
+) A, = [sin’xdx = | — ] &= Zj(l 2¢0s 2x+cos” 2x ) dx :ZJ. 1-2c0s2x+———""2 |dx
0 0 0 0

T

2 3

16

Il
I
O —y [N

g—2(;032x+1cos4x dx=l Ex—sin2x+lsin4x
2 2 4\ 2 8

0
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3 3 3 3
+) B, =Icos xdx = I(HCOSZXJ x=1‘[(1+2c032x+cos2 2x)dx=lj(l+20052x+mjdx
0 40 40
: :
lj( +2c032x+1cos4xjd 1(Exﬁtsin2x+lsin4xj =
44\ 2 2 4\ 2 8 0

T

4
+)C, = jtan“ xdx
0

(tan® x+tan* x—tan® x ) dx = [ | tan® x(L+ tan® x) — tan’ x]dx:j
0

O'—.b\-ﬂ

T

N

tan® x|+
3

Q_

Ot BN Ot n [y

O | =+
QD
215
x| X
o'—.»\hl

tan? xdx = Itan xdtanx-C, =

N

0

o az A=T e o
(c&c em c0 thé xem lai cach tinh CZ:Tﬂ da tinh ¢ trudc do voi k =2)

2 2 2 H
_ 4 _ 2 4 2 2 2 2 _ cot“ X 2
+) D4_J'cot xdx_J.(cot X+cot” X —cot x)d J'[cot X(1+ cot® x) —cot” x ]d —J.Linzx—cot x}dx

1 1 1 1

200t 2 2 exlz B B
=_|'C_02 dx—[ cot? xdx = c cot? xd cot x— D, = — 2> —D2=1_4_7T=37r 4

- sin“ X . . 3 |z 3 4 12
1 1 1

(cac em c6 thé xem lai c&ch tinh D, = A'_T” da tinh ¢ trude d6 voik =2)

B

21 211 p cot’x )2 1043
+) E, = dx = : dx = —| (1+cot®x).d cot x = —| cot x + =
) Ed lsin“x J;sinzx sin? x l( ) [ 3 ). 27
3 3 3 3
5 5 5 3.\[6
+) F4=_|' 14 dx=_|' 12 : 12 dx = J'(1+tan x).d tan x = tan x + 20X _ 1043
v COS™ X v COS” X COS” X 0 3 ) 27
S :
+) G4:Itan4xd =I cot* xdx J.(COtZX+COt4X—COt2 x)dx=‘|'[cot2 X(L+cot” x) —cot? x |dx
: : :
FI F i i 3
cot” x 2 cot” x 2 1
= —cot” x |dx = dx — | cot® xdx = —| cot’ xd cot x — -1 |dx
ﬂsinzx } lsinzx J; l l(sinzx J
5 5 5 5 5

cot® x
=3 +cot X+ X
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Q_
| |

tan* xdx

= [(tan® x+ tan* x— tan’ x) dx = [ tan® x(1+ tan® x) - tan’ x | dx

+
N
T
S
Il
AN — ]y
(@]
o
—
S
>

.M:u'—.w\:u
.Mhu'—.w\hu

JT

AN C— ][N .M:u'—.w\:u

*) Vol k=5.Taco:

T T T

—| (@—2cos® x +cos* x).d cos x

o'—.mm

2 2 2
+) A= jsinf’ xdx = Isin“ X.sin xdx =j(1—cos2 x)%.sin xdx =
0 0 0

S |
—| COSX——C0S” X+—C0S” X
3 5

_ (co thé dat t =cosx)
.15

T T T

+
~
9 9)
ol
Il
O —y [N

2 2 2
cos® xdx = J.cos4 X.COS XdX = J.(l—sin2 x)?.cos xdx ='|.(1—25in2 x+sin® x).d sin x
0 0

(- 2 - 3 1 - 5 jz
=| sin x—=sin® x+=sin° x
3 5

B (c6 thé datt =sin x)
BT

i i i T a3
+) C, = [ tan® xdx = (tan x+tan® x —tan® x)dx = | | tan® x(1+tan® x) —tan® x |dx = fan X _tan®x dx
5 cos” X
0 0 0 0
FENEIV i :
=Itanzxd jan xdx = Itan xdtanx-C, = tan” X Cszl—[l—llmj:lm—l
5 COS™ X 5 4 0 4 \2 2 2 4

( cac em c6 thé xem lai cach tinh C,= %—%In 2 datinh ¢ trudc do voi k=3)

T

2
+) D, = J'cot5 xdx =

(cot3 X+ cot® x —cot® x) dx

BN — |y
b\h\'—.m\-ﬁ

3
| cot® x(L+ cot” x) — cot® x | dx J{C_Ot X _cot? x}dx
i

~ cot* x
4

cot® xdx = —

cot’ xd cotx - D, =

2

-D, = l—[l—lln2jzlln2—l
= 4 4
4

Il
INER IR
2. 1Q
52
| T
x | X
Q_
-B\hl'—aw\h!

BN — N

( cac em cd thé xem lai cach tinh D, :%—%In 2 datinh ¢ trudc do véi k =3)
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sinx
(1—cos® x)°

sin x
sin® x

+) E = sin15 " dx= dx= dx

W[y oy
wm'—.r\:m
W[y oy

Pit t=cosx = dt =—sinxdx va x: =2 thi t:l—>0 . Khi do Esi?%
3 2 2 ) (1-t?)
Taco: L [+ -] 1 @)+ -t +6E-1).(+1)
'(1—t2)3_8' @-t)3.@a+t)° 8 1-t)*.(1+1)°
1 1 6 Jior 13 [@-t)+@+t)]
8 (1-t)° (1+t) (1—t)2.(l+t)2 S8 (M-t} @+t 27 (1-t)A(1+t)?
_1) 1 1 .3 (L+t)* +(1-t)* +2(1—t).(1+1)
8| (@-t)° (1+t)3 2 1—1)%.(1+1)?

1 3 1 1 2
(1-t)° (1+t) 2L (1-1)? (@+t)* @-t).(1+1)

o
Ly

1 3 1 1 11
(1-1t)° (1+t) 2L (1-t)* (1+t)* 1+t 1-t

1
2
Suyra E5=lj 3 12+ 12+1+1 dt
87| @L-t)° (1+t) 2\ (1-t)° (@+t)° 1+t 1-t

1
1 1 1 3( 1 |1+t 1.3
=— 5= s+ +In =—+—In3
8l 2(1-t)> 2(1+t)? 2\1-t 1+t |1 t))]| 1216
P gcosx % cosx . . s 1
+) F5=J' dx=J' dx J' dx Diatt=sinx=dt=cosxdx vat:0—=
5 €S’ X » COS . (1-sin® x)° 2

dt =i+1iln3 (xem cach tinh E, ¢y trén)

(1-t?)° 12

2
Khi do F; = |
0

3 3 3 3
— 1 _ 3 5 3
+) HS_J.cotS dx _J' an® xdx J'(tan X-+tan® x —tan® x) dx J'[tan X(L+ tan” x) — tan® x ] dx
3 3 3 3
3 a3 3.3 3 3
tan” x 1 tan” x 1
= - dx = dx— dx an® xd tan x— H,
;[ Los2 x cot® x} JT. cos’ X J; cot® x J;
3 i 3 3

_tan’x
4

3
“H,=2-{1-Lin2 |14 L2
2 2

( cac em c6 thé xem lai cach tinh H, :1—%In 2 datinh ¢ trudc @6 voik = 3)
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CHU Y:
1

7 dx va
cot* x

+) Sé& ¢6 nhieu em thic mdc 1a biéu thite duwéi dau tich phan J'tank xdx twong tu Voi J'

1
tan“ x ,
(tinh nguyén ham dwoc hiéu la tinh trén tdp xdc dinh cua ham). Nhung néu di tinh tich phdn xdc dinh thi sé

T

Icotk xdx twong tu Voi I dx. Néu di tinh nguyén ham (tich phdn bdt dinh ) chling c6 sw giong nhau

I I
) f b , R 1 N , , < 1x X
co s khac biét. Vi nhu tinh C, = Itan xdx va H, = I—tdx thi C, =1 nhw cdch chiing ta da lam. Con H,
cot x
0 0
trong tinh hudng nay véi kién thizc todn so cap sé khong tinh dwoc Vi ham sé dudi dau tich phan khong xéac
dinh véi cgn x=0.

+) Dé dua ra cong thirc tong quat cho c&c tich phan trén cac em sé tim hiéu rd hon ¢ muc VI trong phan
tich phan truy hoi.

Vi du 2. Tinh cac tich phan sau:

2 dx 2 dx 2 gx
1)1 = 2) I, =|——— 3) I,=
) ;[1+cosx ) -([2+cosx ' ;[1+sinx
4 : 4 : : 3 X X
4) I4:I3|n2xcos3x0055xdx 5) I5=I(1—25|n2 X)(sin® x+cos® x)dx  6) IG:I3|n3§cos§dx
0 0 0
Giai
z z L. X 7
2 2 2 _ o
1 1=] o = | ox =[—2 =tan’|" =1
0 1+C0SX 590052 X 002 X 0
2 2
2 d X le:lzdtt2
2) I2=J' X batt=tan-= " , Va Xx:0—>Z thi t:0>1
5 2+C0S X 1- 2
COSX =~
1+t
2dt J3
1 —— 1 _ — 2
= |2=I 1—iil_.t2t2 :J.tZZdts bat t=+/3tanu = dt_coszudu \/§(l+tan u)du va t:O—)%
- +
0 2+ 0 2 — 2
1+t t°+3=3(1+tan"u)
g 2 g 5
Khi d6 1, z-‘-2x/§(l+tan2 u)du _ 2\/§J-du _ 23 _ NEY:
o 3(1+tan“u) 3 3 3 9
0
. dX=12dt2
CHU Y: Khi dejttztanzz 't g
sinx=——; cosx= _t2
1+t 1+t
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3 2 2
P P ey cowa U
< 1+5sin X O(sinx+cosxj 025in2(x+”j 2 4

( hogc bién déi — = = -
1+sinx 1—cos(x+72[j 2sin?

(sin2xcos8x +sin 2xcos 2x Jdx

S TN

sin 2x(cos8x + cos 2x )dx =%

N| -
Oty [N

i
41, = jsin 2XC0s3xcos5xdx =
0

T

_ !
120

1
4

O e | N

(sin10x —sin 6x+sin 4x )dx =l —ic0510x+10056x—£cos4x
4\ 10 6 4

0

5) 1 = [ (1-2sin’ x)(sin® x+ cos® x) dx

o'—.»\hl

1-2sin® X = cos 2x
Ta Cé: H) 6 HYJ 2 3 HYJ 2 H] 2 3 Ho
sin® X+C€0s” X = (Sin“ X+ €0s” X)” —3sin” X.cos” x(sin“ X+ cos x)=1—zsm 2X

T

i :
Khi do | —J.COSZX(l——SIn xjdx_%j(l——sm 2xjdsm2x_;(sinZX—%sinﬁxj
0

0

3 3
6) I6=J'sin31cosldx=2j.sin35d sinizlsm“l -B
5 2 2 3 2 2 2 2, 4
Vi du 3. Tinh cac tich phéan sau:
T 37
i 3 : ry
n . —
= [T SINXi 2 1 = T dk voi k=13 3)1,= _
o 1+sin2x o(\/—smx+cosx) E\/§+smx—cosx
r 4 . s 4 sinx
4) |4=Icos X.c0s 3xdx 5) IS:ICOSZX.(Sln Xsin 3x 4+ €0s” X cos 3x)dx _[ dx
. 5 2 sin® x +cos* x
Giai:
cosxsing. 3 :
1) Ilzj-cosx_smxdx J-d(smx+cosx) _ 1 |4:1_£
o L1+sin2x (sin X +cos x)? S|nx+cosx|0 2
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_T sinx dx véi k=13
0(fsmx+cosx)

Céch trinh bay 1:

. x . T T N3 . V3 1 T
Ta co: I2=J' kdx=I dx=—J' d
0 0 0

A k 2k -
(\/§smx+cosx) 2" ﬁsinx+1cosx SI | X+ e
2 2
z z cos| x+ 2 |dx z Zdsin| x+=
1 j- \/3dx j‘- 6 \/§J3- dx 1 j-
T Ak+l - = Sk+1 k+1
2 osin“t x+ 7| 0 sin¢| x+7 2 T L 2 0 sin®| x+ =
6 6 6
u el
3 3 SIn| X+ —
+) Voi k=3=1 1£:J' ox —% 6)_ _Ecot(x+—j+ ! _3
03|n2(x+ﬁj 0 sin{xﬂéj 32sin (x+gj 32
0

3 i

. 1+COS(X+6j stin(xﬂéj . ‘3
S [ N N =|n(ﬁ+2) () *)Tact:B=| = =1 (3
1—cos(x+”j 0 sj
6 0

Thay (3); (2) vao (1) ta dugc: I, =

J§|n(J§+2)—1
8

5 dsm( j
+) Véi k=1= |2=£jd - j {ﬁx—lln
4 9 4 4

45 sm(x+ j
6

B

12 4

sin(x +%}H‘3 ﬁ_ll 2
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, R N 3 sinx L. —
Cach trinh bay 2: j ax voi k=1;3
0(fsmx+cosx)
3 : 3 : 5
Ta cé: |2=J. sin X kdX:J- sin X kdXZ%J. sin X dx
i - T
0(\/§SIHX+COSX) ° o ﬁsinx+£cosx sin (XJFGJ
2 2
bit t=x+Z=dt=dx va x:0> = thi t:2 5%
6 3 6 2
T T ;r\/§ A 1 -
Zsin|t—— ZN9 _* z
Khi do | _ij- ( 6jdt—ij. 2 sint 2C03t 1 Jz- \@sint_cost it
2% 9 sinft 2<J sin®t 211 sin*t  sint
6 B 6
+)Voi k=1=1 —lj. \/5—&3'[ dt=1 j.\/édt—j. sint (x/—t—ln|smt|); ﬁ—ll 2
2 4 sint 41+ » sint 12 4
B 6 6
J3sint d cost dsint

sint

12
+H)V6i k=2= 1, 8![—_
6

sin’t

cost 1 2
_J dt = s _\/§£
6

(1—cost)(1+cost) -

sin’t

oy t—m|y

~ __|n|1+cost| 2 «/_In(\/§+2)
|1 cost| 8sint )|, 8
6
) V6i k=3= I _if V3 cost gt \/§i dt _Tdsint Y Feotts %_i
© 16;(sin"t sin’t 16| 4sin’t 5 sin’t | 16 2sin’t ) 32
5 z z -
3l 3 3
dx j- dx dx 1 dx

J2 +sin x—cos x

72— \/Ecos(x+4j 2

1 4
7
4

3 d l‘f‘ﬁ 3z
_ij‘.—z 8 —_icot(ﬁ_i_Zj“ —ﬁ
P 4

1+c0s2X cos4x+Ccos2X
' 2

41, = j cos® x.cos3xdx  Tacd: cos® x.cos3x = cos® X.(COS X.C0os3X) =
0

= %(cos4x +C0S 2X + COS 2X.COS 4X + COS> 2x)

C0S6X +3c0s4x+3cos2x+1
8

COS6X + COS 2X +1+ cos4x} B

=l COS4X+C0oS2X +
4 2 2
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=
.
g.
g
il

=1, =EJ.(COSGX+3COS4X+3C082X+1)dX zi(sme + 3sin 4x + 3sin 2x + xj =
8 8\ 6 4 2

T
. 8
Chu v: Bai toan trén ta cd thé cd cach bién doi :

Xudt phat tr cong thizc nhan 3 cia cos: cos3x = 4c0s® X—3¢0s X ( sau d6 nhéin cd 2 Vé Véi cos3x )

4 2
— €05° 3X = 4¢0s® X.c0s 3X — 3C0S X.C0S 3X < % =4c0s> X.C08 3X — 3(cos X2+ cos 2x)
COS6X+3Cc0s4X+3c0s2x+1

= CO0S® X.C0S3X =

8

T

4
5) I, = Icos 2x.(sin® xsin 3x + cos® x cos 3x)dx
0

Ta c6: sin® xsin 3x + cos® xcos3x = sin x(1—cos” X) sin 3x +¢os X(1—sin® x) cos 3x
=(sin xsin3x+cos xcos 3x) —sin xcos x(cos xsin 3x +sin xcos 3x)
=C€0S2X —Sin X c0s X.sin 4x
= C0S2X — 28iN XCOS X.SiN 2X COS 2X = COS 2X —Sin® 2X C0S 2X
= €0S 2X —sin’ 2x €0s 2X = €0s 2X(1—sin® 2x) = cos® 2x

T

% 4 n
Khi d6: J.cost.cosc*Zxdx=J.cos4 2xdx=J.(1+COS4Xj =%J. 1+2COS4X+COSZ4X)dX
0 0 0

B

T

4 :
dx =£J.(E+ 20054x+£c3058x} dx =l[§x+lsin 4x+isin8xj ez
45\ 2 2 4\ 2 2 16

T 32

n
EJ. 1+20034x+—1+C038X
4'0

0

sin® x _(1—c032xj2 _ 1+c0s”2x—2c0s2X _ 2—sin” 2x—2c0s 2X

- _ _ )

%dx Ta co: 2 4 2 1

sin® x+cos” x -
Sin4X+C°34X=1—%sin22x:2 sin?2x

6) I, =

Oty [N

i
Khi d6 |6=1I2 sin® 2x — 2c082X | Z_I( 2c052xj ,[ Cos2x . 7 _
29 2—sin® 2x 2-sin” 2x o p2-sin 2x 8
. 4 cos2x . . e . .. )
Tinh I=I_—2dx bat t =sin2x = dt = 2cos 2xdx <> cos2xdx=— va t:0 > 1, suyra:
v 2—sin” 2x 2
|—1j a j( Y (IH)dt— L j( L, Jdt *in(V2+1)
202-t a2} (V2-t)(V2+t)  aV2p\V2+t V2t N f—t A
r 1
Vay Iy = =———In(~2 +1
1 =g =55 (V2 +)
Ch ¥: Bai toan trén ta c thé ¢ cach bién doi :
sin‘x__sin*x+cos’ x+sin‘x—cos'x 1 (sin x+cos” x)(sin?x—cos’x) 1 cos2x
ind iy, — 2 == e
sin” x+cos” X 2(sm X +C0S x) 2 2(1_13"122)() 2 2-sin”2x

Trang 23



i
.
g.
g
il

2 z .
Vi du 4. Tinh cac tich phan sau: 1) 1=_[—. ax 2) IZ_J'ZS'nXJrllCOSXdX
5 1+SIn X +Cos X 3sin x+4cos x
g . .
31 :I 4S;?nXX++73C:§sXx++65 1= I% " % ISZJ. = T
’ 5 z sin x.sin(x+j
2 6 6
Giai
X
1+ tan? )
2 d dt= dx X~ 3 2dx=1+2t dx=dx = 2dtt2
1) |1=I.—X bit t=tan> = 2c0s’ =
5 1+sin X +cos X 2 2
. t 1-t?
SiNX=——>, COSX=—>
t 1+t

2dt ¢ odt

1
va x:0—>%th‘| t:0>1 ,khido I1=J'
0

2sin x+11cos x
33|n X+ 4c0s X

'—.A\hl

2) 1,=

(1+t2)[ 2t +l—tzj :;[t+1

dx Ta phén tich:

=In|t+l||z —1In2

1+t%  1+t?

2sin X+ cos x = A(3sin x+ 4cos x) + B(3cos x —4sin X)

< 2sinx+11cosx = (3A—4B)sin x+ (4A+3B)cos x

Dong nhit hé sé ta duoc: {

3A-4B=2 A=2
<~
4A+3B =11 B=1

Khido: I, = -
2 3sin X +4¢os X

Ot [N

_JZ- sin x+7cos X+ 6
o 4sin x+3cos X +5

3sin x+4cos X

. o - S
2(3sin x+4cos x) + (3cos x—4sin X)dx=2jdx+jd(35|n X +4C0sX)
0 0

2

=(2x+|n|3sinx+4cosx|)‘% LA A
o 2 8

dx Phan tich: sinx+7cosx+6 = A(4sin x+3cos x+5)+ B(4cosx—3sinx) +C

< sinx+7cosx+6=(4A-3B)sinx+(3A+4B)cosx+5A+C

4A-3B =1
DPodng nhit hé sé ta duoc:
5A+C =6

Khidé : |

4CcOSX—

3A+4B=7< A=B=C=1

3sin x dx

Al

w

sin Xx+3cosX+5 ?
- dx+I
Sin X+3cosX+5 5

OV [N O |y

dx+J2-d(4sin x+3cosx+5)+
o 4sinx+3cosx+5

4sin x+3cosx+5

2
;[4sm X+3C0SX+5

9
(x+|n|4smx+3cosx+5|)‘ +1= > +In§+l (*)
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x 2dt
2 1 x| % e
Tinh Izj - dx biat t=tan—= ,
o 4sin X +3cosx+5 2 , 2t 1-t
sinx=——, CoOSX=—-
1+ 1+t
2dt
\ T L 1+t L L 1 1
va x:0—> = thi t:0>1 .SuyraI:J' +t J' —J' - == 2%
2 o2t 1t S a4 0(t+2) T tr2], 6
4, —+3.—5+5 0
1+t 1+t
Thay (2*) vao (*) ta duoc: 1, =—+In9+1
2 8 6
J- sin 2x
(2+S|nx)
Céach 1: (Phan tich, két hop ki thuét vi phan)
0 . 0 - 0
'4:,[ sm_2x _dx= J- 2cosx(2+3|_nx);4cosde:2J- cos_x J- COS X
' (2+sinX) - (2+sinx) ﬂ2+smx (2+smx)
-z L2 T
0
_ZJ-d(2+S|nx) IM 2In|2+smx|+ 4_ =2Ih2-2
2+sin X (2+sinx)’ 2+siNX )| =
2 2
Céch 2: (Pdi bién)
bat t =2 +sinx = dt =cosxdx va x:—%—>0 thi t:1—>2
9 2sinx 22(t—2) 2 4 ’
Khidé 1, = [ —————cosxdx == dt_j(———jdt_(2|n|t|+ j =2In2-2
' (2+sinX) .t Lt t? )
2
3 3 3
5) |5=J. ax Céch 1: I5=j A ax =j \/_de
. . T i i
Zsinx.sin x+6j ’;sinx.[;sinXJr;cosxj gs'”x'( 3S|nx+cosx)
3 %d J3+cotx z
=2J' o =—2J'Q=—2In‘\/§+cotx s =2InE
Esinzx.(\/§+cotx) 5 (\/§+cotx) s 2
6 6

Céch 2:

X

o
I
[N
!'—.w\q

. T T . T T .
sm(x+6—xJ 3sm(x+6)cosx—cos[x+(3jsmx
dx=2J' d
5

. T . . T . . T
SIN— ZsIn X_Sln(x—i—Gj SIn X.SIH(X+6J

6 6
dsinx ZdSin(XJij inx 3
—— —2in|—X | —gpp2
sin x 2

. T . T
sin| X+ sin| X+
( 6) [ 6]
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CHU Y :

B

Khi gap tich phan | = J.wdx ma h(x), g(x) la cac ham bac nhét theo sinx va cosx thi ta cd thé dung phuong
X

a

phéap ddng nhit hé sb:
h(x) asinx+bcosx csinx +d cos x ccosx—dsinx
* = . :A N + N °
g(x) csinx+dcosx csinx+dcosx  csinx+dcosx

B B _d i B
|=Ajdx+BjCC_OSX dsmdeZAjdHBId(csmxmcosx)
® csin x +d cos x csinx+d cosx
« N(X) _asinx+bcosx+e  csinx+dcosx+h ccosx —dsinx 1

: = - + - + - .Khi do:
g(x) csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h

Khi d6:

(Ax+BIn|csmx+dcosx|)

B
I—(AX+Bln|csmx+dcosx+h|)‘ +C.1, vatatinh | _I 2 bang hai cach:

csinx+dcosx+h

Dung cong thire bién ddi lugng gidc dé chuyén vé cac cong thuc lugng giac trong bang nguyén ham .
2

Cl:

2dt . -
C2: at—tanZ:dx— a va sinx = 4 cosx=1t

1+t? 1+1?° 1+1?
Bai luyén
Tinh cac tich phan sau:
2 dx 28 4 dx 56 R 13 7
1) 1, = bs:— 2) 1, = bs:— 3) I,=[tan®xdx (Ps:—=-=
). J:sinGX ( 15) )2 J;cosﬁx ( 15) ) ;[ ( 15 4)
4 4
B dx (2+\/_) 2
Hl,=|—=——— (bs —I —2) 5) I, = |sinxsin2xsin3xdx ( Ds: —)
‘ !@cosx—sinx J.
% . . T 2 %
6) I6=j(3|n2xcos3x+25m2x)dx (DS:E_E) 7) I7=jcos2 x.cos4xdx (Ds:0)
0 0
8 _i- dx (Ps: 4\/—) 9 _Jz-singxdx (Ds'l) 10) | _Jz-sinxdx (Ps: % 1)
® Jsin® xcos® x ® J1+cosx 2 o J1tsinx 2
5
: :
1) 1, = [— 2 (Ps:243-2) 12) 1, = [ 2n Sl S (EsR (Ds:—|n3+\/§)
= SIn“ xy/cot X Osmx+cosx+3
6
. ;
13) |13=j43_'”x Sc0sx+1 4 (ps: Loind) 14) 1, = | i ( Ps: i|n2)
o 4sinx+3cosx+5 6 8 i

T
COS X.COS (3 — Xj
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V. 10 DANG TiCH PHAN HAY GAP TRONG CAC KI THI
PAl HQOC - CAO PANG

CACH GIAI CHUNG

'&: r »
_ bitt=yfg( |8 Wdv=ntTde 1= [f(t"t)de
© =" | x]e P - » [ = Ih(f)dﬁ.‘ Tich phin co ban
=) | I

Cac vi du minh hea

Vidu 1. Tinh cac tich phan sau:

i tV2x+1 t 4x-1
1) I =[xv2=x%*dx (B-2013 2) I, = | ———dx 31, =|———dx (D-2011
| B-2013  21=[ TP ) o= | Torre g O 201
Xt +x—1+1 2B dx xdx
a) 1, = [ X2, 5) I, = [ — =X (A—2003) 6) I, =
I (1+\/ ) ’ JLX\/X2+4 Ivsl 2X
47 3 2 1 2
x“dx dx X xdx
NL=[—2_ g =[-—X_  91-= dx 10) I, =[—"%
! ‘!1+3x4+1 ’ '[\3/x2+4\/§ ’ '[ X*+1 . '!.x+\/x2—1
2

Giai:
1

1) 1, =Ix\/2— x2dx (B - 2013)
0

Pit t=+2-x2 = t? =2-x% < 2tdt =—2xdx < xdx =—tdt va x:0—>1thi t:v/2 51

N/
3

1 V2 3
Khi d6 |, =—jt.tdt= jtzoltzE
1

1

4
2) 1, Il 2); dx Dit t=v2x+1=1t*=2x+1=tdt=dx va x:0 >4 thi t:1->3
2 1+/2x+1

2
j—tdt—j—dt—j(t—uijdt: E i+ 2= 24102
t+1 2 1
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4 —
4x—1 tdt = dx
3 l,=|———dx (D-2011) Pitt=vV2x+1=>t*=2x+1=> va x:0—>4 thit:153
)l ;[\/2x+1+2 ( ) {sztz_l
3 2 3 3 3 3
:|3=I2(t - 1tt_I (Zt —4t+5—£jdt— 28 ¢4 5t—10In(t+2) :ﬂ—ml S
) t42 ) 2 t+2 3 3 3
2 2
0, _IX+ X X141, I Jx-1+1 dx:deHId—?:MB *)
(1+\/ ) 1 (1+\/ ) (1+\/x—1) T 1+Vx-1 1 X
2
; dx 112 3
+)Tinh B=|—=—"| ==
) Jl.x3 2x’|11 8 M
t X
+) Tinh A:j dx
11+x-1
dx = 2tdt
Déttz»\/x—lztzzx—l:{ , va x:1->2thit:0->1
X=1"+1
1 2 3 2 1
A=j(t 2t jt +tdt_2j(t —t+2——jdt 2 oL ot oy | T = BEoamz ()
! o t+1 t+1 3 2 0 3
. 5 ) 97
Thay (1); (2) vao (*) ta duoc: 1, = §—4In2
243
dx
5) I, = [ ——— (A-2003)
’ éxx/x2+4
tdt = xdx
Détt=\/x2+4:>t2=x2+4:>{ 24 va x:/5 > 243 thit:3>4
X2 =t% -
Khido | _Zf dx _Zf xdx _i j J-[(t+2)—(t—2)]dt
ToE x4 kx4 3(t2—4)t st -4 T4y (t-2)(t+2)
p -2\4
_1 (L_Ljdtzlm(t 2] “1n2
allt=2 t+2) 4 \t+2)3 4 3
- 5t4dt=—2dx:>dx=—§t“dt
6) | Ditt=Y1-2x =>t°=1-2x= vacant:2 -1
= [ 1-t° |
-5 X =
2
1—t5( 2.4 )
1 | ——ttdt 2 g
2 5 3 t° )2 1909
=1, = == [ -t)dt=| ——— |* =
° ! t I( ) [4 9} 36
a 3dx 3
j Piat t=3x* +1=t® = x* +1= 3t°dt = 4x°dx <:>x3dx=zt2dt vacan t:1— 2
0
2.2 2 2 2
:|7=§ ﬂij(t— jolt_E Ctim+n | °=243m3
491+t 44 t+1 2 1 4 2

Trang 28



dx = 6t°dt
Détt:i/;<:>x=t6:>{ vacan t:1— %2

t o dx
o= f[—"
. Jl.\slx2+4\/ I =t x=t°

2 o5 Y22 2 2 6 2
ST ~6[ tdt —6j[t—1+ijdt=6(t——t+|n(t+1)jﬁ:a%—6%+3+6|n£+1
Lttt . t+1 2 1 2

Nhan xét:
Trong bai todn trén dong thoi xuat hién can bdc 2 va cin bdc 3 nén chiing ta @ tim céch doi bién dé dong
thoi mdt cd hai can. Khi dé chiing ta sé nghi t6i viée dat t = $/x hay x =t® (¢ ddy 6 =BCNN (2:3)) .

b
Nhur vay khi gap | =.|‘ f(¥/g(x),5/g(x))dx thi ta dat t=%/g(X) véi k 1a BCNN cia mvan.

3

batt= f :t —1+—<:>x dt<:>xdx-—E t dt
t? -1 (t —1) 3 (t*-1)?

1 1 1
9) I9_E dx '1[\/ (Hj dx _1[ 7dx J; p T
2 2 2 3 2

2
I__gf tdt gi dt _gi dt _Ei(___j | _ln(\/i+1)
R _1)2_t21 L3501 3L(-D(t+Y) 3pt-1 t+1) 3 |t+l, B 2

Nhan xét: Néu dat t =+/x* —1=t? = x? 1= tdt = xdx nhung ta khéng chuyén doc x theo t
Khi dé ta nghi téi viéc nhan lién hep. Cu thé ta c6 loi giai:

foxdx x(x—\/H)dX _ZXX_ X% — x—2x2 x—zx x* —1dx
IlO_Jl.XJr\/xz—l_!(X+Jx2—l)(x—JX2—l)_! ( \/—l)d _J; : Jl‘\/—ld

“1=L-1 @
2

Tinh | =Ix\/x2—ldx
1

Détt—\/x2—1:>t2—x2—1<:>tdt=xdx Va X:1—2 thi t:0>+/3
:l—jttdt—jtdt_ */_ =3 (2 .

Tir (1) va (2) :>|10=%—\/§
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Vi du 2. Tinh cac tich phan sau:
2 sin 2x 2.5in 2x +sinx
1)1, = dx (A —2006) 2) 1, = [ L2202 gy (A - 2005)
' I[\/C032x+4sin2x £\/1+3cosx
7 7
) L= j(sin x+\/1+cosx)sin xdx 41, = J'\G/l—cos3xsin X c0s® xdx
0 0

1ai:

sin2x

7
1)1, =
' !JCOSZX+4Sin2X

dx

Dit t =/cos? X+ 4sin? x =1+ 3sin? x = t2 =1+ 3sin? x = 2tdt = 6sin xcos xdx <> sin 2xdx :%tdt

s A % tdt
vacan t:1-2 =1, =— —=—Id ‘

£ sin 2X + sinx

2) |, = | ———dx (A-2005
), -([\/1+3cosx ( )
2tdt=—3sinxdx:>sinxdx=—§tdt
bit t=+/1+3cosx = t? =1+3cosx = vat:2—-1

2

COSX =

_2f2
7

7 7
3) I, = J'(sin X ++/1+c0s x)sin xdx = J'sinz Xdx + J' vl+cosxsinxdx=A+B (*)
0 0

0

i
.
g.
g
il

2" 2 34

1 27

% ]
,[ (2cosx+1)sin Xy — J-
0 V1+3cosx 5

7 o4 :
+) Tinh A= J'sinz Xdx = J.—l c;stdX:(x sm2xj
0 0

7
+) Tinh B= I \/1+ cos x sin xdx Pit t =+/1+cos x = t? =1+ cos x = 2tdt = —sin xdx va can t:/2 51

ﬁ_4ﬁ—2 . 42-2
1 4

i 2t
(2) .Thay (1), (2) vao (*) ta duoc: I, 3

—B= zjttdt_zjt dt == 3

7 7
(Céac em c6 thé trinh bay : |, = J' sin® xdx + J' V14 cosxsin xdx = J' k= COSZX —dx- I v1+cosxd (1+ cosx)
0 0

T _
A:£+4\/§ 2)
0 4 3
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7
4) 1, = J' {/1-cos® x sin xcos® xdx
0

6t°dt = 3cos? xsin xdx = sin x cos’ xdx = 2t>dt
Datt=\6/1—cos3x:>t6=1—cos3x:>{ vacant:0 »1

cos® x=1-t°
% 1 1 t7 t13 1 6
= I {/1-cos® x cos® xsin x cos® xdx = It(l—tﬁ).2t5dt =2I(t ~tP)dt=| =——— || ==
) ) ) 7 13)o0 91
Vi du 3. Tinh céc tich phéan sau:
E
1) |1=I\/1+3Inxlnxdx (B — 2004) 2) 1, = J- 3 2Inx
1 1 X 1+2Inx
J'_l y1+In® (x+3) , _j-x[x—ln(ex)]+|nx
(x+1). In(x+1) 1 x(1+\/x—lnx)
iai:
g \/]Tl 2tdt = % = % = %tdt
- 1) 1,= [ 0 G Pt t=y1+3Inx = 2 =1+3Inx = t2X1 X Va can: t:1-2
'E‘ ! Inx=
E 2 2
2 5 432
:llzjt.t l.gtdtzgj(t“—tz)olt:2 v r)e_i6
. 3 3 94 915 3 )1 135
dx
tdt =—
j 3 2Inx Pitt=v1+2Inx =>t*=1+2Inx=> X vacan t:1—2
1 X 1+2Inx oInx =t —1

2 _(+2 _ 2 3 2
= | =Iu.tdtzj(4—t2)dt= JTE
Pyt 1 3 )1

2
3

J-_l J1+In? (x+1

(x+1). In(x+1)
Pt t = 1+In*(x+1) = t° =1+In2(x+1):tdt=de va xie—1oe®—1thi t:v/2 52

X+1
—1 2 2 2 2
Khi d6 1, = J- J1+In%(x+1) lln(X—i-l) j Zt .tdt=j 2'[ dt — J‘( 21 jdt
o1 In*(x+1) x+1 ptt-1 ptt-1 50U t°-1
f —(t- ‘ J2+1
g (e P AL P e
sl 2 -0+ sl 2 t-1 t+1 2 |t+1]),
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.
g.
g
il

—In(ex)]+Inx

dx

91, jx
1 (1+\/x—lnx)

Pat t =/x—Inx = t> =x—-Inx= 2tdt = (1——

X

J

dx——dx va x:1—>e thi t:1—>e-

X

tX(Xx=1-Inx)+Inx

Xx—Inx

x—1

Khidé 1, =

dx = J.—tht— J'—dt

dx = _!.1

+x=Inx

1 x(1+\/x—ln x)

Je-1 3 2 Vet la_ Je—
=2 (tz—t+1—ijdt:2 U U tmpay| -2€rAerd w2 5 lrverd
) 1+t 3 2 1 3 3 2
Vi du 4. Tinh cac tich phan sau:
i _Tetdx _']-3 e*dx 3 _j- L+ x)e” J-(x+ezx)\/x + e
N R ] o (" +1)e* +1 ? 02—\/1+xe 4x* +4e*
Giai
S g2 2tdt =e*dx
1 I, = e Déttzx/ex—1:>t2=ex—1:>{ 2 1 va x:In2—>1In5 thi t:1—>2
e -1 e =t*+

In5

2 20

) ‘I e* e*dx j-(t2+1).2tdt_

2 t3
—ZI(t2+1)dt=2[—+tj
) 3 )1

[ _ 3
In3 X
2)1,= J'L Dit t=+e*+1=>t? =e* +1= 2tdt =e*dx va x:0—>In3 thi t:y/2 >2
o (" +1)Ve  +1
2 2
2=J.212:dt=2j.d_2t=_g =\/§—1
2x /
j(xie )4X e dx Dit t=vx*+e* =t? =x" +e¥ = tdt = (x+e”)dx va t:1—>y1+e?
X% +4e?
oF o oo it
Khido I, = | tat _1 | a il ZEI P S
b a1 4] a1 4 4 |7 @t-12t+)
: N
L1 1, 1, [2a-1"" irel-1 1 6/1re’-3
== [ dt ==| t+=In = o
4 2t-1 2t+1 4 4 12t+1])) 4 16 2«/1+e +1
Vidy5. Tinhtichphan: 1) |1=1L 2) 1 —IL"
o @+ x3)V1+ X 5 COS 2X+/C0S 2X

. dx

o (L+x )\/1+ X

1)1, =

Phan tich: Néu dat: t=31+x> =1t® =1+ x* = t*dt = x?dx
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=
.
g.
g
il

Giai: +) Taco: I, =

: . o f dx I x2dx
Vay dé chinh dugc vi phan ta phai bién doi | =_[ > = =_[ ” > =
o (L+x )\/1+x o X“(L+x )\/1+x

nhung x* dudi mau s khong rat duoc theo t va gia nhu khong c6 x* dudi mau sb song van co x2dx dé ta
. . 1 R A R ,
chinh vi phan. Tur day ta nghi téi viéc dat x =¥ nhung do can x =0 ta khong tim dugc can t tuong tng

nén ta “khac phuc” bang cach tinh nguyén ham rdi sau d6 méi thé can.

dx 1 dt dt

Giai: Tinh nguyén ham: 1 =I bit x==- =>dx=-— =1 =—j
aoeRlaedy : efied Jiped
t t
tzdt ST 3/+3 3 3 2 2
hay | =—j— bat: u=Yt’+1=u’ =t’+1=u’du=t’dt
(t3 +1)\3/t3 +1
2 1
3|:_I“d“_ du l c=——2_iCc =o1=—2_1|-1
u’u u? \/t +1 1+ % Yo,
(c6 thé dung Ki thuat vi phan dé tinh | =—IL=—1j(t3+1)'gd(t3+1)= 1 .oy
' (t° +1)\3/t3 +1 3 Yt +1
. . . L dx s 1
CHU Y : Dang tong quét caa bai toan trén | :J' va ta giai bang cach dat X=-
> (a+bx")¥a +bx" t
COS X
2) |, = | —————=dx
) jcos 2X~/C0Ss 2X

Phan tich: Twong ty nhu y 1) néu bai toan nay ta dat t =+/cos2x thi s& khdng on.

Nén trudc tién ta s& bién doi biéu thire dudi dau tich phan. Cu thé ta cd 10i giai nhu sau:

COS X

COS X
dx =
(1-2sin? x)\/l 2sin® x

C0OS 2X+/C0S 2X

dx

Oty [N
o'—.cn\ﬁ

*

+)Pat t =sinx = dt =cosxdx va t: O—> =1

2
'([(1 2t )\/1 ot?
dt
(1-2t2)y/1-2t2
2_
Détt:%:dtz_d_u —~ == du _ J‘ udu _ lj d(u -2)

u’ uz(l_ZJ 2 -2 2T w22
u? u?

+) Ta s& di tinh nguyén ham | = j

3
-2 [(U*-2) 2d(U*-2) =———+C =———+C=—L_+C
2 Ju? =2 \/1 ) J1-2t?
2
1
dt t P L2

== 2

o'—.m\»—\

(—2Wi-2t  i-2t),
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B
CHU Y : +) Dang tong quéat cia (*) 1a |l :I 2
o (a+bx“)Q/a+bxn

+) Dang tich phan trén cac em sé dieoc tim hiéu ki hon ¢ Dang 9.

AU 1
va ta giai bang cach dat XZE :

Vi du 6. Tinh tich phén :
x2dx i p dx

p dx
1)1 = 2) 1, A= —F—m— 4H |, = —
) J. 1+ x4/ ) '!.1+x+\/1+x ) '!..1+\/;+\/X+1 ' '!;\/X2+4X+3

4 2
|l=jx—dx Pit t =1+ XX =t =1+ xVX
0

o XX = —195 % = (12 —1)? = 3x2dx = 4t(t? —1)dt < x2dlx :gt(tz 1)t

3 3 3
va x:0—>4 thit:1—>3 ,khido: |, =— w 4 (t2—1)dt=ﬂ t——t _
3 3(3 ) e
2) 1 I
= Ll x4+l X
i Céch 1: (Nhénlién hop)
L Lt f Lex—VLexX f1+x—\/1+x _lf 1, V1ed
E ’ 1l+x+\/1+x 1(1+X) —(1+x%) 1 2X 29| x
f X2
1(In|x|+x) —EJ' X_gx=In3, \/_——il *)
2 .29 X 4 2 2
V3 2
Tinh I=J' LHX dx  DPitt=+y1+x> =t? =1+ x> = tdt = xdx va x:1—+/3 thi t:y/2 -2
X
1
N 2 2 2.2 2
Khi 06 1= [ Y25 xax= [ —tat= | ! z“ldt:j(n 1 jdt

_JZ

V2

_ 2—«/§+In(\/§+1)—%ln3 2%)

_VB+4/2-3+In(3V2-3)

Thay (2*) vao (*) ta dugc: I, = >

Céch 2:

t? _1:>dx—t2+1
2t 2t°

Pat t=x+V1+X* = t-x=V1+ X’ = t* - 2x+X* =1+ X* = x = dt

va X:1>+/3 thi t:1+2 > 2++/3 , khi dé:
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289 241 12*f

JP e £ +1 d_12*jft2+(t+1) t ljf o1,
R R I R P I A o () 2, 05\t+1 T

2+3 2+43
L F*if(l—iﬂ‘“:l i {L%_l}dt
2 Jplt+l t t t+1 2 Jplt+l 17t
=1(zm|t+1|_1_|n|t|j
2 t 142

CHU Y: Céc em c6 thé sir dung ki thuat dong nhat hé s dé bién doi :

" B2-3+InEV2-3)
2

C4l A B C (At +(A+BU+B . . |o ot A
—Ttet = ,dong nhat hé s6 : ¢ A+B=0<<B=1

t2(t+1) t t2 t+1 t2(t+1
(t+1) (t+1) B_1 Co>

41 1.1 2

Khi d6 ta duoc:

= +
t2(t+1) ot t° t+1
1
dx
3) = [———
’ ;[1+ X++/x+1
Bt t =X +Vx+1 =17 = 2x+1+ 2/x(x+1) < 2\/x(x+1) = t* - (2x +1)

2_
=42 +4x =t —22x +Dt* +4x% +4x+ 1l 4 x =t -2 +1 = x=[t 1}

T 2t
E 2 2 2 2
— Suyra dxo2 11 +21dt=(t _1)(3t Dt vax:0-1 th t:1>1+2
E 2t 2t 2t
- 1442 2 2 1+f 2 1442 .3 _ 42
Khi 6 ls—j L @D+ 1 I(t DE+D 41 It ety
t+1 2t 2t 29
1+/2
1175 11 1 1 1 1 3-42-In(v2 +1)
== [ |1-Z+5-S|dt=2]t-Inf|-Z+=| =
2 4 t ot ot 2 t 2t 2
CHUY

Néu ta bién doi ! L Jx—x+1 1+\F x+1 101 4 /x_+1 va ap dung
LT+/X ++/x+1 (1+f) —(x+1) 2Jx 2( /x X

1
dé giai 1, = IL thi phép bién doi trén khong chinh xac do khong xac dinh tai can tai x=0 .
0 1+X +/x+1

bat t=+x+1++x+3

N 21 X _ X
- I[«/x2+4x+3 ‘([\/(X+1)(X+3)

dtz{ 1 1 Jd IX+1+x+3 ot dx - dx _2dt
24/x+1 2\/x+ 2 (x+l)(x+3) 2J(x+D)(x+3)  Jx+)(x+3) t
2+ﬁdt 2442 2+\/_

va x:0>1thi t:1+4/352+v2 . Khidé: I,=2 I T—2| |t|1+f +\/_
143
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Bai luyén

Tinh cac tich phan sau:

X~/2-5xdx ( Ds: —)

cn\'—"—.cn\m

1

1
2) Izzjxsxll—xzdx (DSI%)
0

2
3) I, = szx/x3+1dx ( Ps: %)
0

X 4-22 2 x+1 11
4) 1, = dx (CPb-2012 bs: = dx (Bs:
) 1, Im ( ) ( =) j —dx (Bs: )
10 dX 6
6) I.=[———— (Ds:1+2In2 71, Ps: In> -+
) s !x—Z\/x—l ( ) ) '!.2x+1+\/4x+1 { 2 12)
2ox 11 LA—x?
8) I, = [———dx (A-2004) (Ps: —=—4In2 9) 1,= [—"dx (Ps: —/3-2In(2-+3
“!um( ) (Ps: ) u!x ( (2-3))
J3
X 1+ x? 1.3 xdx 12
10) 1, = _([\/Xz_ldx (Ps:1) 11)1, = j—d (Bs1+-In%)  12) |12—j x (Bs: )
txe ©o2x=x° 11
13) 1, = dx (Ds——sf) 14) 1 dx (Ps: ==-2In2)
13 E[ ,—4—X 14 = I[l /— 6
: 1 1 46 Ty 3 3 3
15) 1. = [ x = dx (Ps: V3-—) 16) I dx (Ps:=+>In
) s I (x/l+3x M_ij ( ) 16) I,;= {1 T (Bsigeging)
t X 4-2\2 L dx 2, \/_+1
17) I, = | ——=dx (Dbs: ) 18) I, = ( bs: )
H E[\/HT 9 . '!.x\/1+x 3 2
8y 2 1 2«/5—2
19) I, = bs: 11+6In—= 20) 1 ————4dx (Dbs:
) I = jf+f( 2 )ZOQHM ( )
xdx 17-9V3 dx 8—42
21) |21=j (Ds: ) 22) |22=j (Ds )
53X +1++/2x+1 9 _1\/1+ A+x 3
1
E 2 . .
23) Izs—J. \/_ 2+2\/_) 28y 1, = ,[ SiN2X+Sinx dx (Ds: §—E|n§)
1(3+2x)\/5+6x+2x \/_7 o 1++/1+3cos x 27 3 2
e “31+1In%x.Inx 632 -3
25) IZS_I\/eT (Ds.ﬁln(2+\/§)) 26) |26=!fdx (Ps: =)
2 In?x 76 ; In xdx 3-v2-In(+/2 +1
20) 1, = [ _dx  (Bs: ) 28) 1, = | (Ps: (V2+D),
1 Xv/1+1In x 15 1 x(l+|nx+\/l+ln2 x) 4
1 3 2
20) 1,, =[S X g (s -2 isamn2)
2 3-2x% +x+1 3
€ 2 _ _
30) |30=J. X“+Inx—xIn(ex) & (Ds: 7—-(3+2e)v3 € i 2 )
1x(1+\/2—x+lnx) 3 J3-e+1
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DANG 2: |2:/f f(xz”,\/ax2+bx+c)dx (2%)

CACH GIAI CHUNG

—_— u"'c:rx2 +bx+c :\(ﬁr]—uz —

Pat u=ksint {du = kcosdt

e _EE:| NIE —u? =kcost
2°2
I .C B Tich
Pat u= J kosin tdt 6. phin
. 2 2 2 = 7
(2-&-)*“{&-{ thxtc=~u—k m“h; cos ¢ ——jif = j h(1)dt : hegng
re0.2) [ 20| NP ke | 0 s
2) 2 ) cor
Fmrr ban
3 — Datu=ktan: du_cus t
—1u'{c1x‘+bx+c:\(u‘+k‘ - >
!" :‘I- :‘1'_""I ~ = R- -
te|——:= | u +kt =
L 272) cost

CHU Y:

B
*) V6i tich phan c6 dang | _ 9 i tac6 thé khong dung téi phuong phép trén. Cu thé ta bién déi:
o X £k

L dx _f" (x4 +k)dx  Ad(x+/xE+k K) _, Fik B_
! X2 £k v (XFVXPEK)VXE £k J‘(x+\/x +k) nfcEea: )‘06

Hozc mot cach trinh bay khac: Pat t = (x++/x*+k) (phuong phap doi bién)

B
*) Vi tich phéan | =_|' f (vax? +bx+c)dx ma vax? +bx+c = Ju—u? thi dit u=sin®t (hoic u =cos?t)

B
*) V/6i tich phan |_j [ / de thi dat x =mcos 2t .
m3Fx X

Cac vi du minh hea

2 [
Vi du . Tinh céc tich phan sau: 1) |1=Ix2\/4—x2dx 2) | —_f 1
= 3
2 2 2 2 & 2
dx dx x“dx X
3) | = [—% 41, = 5) I, = 6) I = [—2—dx
? !xlx2+2x+4 ’ J‘; x> -1 2[ J1-x? 0 V3+ X
1 &
r dx 2 dx t1 [2-x 2 cosxdx
Nl =|—— 8) Iy = == 10) I, = |———
' '!.x\/1+3ln2x ’ '!. X—X? JI‘X2 . -([\/7+c032x
4
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Giai:

2 dx = 2costdt
1) Ilzjx2\/4—x2dx Datx_25|ntvmte{ z ”} { va x:0—>2thit:0—>%
0

V4 —x? =2cost

7 7 7 : T
=1, = I 4sin”t.2cost.2 costdt = 4_[ sin® 2tdx =2I (1—cos4t)dt = Z(t— S'Tt j‘ A -
0 0 0

sintdt
2 | 2 _ dx =
2) |2=J‘4Q|X2 Lix Pit w1 s te{o;%ju{n;%[j - cos’t  va x:1—2 thi t:0—>%
X
1

cost 5
X*—1l=tant
P 3 : e 55 :
=1, = Jrant S Iy o000y [ Foostar < [ %ot feosta
5 cost. » COst y COost 5 Cost ¢ ol=sin“t ¢
cos’t
: : - :
=I( 1_ + 1_ jdsint—jcostdt: 1In 1Jrs!m—sint =In(2+\/§)—£
o\Ll+sint  1-sint 0 2 |l-sint o 2
2
3) I, =
j\/x +2X+4 !J(x+1) +3
dx=i?;dt
Pit x+1=+/3tant (Véitei—%;%j) = cost N3 va x:0—2 thi t:%—)%
JX+1)?+3 =
" cost
3 J3dt 3 dt  Gcostdt ¢ dsint 3 1 . 1 1+sint%
3'3:J. :J' J. I . . =—I —+———@dsint==In :
o 3 Jcost Jcos’t J(l-sint)l+sint) 22(1+sint 1-sint 2 |l-sint|=
sCOSL 1 6 0 0 G 6
—In@2+ f)—'”3
2
dx
M=+
aNX -1
d _sintdt
Céach 1: £)ef1tx=L véite[o;zju{n;ﬁj = cos’t  va x:+/2 > 2 thi t:£—>Z
cost 2 2 3 4 3
X*—1l=tant
. 3 sintdt 3 dt LR aRe LA . N .
Khi do I4=J' 5 =J' . Dé giai tiep 1, ta cd theé doi bién hoac dung ki thuat vi phan. Cu the:
- cos“t.tant < cost
1 1

2B

Céch 1.1: bat u=sint = du =costdt va t: Z—)—thl Xi——> —
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z z W3 W3 RE]
tcostdt § costdt % du % 1¢( 1 1
oy 1, [ (e
; cos't  sl-sin®t gl1-u” g5 (Q-u)l+u) 25\ 1-u 1+u
4 4 2 2 2
=%| 1*—“ — In(2v2 + /6 -3-2)
3 3 3[(1-sint) +(1+sint)]costdt [ [
Céch 1.2: J- costdt J- _costdt _ :lj-[( )fr( + _)] 1 J-costtJrJ-costdt
Jcos’t 4 (@-sint)(l+sint) 2+ (@-sint)(1+sint) 2| J1+sint 5 1-sint
r r r r r
1| 3d@ssing Fd@-sint)| 1. [Lesint]f
_= =i = In(2v2 +\/6 -/3-2
2 l 1+sint J. 1-sint 1-sint|= ( VE=NE )
7
Céch 2:
2 2 _ 2 2
J- _J- (x++/x* =1)dx J- d(Xx++/x" - )_In(x+ /xz—l)‘ (242 +6 -3 -2)
BXHXE=DVX* -1 7 (x+vx*-1) 2
Céch 3: (Cach trinh bay khac cia Cach 2 )
Cach trinh bay 3.1:
2_
dx=t2t21dt
2
Datt=x+\/x2—1<:>\/x2—1=t—x:>x2—1=(t—x)2<:>th TN >
2t > t2+1 t? -1
X°=1= -1=
2t 2t

Va X:v2 52 thi t:1+42 5243 L khidé:
t? -1
2+3 22 dt 2+fdt
L= | 2 1_I t_||t|
1+«/§ - 1+\/§
2t

0242 +6 -3 -2)

Céch trinh bay 3.2:

/2
bat t=x+\/x2—1:dt=(1+Ljdx=XJr X _1dx= ¢ dx = o =ﬂ
VxZ -1 Jx2 -1 Jx2 -1 Jxe-1 ot

+3

2
VA X2 52 thi t:1+44/2 52443 ,khido : 1, = I %_I |t|2+f— In(27/2 +6 —/3-2)
1+\/§
7 d d
& x2dx . { Vi3 n} X = costat .
5 Iy, = bat x=sint Vi te|——;— | = vacan t:0—> 7%
T 1-x? 2 2 VJ1-sin?t = cost A

L _]Tsm t.costdt ?Sinztdt_?l—coszxdt_(lx_sinZXJ
° J cost 2 2 4

T B=2
0_ 8

0 0
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Ne

dx= dt
6) | —ﬁde Dit x =~/3tant véi t ( z ﬂj: cos’t
* T 3 (722
0 V3+X J3+x2 —\/3(1+tan t)=—— E I
[cost| ~ cost
Va2 4an? 4 qin?
3tan’t /3 sin“t
vacant:0->7%/, =1, = . dt=3 dt
' A ° ;‘; J3  cos’t !cos3t
cost
i Vo qin? /AN
bat u =sint = du = costdt vacan u: O—>£ =1, = _[ sin tCOStdt 3_“%: I&g?
2 . cos't o (@d=sin’t) o (@-u?)
2 Z_ u+l)—(u-1
Ma ta co: u22=u21+21= 21 += L [w+D—( )] +1 ! + 12—22
1-u?)? (U*-1)* u’-1 4 (@U+1)>*u-1)7? Cur-1 4 (u-1% (u+1)> u*-1

1 1{ 1 1 }
= += +
2 -1 4| (u-1)° (@U+D°

2
3% 2 1 1 lu-1| 1 1\5/32—\/5
:>|6=_I = —+ . du_ In 2 =ZIn +242
43 1uP-1 (u-1? U+ |u+1| u-1 u+ll| g 2 2
[ dx
Nl = [———
! ‘!.x\/1+3ln2x
dx G
Patt=Inx=dt=— va x:1—>e thi t:0>1 .Khidé I, =]
X o V1+3t?
. dt:\fd—uz
Céach1l: bat tthanu Vi UE(—%;EJZ> 3cos™u vat:0—1 thi u:0—>%
3 \/1+3t2=L
cosu
: : : -
3'7:if u :ij-cosgdu_ij- dsinu ( 1 )dsinu
3¢ cosu 3% cos“u 35 @=sinu)@+sinu) 2\/— 1+sinu 1 sinu
1 1+S|nu 1
- —In2++3
2\/_ 1-sinul|, /3 ( )

P e I[IFJ
[FJF g

——In(2+\/_)

1
Céch 2: I7=J' a__ 1
0 3

Wl
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=
.
g.
g
il

Jx—x2 —\/sm t(1-sin*t) =sintcost

1
2 dx = 2sint costdt
8) Iy = o Dit x =sin’t vgi te On
8 2
1
2

23|ntcostdt 7 T )\ &

T T — _—— | = —

vacan t: / /:I 7;'. Sintcost J. ( 6} 5
6

2
9) Iy = I%\/_ x  Dat x=2cos2t voi te[ j 2-x  [2-2cos2t  |4sin’t _sint
X B “Vacost

T

vacant:%eo =1, = I Smt

4c0s? 2t cost

10) | _Jz- cos xdx
1 5 V7 +C0S2X

Ta c6: \/7+c052X =/6+2c0s X =/8—2sin? X

Nén dat t =sinx = dt =costdt vacan t:0»>1 =1, = I

bit t =2sinu véi u e{—— —

2cos udu

Bai luyén

_u

1 6
ho \/_J. 2cosu E;‘;du_

7%
dx = —4sin 2tdt

2+X 2+2cos2t cost

%

Vs
6

% 2sin® t 1 cos? 2t
n 2tdt j j j —1|dt
° 22t cos’ 2t 2 \ cos’ 2t

%_ 33-x
0 6

:(tanZt_tj
2

7T

cos xdx

o V8—2sin® x \/_J.\/ﬁ

- n} {dt = 2cosudu

vacan u:0 -7
J4—4sin*u =2cosu %

s _2x
0 12

=

Tinh céc tich phéan sau:

1) Ilz-([% (DS: In(1+\/§))
3) |3_£ﬁdx (P :%_73)

B X+1 \/§ V4
5) I, = jm (Ds1—2 +2)

a8y 2014 T
2) 1, j\/20142—x dx (Ds: )

xdx /4
)1, =22 (PsiAf3-2+2)
‘ !).\/3+2x—x2 6
In§
e T
6) I, = J‘4dx ( Ds: E)

0 /2ex _e2x
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DANG 3: |3:/f F(X).000dx (3*) Vsi f(x),9(X) 1 hai trong bon ham:

logarit (log), da thirc (da) (hoic ké ca phan thirc), lwong giac (Iwong) va mii (mii).

CACH GIAI CHUNG

1 u | 1(Nhat)—log ’
Thit | | {u=f(x) du = f/(x)dx
~ Pat u tw | 2 2 (Nhi)—da dv=g(x)de ~ |v=|g(x)dx
s | ;
dv TU L 3 (Tam)— lwon 8 5 ° ’
tien \l' g I = [udv=w - [vdu
W o &
4 dv| 4(Tk)—mn

CHUY:

+) Nhu vay khi két hop hai trong ban ham trén cho ta mét bai toan. Vi vy vé mat i thuyét ta cd thé tqo ra
dwoc C? =6 bai toan cia Dang 3. Song trén thyc té, trong pham vi ki thi Bai Hoc — Cao Pang thi thueong
Xudt hién 4 dang 1a : (loga, da thirc); (da thirc, lwong giac); (da thirc, mi) va (lweng giac, mii) — dgng nay
chiea xudt hién (ké tir Ki thi 3 chung).

+) Khi gap heong gidc va mii ta cé thé dat “u—dv” theo thiz ti “luwong giac — mi’ hodc ngieoc lai déu
droc va phdi sir dung hai lan tich phan tiing phan. Ca hai lan tich phan ting phdn trong truong hop nay
phdi thong nhdt theo cting ther te. Néu khong sé xdy ra hién nwong | = 1.

+) Khi su dung phwong phdp tich phan tung phan thi sé lan theec hién phy thuge vao bdc cia ham logarit va
da thirc. Cy thé:

*) Néu trong biéu thzc tich phan c6 log”, f (x) (hogc In" f(x))=> tich phan ting phan n lan.
*) Néu trong biéu thize tich phin cé da thirc bacn: f(x)=a x"+a, X" +..+a,
(khdng c6 ham logarit) = tich phan ting phan n lan.
B
+) Néu | = If(x)e”*bdx ma f(x) cobdc n (n>2)(theo CHU Y trén ta phdi tinh tich phan tung phan

n lan) song trong trwong hep nay cé thé ¢ cach “khac phuc” (khdng phdi tinh tich phan timg phan) bang
viéc tach ghép va sir dung cong thizc: I[ f(x)+ f '(x)]exdx = f(x)e* +C (trong bai cac em phai CM).

+) Cac em tham khdo thém ki thudt chon hé sé qua 5 cau tich phan ¢ Vi du 4.

+) Vé mat Y twong, viée ding phwong phdp tich phan timg phan 12 viéc ta chuyeén tir tich phan ban dau
u= f(x)
dv = g(x)dx

jg(x)dx dé tinh. Vi vdy pham vi &p dung phwong phép nay khéng chi ding lai ¢ hai ham khac tén goi ma

B B
J'udv vé tich phan J'vdu don gian hon bang cdach dat { ma théng thuong thi f '(x) va

con sir dung cho ciing mét dang ham, nhiéu hon hai ham....
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Cac vi du minh hea

Vidu 1. Tinh cac tich phan sau:
3 1 1

1)1,= j In(x? —x)dx (D-2004) 2)I,= j (e +x)e*dx (CP-2009) 3) I,= j (x —2)e>dx (D — 2006)
2 0

e 2 2 2
4) 1, = [¥*In*xdx (D-2007)  5) I, = J'In—sxdx (D-2008) 6) |6=jx—2_1|n xdx (A, Al —2013)
1 1 X 1 X
Giai :
2x-1
3 — 2_ d —
1) 1, = [In(¢* ~x)dx (D-2004)  Bat | In(=x) _, J0u="oy
5 dv =dx VX

3
:Illen(xz—x)E J.ZXX 11dx 3In6-2In2— J.(2+—de 3In6-2In2— (2x+|n|x—]4)E=3ln3—2
2

1
2)1, = j (e +x)e*dx (CP —2009)
0

1 1 1
Taco:l, = J‘(e‘2X +X)e*dx = Ie‘xdx+jxexdx =A+B (¥
0 0 0

1 1
+) Tinh A=Ie_de =—Ie"xd (-x)=—e"* r_e-1 (1)
0 0 0 e
1
+) Tinh B :Ixexdx
0
u=Xx du = dx
o = 1@
dV=eXdX V:eX
Thay (1), (2) Vo (*) ta duge: 1, = 2
€
1
3) 1, = [ (x—2)e*dx (D - 2006)
0
du = dx " )
U=x-2 9\ 2X 1 2 . a2
bat = 1, 3|3=(x 2)e _lje“dx=2 e’ e 5-3e
v = V:Eex 2l 2% 2 4|, 4

4) 1, = J.x3 In? xdx (D —2007) (Vi ham Inx c6 dang bac 2 nén phai tirng phan 2 lan)
1

2Inx
U=In?x du= dx k1o s e
+) Dejt{ , = ) X :>I4=X nx ——J'xglnxdxze———l (1) Voi Izj.xslnxdx
dv =x X 4 | 24 4 2 1
4
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du=—
u=Inx 4 s 4 oxt
+) pat = Ko XX Lo & _XT _EA
dv=x | _xt 4 | 44 4 16 16
4
4_
Thay (2) vao (1) taduqc:l4=%
u=Inx du dx
2 = = 2 2 2
5 1,= [MXax D-2008) it | =] X == ipd_ M2 1F_S-2in2
) dv=— 1 2x2) 29 x 8 4x, 16
X V=—"
2X
dx
- u=1Inx du:7
6) I, = Inxdx (A, Al-2013 bat 2_
) s Jl. X2 ( ) DAy, X Zldx=(1—i2jdx: 1
X X V=X+—
X
2 2 2
:>I6=(x+ljlnx —J'( —)—z—InZ J.( j —InZ—(x—ij :EInZ—g
X L X)), 2 2
Vi du 2. Tinh cac tich phan sau:
3
1) |l—j +'”Xol (B-2009) 2) I, —J'(2x——)lnxdx (D-2010)  3)I, —j“xs'”x x (B—2011)

l

Ot~y

) 1
&) 1,= [xesin20de (0-2012)  5) I, = [F D gy (A AL-2012) 6 1, = [ xetox
1 X 0
3+Inx
I, = dx (B -2009
1) j(H) ( )
3 3
Tacc'):I1=J.3+—|n)2(dx=3J. dX2+J. Inxzdx=3A+B &)
1 (x+1) L (Xx+1)° 1 (x+])
3 3 3
i A=) LI
T (x+D)° ¢ (x+1) x+1|l 4
3 u=Inx duzﬁ
+) Tinh B= J. NX_ bat dx = X
1( ) dv = 2 1
(x+1) V=——-
x+1
3 3 2 2[® 3 3
x+1|l L X(x+1) 2 4 4 <\x x+1 4 x+1|, 4

Thay (1), (2) vao (*) ta dugc: |, = %+%In3—ln2
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2) 1, =Je.(2x—§)ln xdx (D -2010)

Ta co: | _I(Zx——)lnxdx 2lenxdx 3I—dx 2A-3B (*)

dx
¢ u=Inx du=7
+) Tinh Azj.xlnxdx bat = ,
] dv = xdx X
vV="—
2
2 € e? 2| 2 2 2
:>A=xln __I wixo & _X| _& ¢ 1 e'+1 1)
2 | 2 4| 2 4 4
+) Tinh B= J-Inx
1 X
C1: (St dung ki thuat vi phan) szm—x = jlnxd(lnx)— X =% 2
1 X 1 1
; dx , e 1
C2:bitt=Inx=dt=—vacin t:0>1=>B= tdt=— == (2)
X 0 2|, 2
(thyc chat C2 1a cach trinh bay khac cia C1)
u=Inx dx .
N u=— , e flnx
C3: Pit dx = x =B=In"x - J'—dx 1-B=2B= 1@5—— )
d T x  |lv=Inx 1 X
2 2
Thay (1), (2) véo (*) ta duoc: 1, =28+ 3 _€ =2
4 2 2
3 1, _J-1+xsmx X (B-2011)
EPU. 3 3
Ta co: |3=j1+xsz'”xdx=j d’: +IXS'”Xd =A+B (¥
o COS” X 5 COS“ X ¢ COS” X
3 dx 7
+)A=I —=tanx/* =3 (1)
0cos X
<sin x u=x du =dx
+) B= I—d bat sinx = sinx d(cosx) 1
cos’ X dv=———dx v=J' > dxz_J' e
COS” X COS” X COS“ X  COSX
:BzL J' dx —z—ﬂ—l Vvoi | = i bit t =sin x = dt = cos xdx vacént:0—>f%
COS X, cosx 3 5 COSX
74 74 By 3
dx cos xdx dt 1, ]t-1 2z
== =— =—=In =-In2-+3) = B="2+In2-3) (2
5 COSX !1 sin” x !tz—l 2 o ( ) 3 ( ) @

Thay (1), (2) vao (*) ta dugc: |, = \/§+%”+ In(2-+/3)
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4) 1, = | x@+sin2x)dx (D -2012)

Oty |y

: D el
=Ix(1+sm2x)dx I Xdx + I xsin2xdx=— +1=—+1
: . . 2, 32
" du:dx
¢ u=x
Tinh 1 J. xsin 2xdx Dat . = COS 2X
0 dv=sin2xdx |v=-
2
xcos2x|™ 7# cos2x sin2x|” 1 7> 1 7°+8
=1 =- 4+J. dx=0+ 4=5 =l=—+==
2 1y 3 o 4 32 4 32
3 3 3 3 3
5) |5=dex (A, AL - 2012) j“'”(“l)dx j o, j”(“l)d S
1 X 1 l 1 Xl 3
dx
3 u=In(x+1) du=———
Tinh IZJ-In(x2+1) dx bat dx = x+1
1 dVZ—2 _ 1
X V———
3 3 _ 3 3
e In(x+1)| +J- dx _In2 J-(x+1) Xy J-(__ J _In2 | x :In3—gln2
1 L X(x+1) 3 1 xX(x+1) X x+1 3 x+1|[1 3
, , u=1+In(x+1) |du (1+—de=x—+id
= I;==+In3-=In2 (Cac em co thé dit luon: dx = X+ X+ n)
3 3 de—2 1
X V=——
X

1
6) I, = j x°e*dx
0

Nhan xét 1: Vé mdt Ii thuyét bai toan ndy ta hoan toan co thé gidgi theo phwong phdp tich phan tirng phan.
Song ta phdi sir dung téi 5 lan tich phan tirng phan (vi bdc ciia da thire x° 125 — khé dai ). Lac nay ta sé c¢é
cach “khac phuc nhu sau”:

Taluénco [[()+f ()k'dx=f(e*+C (¥

Thatvay: [ f(x)e*+C]'= f'(x)e* + f(x)e" =[ f (x) + F (x)]e" (dpem)
(Vi vay dé ap dung (*) ching ta s& phai tach ghép x° vé dang trén)
Ap dung (*) ta dugc:
1 1
= j x’e*dx = I[(xf’ +5x%) = 5(x" +4x%) + 20(x* +3x*) —60(x* + 2x) +120(x +1) ~120]e”dx

1
.[(x +5x*)e*dx — 5.[(x +4x )exdx+20j(x +3x%)e*dx — GOI(X +2x)e*dx +120_[(x +1)e*dx — 120J‘exdx

0

(x*—5x* +20x° -
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Nhan xét 2:

*) Nhw vd@y qua bai todn trén ta thay viéc sir dung cong thizc (*) sé gilp giam bét thao tac ldp di ldp lai
phurong phdp tich phan timg phan (néu bdc ciia da thirc 16n) .
*) VA tir bai to&n trén chung ta cd thé duea ra dép sé tong qudt cho nhw sau:

s
| = J' x"e*dx = [x” —nx"*?

+n(n-1)x"?

— e (=D Ix+ (—1)”n!]eX

=7

Vi du 3. Tinh céac tich phan sau:

§In(sin X) 2
D L= cos’ x A 1,=]
T 0

sin x.In(1+ cos x)dx

X

i
3) 1, = X
s £1+c052x

T

3
2 ) * x2dx 2,
4) 1, = | cos”(In x)dx 5 I, = 6) I, = | xe** cos xdx
) 1= [ cos’(ing) A e ) 1o=]
Giai :
gIn(sinx) 5 U =In(sinx) dU—%dx cot xdx
1) I1=J' 5 bat dx = sin x
% C0S” X av=—-—
5 COS° X Vv =tanx
Khi d6 Ilztanxln(sinx)| Idx J3In £—£In; x|3 J3In £+%In2—€
2 —sinx
z u=In(1+ cos x du= dx
2) I2=j3|nx.ln(1+cosx)dx bat ( ):> 1+cosx
5 dv = sin xdx
V =—CO0S X
. 2
Khi d6 I, =—cosxIn(1+cosx) 5 J-smxcosxd =In2-1 (¥
° y 1+Cosx
2
=J' cosX sinxdx Dat t =cosx = dt=-sinxdx va x:0—Z thit:2 1
o L+COS X 2

ft-1,. f(, 1 2
Suyra ':J.Tdtzj.(l_f}dt:(t_lnhh‘l =1-In2 (2%
1 1

Thay (2*) vao (*) taduoc: I, =2In2-1

ST
3) I, = =—j
o 1+ cost 24 cos’ x

4

F 3
=, =% X tan x|4 —J'tan xdx =%—%f—dx=%+%j
0 0
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u=x
. du =dx
bat dx =

dv = > vV =tan x

C0S“ X
sin X dcosx 7 1 1
== —In|cosx||4=———ln2
COS X COS X 8 0 4




% z
1 e?2-1 1
= | cos(2In x)dx = +=1 (*
2! (2Inx) 5l )

NN

T
e2

J-1+cos(2ln x)d _ 1

e

N\:x

4) 1, = Icos (Inx)dx =

1
2sin(21In x)
= 21 =
cos(2Inx)dx  bat U =cos(2Inx) du X dx
dv = dx

D
PR

+) Tinh | =
V=X

eZ

= | =xcos(2Inx)|; +2J' sin(2Inx)dx = —e2 -1+2J (1)

T u =sin(2Inx) du:de
= X

2
+) Tinh J = [ sin2Inx)dx  Pat {
] dv =dx Vex

z ei
= J =xsin(2In x)|f2 -2 J' cos(2Inx)dx =-21 (2)
1

V3

3 ez +1

T (1) va Q) taduoc: | =—e2 -1-4l < | =— 2%)
30 (* . e2-1 e?+1 2e%2-3
Thay (2*) vao (*) ta duoc: I, = — 1 "B
0 u=x du = dx
I(><ij1() DAty gy _xa&x = :J'X_dlej-d(x%rl):_ 1
1 (x> +1)° E+1)° 29 (@ 11? 40 +1)°

0 0
+1J'L=_i+l| *)

X
=>l=——s5—3

4(x2 +1)%, 45 (x*+1)* 16 4
0 dt T
Tinh I_J' 5 bit x=tant= dt=———=(1+tan’t)dt vax:-1—>0thit:-=—-0
Y (X +1) cos“t 4
2 0 0 0 . 0
Khido | = j (Lvtan }"it:j o [ costtdt == [ @rcos2tyat =2 1+ 202 ) T L
' (1+tant) ' 1+tan°t 7, 27 2 2 )= 8 4
4 4 4

K
1 1(~ 1 V4
Thay (2*) vao (*) ta duoc: |, =—— i ==
2y (2 vao () ta dugc: s =3¢ 4[8 4) 32
H
6) I, =J.xe2Xcos xdx

0
Nhan xét: Vi dudi dau tich phan xuat hién déng thoi ba ham ( da thirc , lwong giée, mii) nén ching ta s&
tinh tich phan tirng phan theo cum (quan niém lwong giac va mii 1a mot ham) . Trudc khi di

T

2
tinh 1, = I xe’* cos xdx ta s& di tinh nguyén ham A= I xe** cos xdx
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u=x
Pat ,
dv = e“* cos 2xdx

du = dx
= 2X

v=_|'e cos2xdx = |
+) Tinh 1 =J'e2X cos 2xdx
du = -2sin 2xdx

U =Cos 2X 2x 2
bit I 1, = | =L032X+J'ezxsin2xdx=w+\] (1)
dv =e“"dx V=§e g 2
+) Tinh J = [ e**sin 2xdx
_ [u=sin2x du =2 cos 2xdx e?sin2x ¢ ,, e” cos 2x
bat = 1, =J =——je cos2xdx =————— -1  (2)
dv=eXdx |v==e* 2 2
- 2x -
Thay (2) véo (1)= c;st e’ s;n 2x_I P (sin2x+cos2x) 2%
2X (a3
Tu (%) va (2%) = A= Xe” (sin 2:+C082X) —%J.ezx(sin 2x+cos2x)dx  (3%)
2X a3
Ma theo (2):Iezxsin2xdx=J =Lmzx—J'ezxcostdx:>J.ezx(sin2x+c032x)dx_e sin 2x (4%)

Thay (4*) vao (3*) ta dugc:

xe”(sin2x+cos2x) 1 e*cos2x

e (2xsin 2X + 2X C0S 2X — C0S 2X)

A= I xe?* cos xdx =

=
.
g.
g
il

j'- 3x+1
_ X
4% + 28x% +65% + 50

=il

4 4 2 8
% 2X H _ % TM_
Suyra I, =Ixe2xcosxdx _ €7(2xsin 2x +2x oS 2X cost)| _e'd-m)+1
0 8 |0 8
Vi du 4. Tinh cac tich phan sau:
h LIn(4x> +8x+3 i
1) 1 =IX|n(2+x2)dx 2) 1, =I ( : )dx 3 I, ZJ- In(smx+2cosx)
0 o (x+D) . cos? X

5) 1= I(uﬁj In (x+&—1)dx

Giai :

1
0

In(2+ x*)dx

Céch giai thir nhat (Céch giai “thong thudng™)

2X

2+ X dx

du =
_ 2
9 pat u_In(2+x):
dv = xdx

X2 1
, khi d6 |1=7|n(2+x) j

0

=—In3—| &)

Trang 49




=
.
g.
g
il

1 3

+) Tinh I=I2X 5 dx Détt=2+x2:>dt=2xdx<:>xdx=% va x:0—»>1thit:2—->3
02+ X
1 2 3 _ 3 3
Khi do 1= [~ 2xdx:jﬁﬂ=1j(1—3j.dt=1(t—2|n|t|) “Ind ey
) 24X bt T2 290t 2 , 2 2
Thay (2*) vao (*) ta dugc: I=£In3— l—Ing =§In3—|n2—£
2 2 2 2 2
Céch giai tha hai (St dung “k7 thudt chen hé s6”)
2X
du=——adx
— 2 2 2 2
bat u_In(2+x)3 2+X , (Gdﬁyv=jxdx=x—+c vatachQnC=1nénv=X—+1)
dv = xdx X2 2+X 2 2
V=—+1=
2 2
2+ %2 - 3 x| 3 1
Khidé 1, = In(2+x?)| - [ xdx x=>In3-n2-2| =2In3-In2-=
s 2 2], 2 2

CHU Y : Qua cdu tich phdn ddg tien ¢ Vi du 4 cdc em duoc lam quen thém mét ki thudt chen hg §5 cho
phuong phdp tich phdn ting phan . K7 thudt nay dwoc hiéu nhw sau: Khi di tinh tich phan tieng phan,

u=f(x) du = f'(x)dx

=
dv = g(x)dx v=Ig(x)dx=G(x)+C
Va theo mgt ““th6i quen™ thi ching ta thueng chon C = 0( Cach giai thir nhat cho 1, trong Vi du 4 di

& khau dat { véi C 1a hang sé bat ki (chon sé nao ciing duroc)

]
theo cach chon nay). Nhung doéi khi viéc chon C =0 lgi lam cho tich phan J'vdu khong dwoc “dep” cho

lam . Vi ta c6 quyén chon C 1a sé thuc bat ki nén ta sé chon hésé C thich hop ma ¢ dé biéu thirc vdu 1a
don gian nhat. Cac em hdy theo ddi tiep Cach giali tha hai nay ¢ cac y tiép theo cua Vi du 4.

LIn(4x* +8x+3
2)1,=] ( oD )dx

0

Céch giai thir nhat (Céch giai “thong thudng™)

u=In(4x* +8x+3) du=4§x—g83
2 pit i - X2 +8X+
(x+1) T 2(x+1)
Khido | _—In(4x2+8x+3)|1+4j_ dx _—In15+ln_3+4I *)
2 2(x+1)2 L 3 (x+)(@x*+8x+3) 8 2
1
+) Tinh |_j
O(x+1)(4x +8x+3)

1 3 1 A N B N C
(X+1)(4x* +8x+3) (x+D(2x+1(2x+3) x+1 2x+1 2x+3

Ta phén tich:
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< 1=A2x+D)(2x+3)+B(x+1)(2x+3) +C(x+D(2x+1) (2*)
X A=-1
Chon x lan luot céc gia tri —1;—1;—§ thay vao (2*) ta dugc:
2 2 B=C=1

1

=-In 2+1InE (3%
2 3

L o -1 1 1 1 2
Khi do6 I=I + + dx = —In|x+1|+—|n‘4x +8x+3‘
oAX+1 2x+1 2x+3 2

0

Thay (3*) vao (2*) ta duoc: I, = —Ir;lS +In73+4£—ln 2+%In%) = %InlS—gln3—4ln 2

Céch giai thir hai (Str dung “ki thudt chen hé s6”

8x+38
u=In(4x*+8x+3) |du=————dx
5 4x°+8x+3 dx -1 s
bit dx = , v=j 5= >+C vachonC =2)
= -1 4x°+8x+3 (x+1)°  2(x+1)
(x+1) V= s te= >
2(x+1) 2(x+1)
2 L 1
Khids 1, =% %300 gy g —4] -2 Binis Sina_amfxraf - 2ings-2in3-4in2
2(x+1) s oX+l1 8 2 ° 8 2

In(sin x+ 2cos x
(sinx+ 2005 ),
COS”~ X

3) I, =

O [N

Céch giai thir nhat (Céch giai “thong thudng”)
u = In(sin x+2cos x) du_cosx—25inx
bat dx = sin X+ 2c0s X
v =— B
COS* X vV =tanx

dx

tan x(cos x — 2sin x) dx

r 4

= I3=tanxln(sinx+2cosx)|Z—J. :
0

s Sinx+2cosx

Khi do6 viéc di tinh tich phan

tan x(cos x —2sin X e A ,
a _(CO )dx sé tré nén phuc tap .
Sin X+ 2Ccos X

—_—

0
Ldc nay can su “Ién tiéng” cua ki thudt chon hé so
Céch giai thir hai (Str dung “ki thudt chen hé s6”

. COS X —2sin X
u =In(sin x+2cos x) du=fdx
Pit dx N sinx + co_sx
dv= sin X +2¢os X
cos? X v=tanx+2=———
COS X
., sin X+ 2¢os X . 4 %cosx—2sinx
Khi d6 1, =———— In(sin x+2cos X) —J.—dx
COS X 0o % COS X

:
=3In3—gln2—jdx—2jdcosx
0 0

COS X

=3In3—zln2—(x+2|n|cosx|)‘% ~3In3-2in2-Z
2 0 2 4
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0 0
4) |4:J.4 i 3);4—1 dXZJ. 3x+1 :
° 4x° +28x° +65x+50 % (X+2)(2x+5)
Céch giai thir nhat (Céch giai “thong thudng”)

3x+1 _ A N B N C
(x+2)(2x+5)* x+2 2x+5 (2x+5)°

& 3x+1= A(2x+5)* + B(x+2)(2x+5) + C(x+2)

5=A

Ta phan tich:

A=-5
Lan luot ta chon x bang —2;—2;0 ta dugc: —%=—% <{B=10
Cc=13

1=25A+10B+2C

Vay | =j. o 0 B |5 |2x+5|___13 0—5In§+E
T x+2 2x+5  (2x+5)? |x+2| 2(2x+5) || 6 15

Céch giai thu hai (Sir dung “ki thudt chen hé s6”)

:3x+1 du = 5 :
5 X+ 2 (x+2)
bat =
(2x+5)° 2(2x+5) 2 2x+5
0 0 0
Khi d6 |4=3x+1| = dx _13 5( 12 jdx 18 _gpp|x+2) _18 .5
2x+5|, 2 (x+2)(2x+5) 15 4(x+2 2x+5 15 2x+5||, 15 6
4
1
5) 1, = [| 14+—— |In(x+/x —1)dx
e
Céch giai thir nhat (Céch giai “thong thudng”)
Détt=x+\/;—1:>dt={1+ijdx va x:1->4thi t:1-55
24x
dt
3 u=Int |du=— :
Khidé I, =[Intdt  Pat =M = Iy =tInt[] - [dt =55t = 5In5-4
] dv=dt | _. v '

Céch giai thir hai (St dung “ki thudt chen hé s6”)

u=In(x++/x-1 1+ 1
Pit ( ):> du=— 2 g 2ol g,
: X++/x 1 2\/—(x+\/_ )
dv = 1+T dx
2 v=x+/x-1
. 2\/;+1 4
Khi do6 I5=(x+x/§—1)ln(x+\/§—) j X=5In5- j( \/,jdx 5In5- (x+\/§) =5In5-4
1
i 2
Vi du 5. Tinh cac tich phan sau: 1)1 —J' X +3X 2) 1 :J'( - o %
5 (xsin x+cos x
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u=x+3 dx = dx
f) bat o xdx = | xdx _lj-d(xz—l)__ 1
(x* -1)° Sl 29 (-1 4 -1)?
Khids | - X*3 |3+1i d 13 1,
PTOAx* -1, 49 (x*-1)° 1152 4
. t o dx .
+) Tinh IZJ;W Ta co:
11 [+ -9 _ 1 1 2 | S S S
(x> =1)? s (x+1)%.(x-1)° (x—l)2 (x+1)? (x+D)(x=1) | 4|(x-1)? (x+1)? x+1 x-1

Khi d6 "‘I 1 - (S S O O T I|x+1| 7,12 2
(x— 1) T XAt xo1 Al xe1 xe1 xo 1), 48 4 3

133 1(7 1, 2 175 1 2
+=|—+=In=|= In—

Thay (2*) vao (*) tadugcC: |, =—— =
1152 4148 4 3) 1152 16 3
= 3 i
T o) | _J- x2dx J- _xcosx N X dx
» < (xsinx+cosx)® 7 (xsinX+cosx)* cosx
g du_cosx+xsinxdx
~— " cosx N cos’ X
X COS X _d(xsin x+cos x) V_J-d(xsinx+cosx)__ 1
(xsmx+cosx) (xsin x +cos x)? (xsin x +cos x)? XSin X + C0S X
P . _
Khidé I, =——— X | +I d)i =— 2m +tanx|1=— 2n +1:4 4
(xsmx+cosx)cosx|O 5 COS” X 4+ 1 0 T+4 4+ 1

Nhan xét: Do (xsin x+cosx)‘=sin X+ XCOS X —Sin X = X COS X

X _ XCOSX X

(xsinx+cosx)?  (xsinx+cosx)? cosx

nén ta tach

Vidu 6 Tinh cac tich phan sau:

- X 2
1>'—Imdx 1, = [EX Ky g1, -
1+cosx T X

1
(1+x—1je +de 4) I(X +1)e
X

N | - C—

o
=

X

j e* smx
1+cos

(*)

il+smx)e dx = j
0 O1+cosx

1+cosx
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U sin x du_cosx(l+cosx)+sin2x _ l+cosx dx

= X=
bat 1+cosx = (1+ cos x)? (1+ cos x)? 1+cosx
dv =e*dx v=¢f
E X a1 X a1 “ % X % X
e*sin x e*sinx |2 e
Suyra j dx = —j dx =+/e” —j dx (2%)
o L+Cos x 1+cosx|, jl+cosx o L+Cos X

X X

x = e*

3 3
Thay (2*) vao (*) ta dugc: | j oo O Jer - j oo
0 0

2 2
2) 1, =J.mexdx=j%dx+jeX In xdx *)
1

X
dx
u=Inx du=— % e fe
Dat = x:>J'exlnxdx=exInx‘z—je—dx=ezln2—je—dx (2%)
dv =e’dx x ] LoeXx X
v=e
Zex Zex
Thay (2*) vao (*) ta duoc: J.—dx+e2 In Z—I—dx =e’In2
1 X 1 X
L 1
3) I=||1+x-=|e *dx=|e de X——|e xdx (*
[ O T
2 2 2
1 1
"X =1 :
pat Ju=e *_ du ( je dx
dv =dx V=X

O S T

Thay (2*) vao (%) ta dugc: I, = e(2 Ve) f( je s j(x_ jemidx_e(z Je)

2

E (41" 1[(1+x)2—2x]eX kL !
41, j(l v x_!; T dx= e dx—2£

@+x-De* e toet
I (1+x)2 dx _e_l_zuuxdx !;(1+x) J
gl

1 dx
u=—— |du= &
Dbat 1+x = 1+ x)? :I J' =
x 1+x 1+x| 01+x) 2
dv =e’dx v=ge"

1 x

%) dx (2%)

1 x 1 x
Thay (2*) vao (*) ta dugc: I, =e-1— 2[——1 dx— dxj:l
-([ (1+x)? -([(1+ X)°

Nhan xét: Bon cau tich phan ¢ Vi du 6 déu co dic diém chung 1a tich phan xuat hién lugng triét tiéu.
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DANG 4: (4*1) hoac (4*2)

Trong d6 U= ax+b (a=0)

CACH GIAI CHUNG

Dy ? f(@)d
= [
(471) dt=wax [/ Y Tich phin
PN R e (N co bin
(472) x » . = [ f(sint,cost)dt
I |"--"-'|:l i ity

Chu thich:

Néu duwdi dau tich phan cé ham lwong giac va ham mi ¢6 dang sinu V<’317 el ’mél u=ax+b (nghia {él u
khéng la ham bédc nhat hogc bdc khdng ) thi viéc dau tién ta phai lam la doi bien t =u . Sau do dwa vé cac
tich phdn co ban.

Vi du minh hoa

Vidu Tinh céc tich phén sau:

z x-1
2 7 1 -
sinx SIN®X\ o (S
1)1, = _!;(e +cosx)cosxdx (D-2005) 2)I,= .!.. (cos® x+e™ *).sin2xdx  3) I, = !mdx
4 eﬁ 1 ”7
4) 1, = [—=dx 5) I, =J‘\&eﬁdx 6) I, = .[ sin/xdx
1 \/; 0
Nl = j COS /11— Xxdx 8) I, = jes'" *sin x cos® xdx 9 I, = jsin 2xcos’ (sin x)dx
L 0 0

i 3 i
Giai:1) I, = I(es'”x +cosx)cosxdx (D—-2005) Taco: I, = _[esmx cos xdx+_|'cos2 xdx=A+B (¥
0 0 0

T 7T

2
+) Tinh B:J'coszxdx J'Md (2x+i3|n2xj
0

T

(1)

Ala

2 . 1 1
+) Tinh Azjes'”xcosxdx biat t=sinx = dt=cosxdx vacant: 0 -1 :>A=Ie‘dt=e“ =e-1 (2)
0
0 0

Thay (1), (2) Va0 (*) ta duoc: |, =%+e—1

3 3
( Ta c6 thé sir dung ki thuat vi phan dé tinh A: A= j %" cos xdx = j e d (sin x) = e*"™
0 0

gze—l)
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%

2)1,= J'(cos3x+esmzx).sin 2xdx
0

% % % %
Taco:l, = J' cos® xsin 2xdx+J' ™" % sin 2xdx = 2J' cos* xsin xdx+J. e sin2xdx=2A+B (%)
7 11 1
+) Tinh A= J'cos xsinxdx Patt=cosx = dt=-sinxdx vacant:1—-0 = A= jt dt—50=g (@9)
7 72 cos’ x|, 1
( Ta c6 thé sir dung Ki thuat vi phan dé tinh A: A= J' cos’ xsinxdx = A= _[ cos* xd (cos x) = E 2 ZE)
0

7

+) Tinh B= IeSi”ZX.sin 2xdx bit t =sin? x = dt = 2sin xcos xdx =sin 2xdx vacan t: 0 —»1
0

1
=B =Ie‘dt =e“(1) =e-1 (2) Thay (1), (2) vao (*) ta dugc: 1, :%3
0

1 x+1 _
3)I3:_|'e—dx Déttzx—lzdtz 2 dx = 2dx vacant:-1—0

< X°+2X+1 X+1 (x+1)° X2 +2x+1
0 10 1
:|3=1je‘dt=e S
23 20-1"2 2 2

4 X
H)1,=[Tdx  Pitt=yx =t =x=dx=2tdt vacin t: 02
1 VX
Zet 2
= [=-2tdt = 2[e'dt = 2¢'|2 = 26* ~2
t
0 0
1
5) 1 = [v/xe™dx Pt t=/x =t* =x=dx=2tdt vacan t: 01
0

1 u=t du =dt 1

— [ 4at = B 4 R P P 1 I S A

:>I5—b[tedt bat {dv=e‘dt3{v=e‘ :>I5_te‘0 .([edt—e e‘o—e (e-1)=1
i

6) I, = J'sinﬁdx Pit t=/x = t? = x = dx = 2tdt vacant:0—>%

= =dt
I—2J'tsmtdt Dat{ du=d

n/ 7 3
= |y = —2tcost]| A+2J' costdt =0+ 2sint| A =2
dv = smtdt v =—cost 0 0 0

1

7= J' cos+/1— xdx Pit t =v1-x = t? =1-x = 2tdt =—dx va can: t:%—)O

2
-
4

iT

u=t du =dt
=1 _J.cost( 2tdt) = 2J'tcostdt bat . )
du= costdt u=sint
2
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A
=1,=2 tsinté— sintdt [=2 £+costé =7-2
7 0 2 0
0

7

8) Iy = IeSi”zxsin xcos®xdx Pt t =sin’ x = dt = 2sin xcosxdx vacan t: 0—1

7 17

lg = I cos? xe%" *.sin xcosxdx_—J'(l sin’t) £ % 25sin xcosxdx=—j(1 t)e'dt

u=1-t du = —dt t
pat {0t M e et |- 24
dv=edt |[v=e 2 5 2 2

%

9) Iy = J'sin 2x cos* (sin x)dx biat t =sinx= dt =cosxdx vacan t: 0 —»1
0

1

e-2
2

0

72 7

=y = J'sm 2x cos* (sin x)dx = 2J'S|nx cos* (sin x).cos xdx = 2J't cos” tdt

du=dt
L Ju=t 1+cos4t
b3 {dV=Cos“tdt J'cos dt = (1+c032tj 1+2c0s 2t + 2 3 sin2t+sin4t
1
0

dt=—t+
4 8 4 32

2
=l,=2 3L+tsm2t+—sm4t
8 4

sm 2t sm 4t dt
16

i
.
g.
g
il

1 12+8sin2+sin4 41-16cos2-cos4
0 12 64

_ 69+128sin2+16sin4+48cos 2 +3c0s 4
) 192

_12+8sin2+sin4 3_'[2_0032t _ cos4t
12 8 4 64

B
DANG 5: I.=[ F(€9)dX (5*)

a

CACH GIAI CHUNG

t=e* Tich
_ ok ic
. bat 1=e€ . phﬁn
(5%) - t=ae*+b —>
t=Yae"+b bin
t=(ae*+b)"
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Cac vi du minh hea

Vidu 1. Tinh cac tich phan sau:

3 In5 1
dx dx dx
DI = - 2I=—B—2006 I, =|——
) e -1 = IL X4 2e7 ( ) ) 1, £e2X+5
1 2% 1 X In2 2% X
e e*dx (1+e) e +3e
4) 1, =|——dx 5 Il.=|—— 71, =
) J;1+e‘x )ls !..exjte‘X I )y £e2‘+3e‘+2
Giai :
3
dex (D - 2009)
e
Ditt=e*=dt=e*dx va x:1—>3 thi t:e > €®
3
3 X 3 63 2
Khi do: J- exdx J- J-( —Ejdt—l |t 1 e +S+1
Je*(e et(tl)etlt K e
In5
dx
Nl,=| —— (B-2006
= ,Lex+2e‘x—3( )
batt=e*=dt=e*dx va x:In3—>1In5thit:3—>5
In5 X 5 5
Khi do: 1, = [ ot [ = | j( L jdt:nﬁ i3
Je ooz e oate2 (- 1)(t 2) lt-2 t-1 t-1f, | 2
1
dx
= ——
). -([ezx+5
bat t=e* = dt=2e*dx va X'0—>1thi t:l—>e’
Lo a2 e? ¢ 2
Khi do: 1, = [ o =j j(l—ijdhilnL EL
s e (e +5) 2 t(t+5) 10 t+5 10 Jt+5, 10 e"+5
1 e—2><
4) |4:£mdx bitt=e" = dt =—e*dx vacant:1—>%
Legdx  E tot e+l 1
=1, === —dt= —dt_j(l——jdt_(—ln|t+1|)‘ =In=-=
1+e™ 1 T+l yt+1 t+1 2 e
©oefdx g 2Xdx X
5) I, j . :j Pit t=e% = dt=2e"dx vacant:1—¢’
Oe 0
2
< dt B SO A
:>I5— Injt+1] ==I
23t41 2 2 2
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dt =e*dx
6) I, —I(1+e) bitt=1+e" = vacant:2 —»1+e
e =t-1
l+e 3 l+e _
:IG—I(1+6) dx — J- t :J{t+2+3t—22}dt
(t-1)° > (t-1)
1+e 1+e 2 e 3 2 _
=J. t24 =D+ J. S L R T t—+2t+3|n|t—l|—L _
(t-1)° 2 t—-1 (t-1)° 2 t-1), 2e
" e X+ 3¢
N1, =
) J‘e e 12
In2 X X 2
batt=e" = dt=e*dx vacint:1—-2 :I7:I 2(6 +3)e dx:j 2t+3 dt *)
e +3e" +2 T +3t+2
Lotss
‘iz( + )+ . J.d(t +3t+2) 3 dt Sd(t?+3t+2) +gi( 1 Jdt
I t2+3t+2 t? +3t+2 L (t+1)(t+2) 2 t?+3t+2 24 t+1 t+2
2
=(£In(t2+3t+2)+glnﬂj =3In3-4In2
2 2 t+2))
. . T N o t+3  t+3 A B
(Tur (*) cac em c6 theé dung phuong phap dong nhat h¢ so: C13t+2 (t+D)(+2) t+1+t+2
=>t+3=A(t+2)+B(t+1) (2%)
Tatim A, B theo 2 cach: Cl: chont=-1= A=2vachont=-2=B=-1
A+B=1 A=2
C2:(2*) «t+3=(A+B)t+2A+B < " =
2A+B=3 B=-1
o 2
=l =|| —-—-———=|dt=(2In{t+1-In{t+2|)) =3In3-4In2
e A S RUSE | )
Vidu 2. T|’nh céc tich phén sau:
x* +e* +2x% "> e?*dx In2e3x+2e
1I——d A -2010 )l = | —= =
) I 1+ 2¢* ( ) " oot -1 I 2+(1+e)
In3 In3 x
dx
4) 1, = 5) I, 6) I, = [———
J.\/e +1 J.w/(e +1)° ° !x/2e2x+2ex+1
Gidi :
J-x +e +2x% X (A= 2010)
1+ 2e*

Nhan xét: Vi biéu thirc didi dau tich phan cé cd phan da thirc lién hé bai phép toan céng nén ta sé nghi 16i
viéc “triét tidu” no bang cach cd ldp (tach) thanh hai tich phdn dé tinh.
1 1 1 _x 3t
1+2 X X 1
I (+ e)+e’ X=Ix2dx+I eldx__ +l==+1
1+2¢ 5 5 o 3

1+2¢* 3

0
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Tinh Izj - bit t=1+2e*:>dt=2exdx<:>ede=ﬂ va x:0—>1thi t:3>1+2e
o 1+2e 2
+2e 1+2e
1 1, 2e+1
Khi d6: lJ'd—zlln|t| _1ljp2erd =1, ==+=1In e
25t 2 s 2 3 2 3

1 X 1 X
(Céc ban c6 thé tinh | theo ki thuat vi phan: Izj ¢ dxx =ljd(1+2ex )=1 nil+ —lln 2e+1)
ol+2e” 29 1+2e
CHU Y: Bai toén trén cac ban c6 thé trinh bay theo cach ngin gon sau:
1.2 X X 1 1 X 3 g
|1=IX (1+2e*)+e i J-XdXJrlJ-d(Ze +1): X—+1In‘2ex+1‘ l 1I 2e+1
o 1+2¢ 0 1+2¢ 3 2 . 2 3
In5 2X
)1, = e“*dx
In2 ex_l
2tdt =e*dx
Patt=ve*-1=>t’*=¢*-1= , Va x:In2 > In5thit:1—2
e =t"+1
5 _x 2 3 2\
2
Khido: I, = | —— - ' = [t =2j(t2+t)dt=2[t—+t—j B
n2 Ve X 1 3 2 1 3
In2 3)(
+2e*
3) |3_-[ 2+(1+e )3
0
Dit t=(1+e*)3:>dt=3(1+e*)2.e*dxc>e*(1+e*)2dx=% va x:0—>1In2 thi t:8— 27
In2 X 2X X In2 X X\ 2 27 27
Khido: 1, = | (e +zexl'1)dx=je dre )dex=1j ® Linpeo) =22
o 2+(1+¢e7) 5 2+(1+¢e”) t 3 s 3 10
In3 2tdt = e”dx
41, = .[ Pitt=ve*+1>t? =" +1= . can t:v2 > 2
o Ve +1 e =t"-1
In3 2 2 2
e*dx 2tdt 1|
=1,= =2In(~2+1)-In3
Cleedl % I (-0t } +1|JE
In3 X 4
e dx \
5) IS:I—3 batt=e*+1=dt=e"dx vacant:2—4 :I5=J'd I | =\2-2
0 \[(ex-}—l) 2 2
1
dx
) 1, = [—
0vV2e +2e* +1
Nhan xét:
Néu bai todn nay ta dit t=+2e +2e* +1=t* = 2% +2e* +1= tdt = (2e** +e*)dx khi d6 chiing ta phdi
1 2X X
chinh lgi tich phén ( dé rit dwoc theo tdt ) bang cach bién doi: 1 =I (27 +e)dx nhung ta

2 (262 +e" 262 +2e* +1
khéng rit dwoc biéu thirc (2% +e*) duwdi mdu so theo t duwoc . Nhue viy hwdng di nay khéng kha thi. Néu
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ta chuyén sang huong khac bang cach dat t = e* thi s =j‘ = e t

D e'2e? 126" +1 1 ty/2t7 + 2t +1
thi sé kha dai va phurc tap. Nhung chiing ta hdly quan sat ki lgi biéu thirc : 2e* +2e* +1=(1+e*)? +e* gia
nhu né cé dang u? +a? .

Piéu gid nhw nay goi ¥ ching ta nhan thém e : e 2 (2e™ +2e* +1)=2+2e *+e > =(1+e*)?+1 . Va
khi do ta co loi giai bai toan nhu sau:

e*dx

néu lam tiép

Ditt=(l+e*) = dt=—e7dx vacant:2 >1+e*

_ _J' e*dx _ j. e *dx J. j- 1 (t +\/t2 +1)dt
2 e (262 +2e" +1)  54/(Ll+e ) FERN S \/tz +1 etV 41) V4L

todt+VE+1) > (2++/5)e
= =Inlt++t 1 =1In
Lot (E+E7+1) Lee ! e+1++/2e*+2e+1

DANG 6: /f f(Inx) dx (6%) (TONG QUAT : I _j—f(ln u)dx )

a a

CACH GIAI CHUNG

t=Inx Tich
t=%a+bln" x co

t=(a+blmx)=| PAn

CHUY:
Néu trong bai c6 log, u ta nén chuyén vé Inu bang cong thizc: log, u =log, e.log, u =::—Z
Cac vi du minh hea
Vidu 1. Tinh cac tich phan sau:
1) I1:J'In4xzdx (B-2010) 2) I, =I—V1+3'”X"‘de (B-2004) 3) I,= [— %X log, x
1 X(2+Inx) 1 X 1 Xv1+3In? x
In3+x ,
- & &
4) |4_j —3=X gy 5)|5=j4d“1+"‘xx 6)I6=J.
5 9—X < XInx 1x1 In? x

Trang 61




dx
r dt=— . .
1) 1:J'In4x2dx (B-2010) batt=2+Inx= X va x:1—>ethi t:2->3
X(2+1Inx)
1 Inx=t-2
3 3 3
:Ilzjgdtzj'(l—%jdtz(lnugj =——+InE
2 t 2 t 2 2
2) 1, = [YE3INXINX gy (6 2004)
X
1
ot =3 [X 3
Patt=v1+3Inx =t*=1+3Inx = 2x =1 X 24 va x:1—-ethi t:152
Inx='" Inx=1"
3
2 2 5 3 2
t°-12 t 116
=1, =t —=—t—tdt— = =
? ! 3 I( ) [5 3} 135
j- log} x
1 X 1+3In x
otdt = 81N X g | INX gy
bit t=v1+3In’x =>t?*=1+3In’x=> t2X . =] X 2 va x:1—-eth t:152
In? x=—— In? x =—
3
t* -1
j-logzelnx _ J- Inx  Inx, _ 1 j— 3 tdt
? xv/1+3In%x In°23 1+3In*x X In°27 t 3
2
t® 4
t°—1)dt = =
“oln’® I( =g 32[3 jl 271n°2
1In3—
4) 1, j 3— dx Dtt_lnﬂ:dtz 6 2:3+X dx = 6dX2 vacan t:0—1In2
s 9-— 3-X (B-x)° 3-x 9-x
In2 2In2 2
:>|4—1jtdt=t— -
65 12| 12
1 J1+Inx 2tdt—%
5) 1, —J' ~inx Pitt=vl+Inx =>t*=1+Inx=> T x vacant:i2 o2
xIn x

Inx=t>-1

tot
zétz [2tdt 2j =t 2][ jdt 2[ E|n

2

t-1

il

=4-232+2In(~2+1)-In3
t+1])| ;
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Ve
6) |6=_[L bat t=|nx:>dt=% va x:1—+/e thi t:0—>%
1

xv1-In?x X
1
2 dt = cosudu 1
:I6=I at bat véi t=sinu voi UE[—£;£:|:> Vat:0o>=thiu:0>2
2 V1-t’ 2 2 1-t* =cosu 2 6
¢ ¢ .
Khi o 1, = [ <240 _ fay—yfs = 2
5 Cosu ¢ 6

Vi du 2. Tinh cac tich phan sau:

\/E 82 e
1) |1=_|. 3-2Inx ix 2) 1, J- n(Inx) X J-\/1+In xlnx
1 Xv/1+21In X 5 1
¢ In X1+ In% x eIn3x—2logzx y 2Inx-1
41, = [T D 5) o= [ <dx  6) I,= X
i X " xy1+3In2 x lx 8In X— 8Inx+3)
Giai
3-21 it = 9X
1)1 —I4nxdx bat t=v1+2Inx =>t*=1+2Inx= X va can t:1—>+2
Xv1+21Inx 2
2Inx=t"-1
NI (I B eV’ 10v2-11
=j—.tdt=j(4—t2)dt= gt || —=NeT==
1 t 1 3 3
1
jln(lnx) Déttzlnx:dtz%vacant:laz
X
dt
2 u=Int |du=— 2
=1,=[Intdt  Pat =T =1, =t - [de=(thnt-t)[ = 2In2-1
dv =dt 1 1
! v=t 1
tvV1+In® xInx
= ——dx
1=

In x N 2
Pit t=v1+In’x = t* =1+In* x> tdt =——dx vacan t:1—>+/2 :Igzjt.tdt:% =
X 1

eInx\/l+ln X 4
4) 1, = [—=——"dx
1
Datt=\3/1+ln2x:>t3=1+ln2x:>3t2dt=Zlnxdxc)Inxdx=gt2dt vacan t:1—32
X X
7 7ol
=1 [T e :_;tsdt Sl - ed2=

1 1
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¢1In®x—2log, x
5) I, = [ XZ2100, X gy
° J1.x\/1+3ln2x
21t = M X g = X g - L
X

bit t=v1+3In’x =>t*=1+3In’x=> tzx .
3

vacant:l1—2

Inx =
-1 2
t1n®x—2log, x tIn®*x—2log, e.Inx tIn*x—2log,e Inx £ 3 In2 1
=, = | ———2%—dx= g dx = 2~ —dx = —tdt

? ‘!x\/1+3ln2x ‘1[ xv1+3In? x ‘1[\/1+3In2x X t 3

2 3 2

:1 [tz _1_i)dt:1 t__t_it i_i

91 In2 91 3 In2 Jj)1 27 3In2

¥ 2Inx-1 ¥ 2Inx-1
ol _-!.x(SInZ x—8In x+3)dX_J1.x,[2(2|n x_1)2+1}d

4(2|nx_1)dx<:>2|nx_1dx=%va x:l—>e’thi t:1>9

Pitt=(2Inx-1)’ =dt=
X X
C1fdt 1 1,19
Khido Ig==|—==In[2t+ 11 ==
“4d2t+1 8

1

CACH GIAI CHUNG

{?4:1) fﬁ't E.'=ta]1x Tich
odc t =cotx hin
hodc > = p
hote w1 [ !
*
( ) o & ban
CHU Y:
B
+) Khi gap tich phan 1 = [—— ftanx) __dx thi ta phan tich
® asin” x+bsin xcos x+ccos” X
f{tan x) dx sau @5 dat t =tan x= dt = — %
cos” x

B
1=
2 cos’ x(atan® x +btan x+c)

By
=1 = J'Zfidx (tich phan hzzu t7 - cac ban xem lai o lop tich phan hiwu t7)

o at”+bt+c

+) CAc ban 6 thé sir dung ki thudt vi phan néu biéu thire duwdi ddu tich phin “don gian

+) Cha ¥ cdn [a; B] dé bién doi hop Iy vé (7+1) hogc (7*2).
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Cac vi du minh hea

Vidul. T|’nh céc tich phéan sau:

i
.
g.
g
il

% 3 i
tan X tan® x -3 sin x(2 —sin 2x)
1) I, = A —2008 2) 1, = dx 3) I,= dx
) I x ) ). -([sinzx—sin2x—3coszx ) s -[, cos® x
I
: : o :
4)|4:J. dx - 5)|5=J- -smxdx : 6)|e=_|.. dx3
7 sin x.sin(x+j = (sin x+cos x) = SIN X.COS"X
6 6 4 4
Gii -
tan X 5 tan'x [ tan* x
1) 1,= A-2008) I =[— X  gy-
) I x ) ' ;[cos2 X —sin? x 5[cos2 X.(1—tan? x)

X .
biatt=tanx=dt= dz va x:0—>£th|t:0—>£
COS” X 6 3

V&) V3 3
?t4

=1, = | o dt:—f(t2
0

=R

t+1 27

21 _? tan® x—3
¢ sin® x—sin 2x—3cos’ x

tan® x -3
cos” x.(tan® x —2tan x — 3)

=L O

%
I

Taco: I, =

X
dx .DPitt=tanx=dt= d
cos

1

:>I2=.[

2
=[%+2t+6ln|t—3|+ln|t+1|j

tan x
cos’

sin x(2—- S|n2x)d
cos® x

3) I; =

— [N

t(2sinx 2sin®xcos X
J' T 3 dx=2
' cos® x cos® x

§ N

4

ENE]

7
i

=2J' tan xd (tan x) — 2
4

h\ﬁ'—'“‘:‘
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3
21 jdt:—j t2+1+3(i—ij dt
-1 ) 2(t-1 t+1

A
=_M £| n(2++/3)

2
( 12 _1jdX:2[tan X
COS” X 2

>— Va Xx:0-> 2 thi t:0->1
X 4

1 1
7t+3 jdt:j t+2+w dt:j[t+2+i+ijdt
-2t-3 0 (t+D(t-3) 0 t-3 t+1

1

=g+7|n2—6ln3

0

ENE

dx ZI tan? xdx

4>

=r-4




3 dx 3 dx F 2dx 3 dx
9= -] | =2 —
’;sinx.sin(xﬂéj ’;sinx.[\fsinwr;cosxj %S|nx.(\/§S|nx+cosx) %sm x.(\/§+cotx)
%d J3+cotx z
=—2Ig=—2ln‘\@+cotxj=2ln§
5 (\/§+COIX) s 2
6
5 2 sinxdx 2 sin xdx 2 sin xdx 2 dx
)ISZI _I 3_I.3 3_I.2 3
7 (sinx+cosx)’ z[sinx(L+cotx)]" zsin®x(L+cotx)’ zsin’x(1+cotx)
4 4 4 4
__id(1+cotx)_ 1 |5_§
2 (1+cotx)”  2(1+cotx)’ ‘5 8
4
sin xdx sin xdx

( Taco thé tinh I, theo Cach 2 nhusau : |, =

Jz- sin xdx

. 3
= (sin x+cosx)
4

INERL IR
BN — N

sing(x+”j
4

EE
3

bat t=x+Z=dt=dx va x:Z > Z thi t:Z 5>%  Khide:
4 4 2 2 4

3z

4

dsint | 1 1
T 3 - —COtt+_—2
sin®t 4 2sin“t Ji=

2

dt
sin’t

_2
-5

1 4sm(t—4j 1 ¢ sint—cost 1
I, = _ dt=— [ =5 —dt==
4+ sin’t 4

2

Nl — [ §
N\-ﬁl'—.b‘g‘"

1 1 dx _j’- 1+tan®x  dx
nx cos?x cos®Xx tanx  cos? x
7

6) ISZj‘- dx =J§ dx : Zj‘-ta
i B i

Pit t=tanx = dt =

2

va x:%—>% thi t:1— /3

COS” X
V3 2\
B2 1 t 1
Khi d6 —I Z+t|dt=|Injt|+—=| =1+=In3
t 1\t 2 2
1
Nhan xét: +)Bay I, 1,1, do biéu thitc dui dau tich phan don gian, nén ta @ sir dung ki thudt vi phan,
., R P P 4 sinxdx A AL
+) O'tich phan 1, néu doi lai de (doi lai can) 1, I thi cach lam dau tién bang viéc bien
o (sin x+cos x)
PR i :
2 sin xdx sin xdx A . Lo . A e
doi | :J' - I = sé khong chinh xac vi sinx=0 tai x=0. Luc nay ta bién
0(smx+cosx o [ sinx(1+cotx)]
PR PR PR i
2 sin xdx sin xdx sin xdx tan xdx
doi theo cos x nhu"sauIS:I . I 3=I 3=I =
o (sinx+cosx)”  g[cosx(tan+1)]" o cos’x(tan+1)’ 5 cos® x(tan+1)
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sin xdx s Sy D A , ,
5 thicach bién doi theo cosXx khi do ciing khong chinh xac.

Néu tiép tue déi lgi can I, = [———"
(sm X + COS x)

O — [N

Song Céch 2 van phat huy tac dung . Ngoai ra ta con cach gidi khac (sé duoc néi ki hon ¢ céc I6p tich
phdn dac bigt).

Vi du 2. Tinh cac tich phan sau:

4 sin® x 3 tan x 4 sin x
=J.(2—tan2 x)° cosSXdX 2) IZ:I oM 3) I3:I ' 2X+2 dx
. : 3 C0S XA/1+2¢0s” X % 58in xcos” X+ 208 X
4 6
Gidi: 1) | j sin” X —f tan'x g
p—=a L1y 1= -
+ (2—tan® x)°.cos’ x < (2—tan” x)*.cos’ x
Détt:2—tan2x:dt=—2ta?xdx<:> tanzx dx=—ﬂ Vi x:05 % thi t:2—1 . Khi do:
COS” X COS” X 2 4
| _]1 tan’ x tanxdX_j-Z—tﬂ_li(g_ijdt_l(_iJr}jz_l
os@-tan®x)’cos’x 4 2 29\ 2\ t* t), 8
3 tan x 3 tan x 3 tan x
2) |2=j dx:j dx:j dx
> COS X/1+ 2C0s? X " ) 1 7 c0s2 x/3+ tan? X
2 2 COSX., [COS” X cod? X+2 n

tant 5 N
Dejtt=\/3+tan2x:>t2=3+tan2x:>tdt=—2tdt va x:%—>% thi t:2-56.
cos

V6

. it
Khi do: |2— d = [dt= -2
2
4 sin x 4 sin x
3) Iy=[— : dx = | dx
© 5sin Xcos” X+ 2¢0s X T3 cos’x ,cosx 1
z §sin“x| 5 22—
sin®x  sinx sin®x

dx
sin? x[5cot2 x+2cotx(1+ cot? x)] -

dx
sin® x(2 cot® x +5cot? x+200tx)

0N C—— |y
O N N

N

w

batt=cotx=dt=- _d>2< vax: 22 thit:\/§—>1.Khidc’): J.
sin” x 6 4 1 23 +5t7 +2t

- 1 1 A B C
Ta phan tich ———— = =—+ +
2 +5t°+2t t(t+2)(2t+1) t t+2 2t+1

< 1=A(t+2)(2t+1)+ Bt(2t +1)+ Ct(t + 2)

Lan luot chon x béng O;—2;—% ta duoc: A:%; B:% va C =—g , suy ra:

p e
.3=IF+ L4 }dt=(lIn|t|+lln|t+2|—gln|2t+ﬂj
N2t "6t+2) 3(2t+0) PR 3 1
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Bai luyén

Tinh céc tich phan sau:

dx

. T
Ccos X.sIn (X+4j

= " )
J- sin x & (Ds: i) 2 |4=J-S|n6xdx (Ps: 423 8)
o(\/_smx+cosx) 32 = COS™ X 15

6

) 2=

1) | =f 2 3‘3‘/5 (Ps:v2In2)

(bs: In
cosx sin X — cosx)

O | N

DANG 8:

(8%)

CACH GIAI CHUNG

_Fraef /8D f—f(g@)g'(x)dr—:-ﬂt L ¥ 70 4

g'(x)ds -
{S*} : - a &%) r « &%) # z B o,
=A+

B I.,= A+1: Tich phin co ban
I-).a: [ — P
«  Trongbaithuong kE{O;i];ﬂ;x;xz...}

Cac vi du minh hea

1-2sin?x

1
Vi du 1. Tinh céc tich phan sau: 1) | =_[
o 1+sin2x

5
dx (B-2003) 2 js'”zxc"sxd (B = 2005)
v 1+cos

xsinx+ (x+1) COSX |

1
3) 1. = j—d" Y20 A 2010) =] X (A-2011)
1L e 5 XsinXx+cosx

Giai

$1_oein? 3
1) |1=j1 281N X 4 (B—2003) Taco: L= COS2X_ 4w Bt t=1+sin2x

o 1+sin2x o L+sin2x

2

:>dt=2c052xdx<:>c052xdx:% va x:0—>%thi t:l—>2 :Il=l_|'%=—l |t| =—In2

1
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2 2
:INHZXGBXd X (B—2005) Tacé: | _ZI(B xsmxdX
5 1+CO0SX s l+cosx
bat t=1+cosx= dt=-sinxdx va x:O—»%—tm t:2->1
t(t—1)° f 1 t? 2
:>I2=2I—.(—dt)=2j(t—2+—jdt=2 —-2t+Inft| || = ~1+2In2
)t 1 t 2 1
1 31
3) |3_jwd (A-2010) Cé:1,=[*— 2% X(r2e)rely szdx+j eldx _ XLy
1+2¢* o 1+2¢ 1+2e* 3| 3
& e*dx dt
Tinh I—I - bat t=1+2¢" = dt=2e"dx < e*dx=— va x:0—>1thit:3—>1+2e
o 1+2e 2
1M dt 1, 1 2e+d 1 1, 2+1
Khi d6: 1 == j —=>hlf| ==I =l,==+=In
25t s 2 3 3 2 3
1
i, = Ixynx+(x+baxx X (A—2011)
5 XSinX+cosx
X(xﬁnx+cosx)+xcosx 4 _ Xcosx 4 z T
+)h=I _ dx=f dx=IW+I:xk+I:—+I
5 XSin X+ C0S X 5 XSin X +C0S X 4
+)Tmhl—j——EE2L—d Dﬂt=xﬂnx+asx:wﬂ=xaﬁmxvaxm—»ztmtﬂf»jzﬂz+q
XSIn X+ COS X 4 2 \ 4
%{%HJ 2(z \/’ \/_
— =+1
=1= | %=|n|x|12[4 J=|n —2[1+1j =1,=2+In —2[1+1J
T X 2\ 4 4 2 \ 4
@ 2 e 2x* +1+ x +1)Inx
Vi dy 2. Tinh céc tich phan sau: 1) 1, = [XFEH0CHDINXG, —j s
1+ xInx 2+ xInx

1

e 2 e e e
gﬁﬂ:])I1=IX+1+(X44)mxdx=IXO+X"”0+1+"HHX=I(X+ l+mx:%x=jxdx+l *)
1

1 1+ xInx 1 1+ xInx 1 1+ xInx

+)jxdx=?l= — +)|_j Infl+xInx|; =In(e+1) (2)

1+MX ‘o ida+xmx)
1+ xInx 1 1+ xInx

2_
1+m@+n

Thay (1), (2) vao (*) = I, =

jzx +1+(x +1Inx j><(2+xlnx)+l+1nx I( 1+Inx }n

1 2+xMx 2+xInx 1 2+xInx

e

e?-1  e+2

e e 4
=Ix%x+[9§éﬁiﬁ29=[éf+hﬂ2+xmx@
1

2+xInx

1 1
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CHU Y: Néu biéu thire dudi ddu tich phan don gidn, cac em c6 thé bé qua bude déi bién bang ki thudt vi

A e . tu' o fdu
phan. O 1, va |, tada sidung: Izj—d In|u| =?
o u o u
3 : : 3 : :
Vi du 3. Tinh cic tich phan sau: 1) |1=J-(X+1)sm2x+xsmxdx 2) |2=J-x+23|n x.gcos>f+2xsm X)dx
5 1+2cosx 5 1+sinxsin3x
Giai :
3 - - 3 3 3
zj(x+1)sm2x+xsmxdx IXSInX(1+ZCOSX)+Sln2de ,[ smxdx+j sin 2x dx=A+B (%)
0 1+2cosx 5 1+2cosx 0 o 1+2cosx
3 u=x du = dx
+) Tinh Azjxsin xdx bat . S
5 dv=sinxdx  |[v=-COSX
Khi d6 A_—xcosx|3 +Icosxdx_——+sm x|3 _ﬁ_ﬁ (1)
6 2 6
3 3
) Tinh B = ,[ sin 2x IZsm xcosx
= O1+Zcosx ) L+ 2005
= dt T
.;j' bat t=1+2cosx:>dt=—25inxdx<:>sinxdx=—5 va can x:0—>§ thit:3—2
= ;
= Khi do B= [ a_l (1——jdt_ (t=tnft)[ T
>t 2 22 t 2 2 2 2
Thay (1), (2) vao (*) ta dugc: |, = \/_BTH—%—%Ing

X+ 25sin x.(cos x + 2xsin X)dx

2) Iz = . -
1-+sinxsin3x

Ta co:

O w0 | N

X+ 258in X.(C0os X+ 2Xsin X) = X.(4sin® X +1) +sin 2x
1-cos4x+1+c0s2x _sin®2x+cos’x _ (4sin® x+1)cos’ x

1+sin xsin3x =1—%(cos4x—cos 2x) =

2 - 4 - 4
3y (ain? : 3 3 :
Khi do '224_‘. x.(4s!n2x+1)+3|2r12x _4 J- X J- _ 2S|n2x _dx =4(A+B) *)
o (4sin® x+1)cos” x Cos"X 1 (4sin® x+1)cos” x
. u=x du =dx
+) Tinh A= j —X_dx Pit dx =
cos” X av=—- v =tan X
Cos® X
e = 3s dcosx
Khi d6 A=xtanx|03— >z =—+I +In|cosx||3 ="~ _-In2 ()
4 COS X cos X \/§
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N = sinXcosx T
+) Tinh B:Jg' : sin 2x dx=2J3' : cos’ X J% BNX 4 tanx
+ (4sin’ x+1)cos’ X + 4sin® x+1 os? 0 1+5tan x
cos’ x
3d 1+5tan x 3
=EJ. =Eln‘1+5tan2x‘ ~41n2 (2)
59 (1+5tan*x) 5 , 5
Thay (1) va (2) vao (*) ta duoC: |, =4 i—|n2+—|n2 4‘/—”—fl 2
V3 3 5
32 2 i 32 2 _ 2y, oei
Vi dy 4. Tinh céc tich phan sau: 1) 1, = [ 2SR gy g) g, - [X T E Scos x—2sinX
0 X +COS X 0 X+2C0s X
1+ x%Inx £ 2x% + (1+2In x)x + In* x
3)|3=j—2 4)|4=j (2 )2 dx
1 X+ X" Inx 1 (x* +xInx)
Giai
%x2+sin2x—sinx %xz—coszx+coszx+sin2x—sinx %(x+cosx)(x cos X) +1-sin x
1) 1 =j dx:j dx j dx
- to X+CosXx . X + COS X : X + COS X
E 2 % smx
= =J'(x—cosx)dx J' o5 x
= X+
0 0
S z z
2
:J.(x_cosx)dx+J.M
g X + COS X
X2 E n’ n
=| —-sinx+In|x+cosx| | ==—-1+In=
2 o 8 2
2) | _j-x2+sin2x—3c032x—23inde_J2-x2—4coszx+sin2x+coszx—23inxdx
2 X+ 2C0S X g X+ 2C0S X
_JZ-(x—2cosx)(x+2c:osx)+1—25inxdx
5 X +2C0s X
H i
=I(x—2cosx)d Il 2sin X
5 0x+2(;osx
g i
ZJ.(X—ZCOSX)dX-FJ.M
5 s X+2C0sX
2 % 2
= X——23inx+|n|x+2(;osx| -2 _2+mZ
2 o 8 4
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CfleInx o F(x+xInx)+1- X4 i
3) ly=|—=—0dx= > X
1 X+X7Inx T X+X°Inx x+x Inx

. iz_l e ed(l+lnxJ e
:_[ 1+ XX dx:J.dx—J.X—: x—In|=+Inx| | =e-In(e+1)
1 1
1 =+Inx 1 1 =+Inx 1
X X
2 | _j2x2+(1+2Inx)x+In2x _I(X +2xIn X+ In? x) + X° X .e[ (x+Inx) +X(X+l)dx
o (x2+xlnx)z 1 x2.(x+Inx)’ x2.(x+Inx)’
e e 1+* e e e 2
(x+Inx) =
:J' i2+x—+12 dx:J' iz+ dx = Id—z J' =_(1+ L j :22 1
| X x(x+Inx) 1| X (x+|nx L X x+|nx X Xx+Inx), e +e

(9%) (m,neZ)

CACH GIAI CHUNG

o)
;
:.
=
T

bat
_ am=2k—%f=sinx
m,nkhé,ctinhchén,le< Pat
i =2k —=—9 t= cosx
(9%) (m,neZ) keZ mon 22y £ = sing
m 2k+1<

bat
M <N =y | = COSX

m, n cung tinh chan, 1é :
7k< Habac hoacbdoi luegng giac
m=

bitt = tanx (hodct = cotx)
(9*1) bat t=sinx

Tich
hoac t= cnsx

hodc f(r)dr phan

9 1492) —
(() *2) ban

+) Cac em xem thém DANG 7 cho day dii cdc trieong hop.
+) Neu biéu thirc dudi ddu tich phin don gian, cc em c6 thé bé qua buée doi bién bang ki thudt vi phan.

CHU Y
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Cac vi du minh hea

Vidu 1. Tinh cac tich phan sau:

: : :
1) 1, :j(cos3 x —1)cos® xdx (A - 2009) 2) 1, = _[sin3 2xcos” xdx 3) I, = I%
. g 7 sin” xcos” x

4

n 3
COS™ X
——dx

4
4) | =Isin2x.(sin3xsin3x+cos3xcos?>x)dx 5) I, = [=
cd sin” x

0N —o |

Giai

T 7T

2
1)1, = I (cos® x —1)cos® xdx (A —2009) Taco: I, =
0

o'—.v\:\hl

cos® xdx — Icos xdx=A-B

T

2

NN

+) Tinh B= J'cos2 xdx =

AN

(1+ cos 2x)dx =%(x+%sin ZXJ

N |-
O —y [N

0

o

NN

+) Tinh Azj'cossxdx (6day m=0;n=5) Pat t=sinx = dt =cosxdx va x:0—>% thi t:0->1
0

T T

1
2 2 1 1 5
Khi d6 : Azj.cos“xcosxdx=‘|.(1—sin2x)2 cosxdx=J.(1—t2)2dt=J.(t4—2t2+1)dt=[%—§t3+tj -
0 0 0 0 0

15

T T

2 2
2) 1, =jsin32xcos4 xdx =8jsin3 xcos’ xdx (& day m=3;n=7)
0 0

bat t =cos x = dt = —sin xdx va x:0—>% thi t:0—>1

T

2 0 1 8 .10
. t t 1
Khi d6 1, =8| (1-cos® x)cos’ xsin xdx =8| (L-t*)t".(-dt) =8| (t’ —t°)dt =8| ——— || ==
: j ( ) j (L-tA)t".(~dlt) j (-t =8| Lo | =%
3 dx 3 (sin® X + cos X) 3( 1 1 j 31 dx 3 dx
3) I, = = dx = + dx = . +4
) s lsinzxcos“x ;[ sin® xcos” x JT. cos’ x  sin®xcos® x ;[coszx cos” X 1 in%2x
P P 7 7 7
% ; 3 r \/_
=J'(1+tan X d(tanx)+ nxBX o6 cot(2x) | ® = 8v3-4
x ,T 3 x| 3
7 Z 4
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4) 1, = | sin 2x.(sin® xsin 3x + cos® x cos 3x)dx

o'—.b\hl

Ta co: sin® xsin3x +cos® xcos3x = sin x(1—cos® x)sin 3x + cos x(1—sin’ x) cos 3x
= (sin xsin 3x+c0s x cos 3x ) —sin xcos x(cos xsin 3x +sin xcos 3x)
=C0s2x—sin xcos x.sin4x  (&p dung cong thizc hiéu cia cos va téng cua sin )
= C0S 2X — 2SiN X COS X.SiN 2X COS 2X = COS 2X —Sin” 2X COS 2X
= €0S 2X —Sin® 2X0s 2X = cos 2x(1-sin” 2x) = cos® 2x

o'—.h\hl

Khi d6: 1, = |sin2xcos® 2xdx
3 : o 1¢,,. tH1 1
bit t=cos2x = dt=-2sin2xdx vacan t:1—->0 =1, =Ejt dt=§0=—
0
(Trong trudng hop ndy cac em c6 thé sir Iy nhanh bang ki thuat vi phan
4 cos' 2x| % 1
I, = |sin2xcos® 2xdx_—— cos® 2xd (cos 2x) = — 4 =—
! j (cos 2x) - s )

Nhan xét :
Néu biéu thire duwedi ddu tich phan don gian, cac ban c6 thé bé qua bude doi bién bang ki thudt vi phan.

cos® x 7r\ 1

5) IS_J'—dx bat t=sinx = dt=cosxdx va x:——>—thi t:=—>1
sin® x 6 2 2
6
2 cos’ x 21-sin? x t1-t2 1 1\ 1
Khido I; = cos xdx = | ————cos xdx = dt=||>-1lldt=| ==t || ==
° lsinzx l sin? x J; t? J.tz t b 2
6 6 2 2
Vi du 2. Tinh cac tich phan sau:
2 o i
1) I1=J- 3|nxd2x 2) IZ_J-sm4x+c032xI 3 1, J- 23|n de (B - 2003)
5 L+C0s” X SIN° X+ COS” X 0
2 0 g
4) |4=IMdX (B-2005) 5) I, = jozdx 6) Iezj.&dx
5 l+cosx _£(2+smx) 0cost COS 2X
2
2 a 3 % i
7 '7:_[ 3_3|r21x+4c032x dx 8) I, = J-3|n4xdx 9) Igzj-sm xc203x I
v 3Sin° X +4c0s” X < 1+ cos® x o 1+cos” 2x
Giai
5
1) |1=IM Dit t =cosx = dt = —sin xdx = sin xdx =—dt vacan t:1—-0
o 1+Cos” x
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du

0 1 2

t dt = =@1+tan“u)du T
:>|1=—Id—2=j—2 bit t=tanu= coszu( ) va canu:0—> =
1 1+t

1+t?> =1+tan®u

du = u|4 -

4

]‘- (1+ tan? u)du
. l+tan’u

o'—.b\hl

i . 3 .

£ sin 4x +cos 2x . |sin® x+cos® x =1-=sin? 2x
2) I2 Zjﬁdx Ta Co: 4
sin® X 4+ cos° X . i

0 sin4x+cos2x = (2sin 2x+1)cos 2x

3
=1,= I(28|n2X+1)COSZXd —4J.(25m2X+1)C052XdX Dit t=sin2x = dt=2cos2xdx va t:0-1
0

1—§sm o 4-3sin® 2x
4
2
| —2} 2041 6” ___I 6tdt j ___Id(st2 4) lj(ft+2) (3t - 2) 4t
G e 3t2 32— 37— 32 -4 (\f 3t-2)(\/3t+2)
1 1 4 4
=__|n 3tz 4| —= dt =—In = ZIn2-In(2-+3
| 2!{& 2 ft+2j 3 ft+ 3 ( )

i ;
3) 1,= 20X 2sin’ Xd (B-2003)  Tact: I,= [ SO
o 1+sin2 01+S|n2x

Céch 1 : bat t =sin2x :>dt=2c032xdx<:>0032xdx=ﬂ va x:0—-Z thi t:0-1

1
:>|3=1j a | nfi+ t| =—In2
291+t
Céch 2 : (Theo gbc nhin cua DANG 8)
2
Pat t=1+sin2x va x:0—>%th‘| t:l1—2 :>I3=%_[ I |t| =—In2
1
2 ER
41, J-sm2xcosxd X (B-2005) Taco: | _ZI X_ sin xdx
y l+cos 1+cosx

Cach 1 : bat t =cosx = dt =—sinxdx va x:0—>% thi t:1->0

¢ t? h 1 t? 1
:>I4=2I—.(—dt)=2j(t—1+—)dt=2 ——t+Inft+1 | =~1+2In2
11+t 5 t+1 2 0
Céach 2 : (Theo géc nhin caa DANG 8)

bat t=1+cosx = dt =—sinxdx va x:O—>% thi t:2>1

1 _1\2 2 2 2
1, = 2Iu.(—dt) :2I(t—2+1jdt =2[t——2t+ In|t|j
)t ) t 2 1
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j'- sin 2x _]3 2sin x
' (2+sinx)?
2

bat t =2 +sinx = dt =cos xdx va x:—%—>0thit:1—>2
2

Khi d6 | jz(t Z)dt_j(f 4jdt_(2ln|t|+ j
1

6) | —'I COSX
5 COS2X~/COS 2x

2

=2In2-2

1

COS X

6
. COS X
+) Ta co: I6=J' dx =
0

(1-2sin? x)\/l 2sin® x

dx
C0S 2X~/C0s 2X

o'—.cn\ﬁ

*)

1

2

+)bat t=sinx = dt =cos xdx va t: O—> =2 =_|'
2 (12t )\/1 2t2

+) Ta s& di tinh nguyén ham | = j

(1—2t2)\/1— 2t°

DéttzéjdtZ—d—u :H:_I du _ z_j udu __1_[ d(u?-2)

’ uz(l_Zj 2 T2 2N -2)ui-2
u? u?

u
:-%I(UZ—Z)_Zd(uz—Z)

! +C = ¢ +C

Ju? 2 1 J1-2t?

t2

1

t [P 2

1
2
!(1 ot )\/1 2 i-2t|, 2

B
CHU Y : Dang tong quét caa (*) 1a | :I 2

» (a+bx")¥a+bx"

s
sin x JZ- COS X
2 3sin® x+4.cos’ x 2 3sin’ x +4cos’ x

. . 1
va ta giai bang cach dat X=¥ :

s
7 :J- 3sin X+ 4cos X dx=3A+4B (1)
0

3sin® x + 4cos® X

w
oty

P P :
*) Tinh A:J- _ sin x : dx=I ;smx _dx J- sin x
v 3Sin° X +4.c0s” X 5 3(L—cos” x) +4cos” x < 3+ Cos’ x

bat t =cosx = dt =—sinxdx va x:0—>% thit:1—>0

Lot dt = V3 ———du=+3(1+tan’u)du

Khi d6 A:j > Pat t=+/3tanu = cos’u vat:0o1lthiu:02Z
0 3+t 3 2 6
3+1” =3(1+tan u)

Trang 76




av3(1+tan’u)du /38 3 s far
= A=| j =" (2
> 3(L+tan’u) . . 18
(Viéctinh A= I;&dx cac em c6 thé dat cosx = J3tanu , thuc chat 1a viéc gop 2 cach dit trén )
+C0S8°” X
: : :
) Tih B=[ k= [ dx= [ X
v 3sin” X +4cos” X 5 38in” X +4(1—sin® x) o 4—sin®x

Dit t =sinx = dt = cos xdx Va x:0—>% thi t:0—1

Khi d6 B = j4dtt

2

J-(t+2) (t-2) 4 —lj(i—ijd 1,[t=2
(t-2)(t+2) 4y

t—-2 t+2
Thay (2), (3) vao (1) taduoc: 1, =3A+4B =%+In3

=%In3 @)

_j‘-sin4xdx _]‘-23in2xc032xdx ]‘- |n2x0052x
plrcos’x g 4, 1+C0S2X ¢ 3+c0s2x
2

Céach 1 : bat t = cos2x = dt = —2sin 2xdx c>sin2xdx=—%dt va x:O—>% thi t:1—0

St 1 fot h 3 L 4
= I, =4!m.£—§dtj _2£mdt = 2{[1—m)dt =2(t-3Inft+3))| = 2-6In=

Cach 2 : (Theo géc nhin caa DANG 8)  Dat t =3+cos2x = dt = —2sin 2xdx <> sin 2xdx = —%dt

3 4
va x:052 thi t:453 :>I8=4.|‘§.[—ldtj=2.|‘£1—§jdt=2(t—3|n|t|)‘4=2—6Ini
4 2 A 3 3

2 5in® 2.5in? x.si 13 (1—cos 2x).sin 2x
9) | zjsm xczosxdxzjsm x3|n2xcosx x=—j( 0S Zs «
o 1+cos” 2x o l+cos”2x 44 1+cos”2x

bat t=c052x:>dt=—25in2xdx<:>sin2xdx=—% va x:O—>% thi t:1>-1

. 1¢1-t dt 1 dt Losdt 1
Khido 1,== [~ & gy e
1do | 4:'.114—'[2 2 8J.l+t 8:|.11+t2 8( ) *)

t s -
batt=tanu=dt= d2 =(1+tan*u)du va t:-1-—1 thi u:-2 5%
cos’ u 4

4

(1+ tan®u)du _j‘- z
1+tan®u

>
I
—y N

tdt —lj d+t%) 1
279 1+t

| =0 @

NI

Thay (1), (2) vao (*) ta dugc: |, = %
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i
.
g.
g
il

n : 3 .
Vi du 3. Tinh cac tich phan sau: 1) Il:J'(XJrZCO‘ZX)sm X ix 2) |2:J'(X+23”?X3 3)C03de
cos’® X sin® x
7
Giai :
i : i i i
1) IlZj(x+20052x)smxdxzj |nx ISInde=I smxd —ZIdCOSX_A—ZB *)
! cos® X 4 COS’ CoS X . C
%xsmx u= du = dx
+) Tinh A= I x bat sinx = sin x dcosx 1
4 COS’ X dv= V= J' _J' -
COS’X  COSX
TG % PR
Suyra A= |4_J- dx :x/in_J-cosZ(dx:x/En_J- ds!nzx
cos x|, ,COsX 4 5 Cos”X 4 ¢ (1-sin“x)
: :
—f”—l( L, 1 jdsinx_\/_n Lgtesindé _Vor o0 Byiting @)
4  2¢\1+sinx 1-sinx 4 |1 smx|| 4 2
i -
+) Tinh B:jdcosx=—|n|cosx||1=3|n2 2) . Thay (1), (2) vao (*) : 1, */_” In(2+J_)+—In2
y COSX ° 2
2 — 2 2 (oainy
2) I2=J'(X+28”?X3 3)COSXdX=J'X_CO3SXdX+J.(28m)f 33)COSXdX=A+B *)
J sin® x I sin® x J sin® x
7 7 r
gxcosx u=x du = dx
+) Tinh A=J.de bat cosX , = COS X dsin x 1
* sin” x dv =———adx V=I_3dzj_3_ —
4 sin® x sin’® x sin®x  2sin®x
x [z 1% dx 1 21
Suyra A=- +—= =0——cotx == (1
y 2sin® x|z leinzx 2 2 @)
4 N 4
: osinx : :
+) Tinh g = [{220X 33)°°Sxdx=j(_22 -3 jdsinx (——2 T ) -22-2 ()
) sin® x Jsin®x  sin®x sinx  2sin® x
7 r
Thay (1) va (2) vao (¥) ta dugc: |, = 24/2-=
Bai luyén
Tinh cac tich phansau: 1) | —j.sinf’xcos4 xdx (i) 2) | _j-sin3xdx (2)
' b 315 2 4 cos®x 4
4 1 2 sin2x
3) I, = [sin®xcos* xdx (= +— =|——=—dx (In=) 5)I 1+sin®x)*.sin2xdx (=
) 1, j (%25 {Hoszx ( ) )15 {( ) ( °)
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DANG 10 : (10%)
CACH GIAI CHUNG
e f" Tich
10% Pit df = (ccnsx+smx}dr z phin
—» [ =sinx*+cosx = 2_ _,. —
(10%) nccosgo sl I, [ fO)dr: e
2 ban
Cac vi du minh hea
Vidu 1. Tinh cac tich phan sau:
T o % sin[x—j
1= Scos2x—sindx, 2)1,= = i, dx (B— 2008)
5 2—Sin X—Cos X 5 SiN2X+2(1+sinX +cos X)
Gidi :
z i %2 o (2o i i
1) |1=J-3cos_2x sm4xdx =J-(3 23_|n2x)c032de:J-(3 25|n2x)(cos_x+sm x)(cos x slnx)d
5 2—Sin X—Cos X 5 2-—SinX—CcosXx 5 2—(sinx+cos x)

dt = (cos x —sin x)dx

bat t=sinx+cosx =< . )
sin2x=t"-1

va x:O—>% thi t:1—+/2

3 V2
=1, = jwdt_ jﬁdw j(2t2+4t+3+i2jdt

1 - 1

:(§t3+2t2+3t+6ln|t—2|j 13V2-5 | 6in2—2)

" S|n(x—4j
= [ : dx (B -2008)
5 SiN2X 4+ 2(1+sinX + cos X)

dt = (cos x—sin x)dx = \/_sm( %)

bat t =sin x+cosx = va x:0—>%th‘|t:1—>x/§

sin2x =t*-1
o ——if dt _Qf dt V2 1|z 4-3/2
P2 P12t 2 4 (t+D)7 2 Tt+1f12 4

Trang 79




i
.
g.
g
il

: = )
Vi du 2. Tinh céc tich phan sau: 1) Il:_[ cos 2x dx  2)I :_[ 4(_smx+cosx) COS_ZX
3 2—/1+5in x—cos x 5 2(sin x —cos x —1) —sin 2x
Giai
4 COS 2X Z (cos x —sin x)(cos x +sin x)
1= : = dx
4 2—~/1+sin x—cos x . 2—+/1+sinx—cosx

. . sinx—cosx=t>-1 X .
Piat t =+1+sinx—cosx =t?>=1+sinx—-Ccosx= ) va x:0— 2 thi t:0-1
(cos x +sin x)dx = 2tdt 4

L 2 o2
3

L2
=1,=| (;_t)tht =2

3
( +2t+3+%jdt =2[%+t2 +3t+6|n|t—2|j

CHU Y : Viéc dat t =+/1+sinx—cosx ¢ |, la ta d& gop 2 cong doan dat t=sinx—cosx va u=~/1+t

| _i 4(sin X + €OS X) —COS 2X _i(3|nx+cosx)1 (sinx— cosx)]
_02(sinx—cosx—1)—sin2x _0 2(sin x—cos x —1) —sin 2x
dt = (sin x4+ cos x)dx
bat t=sinx—cosx ==+ 1-t2 va x:05 2 thi t:-1-0
sin2x = 4
0 0 0 0 0
Suyra I, = detzjf_—mdtzj'lzz_(zpr@dt:j 12 _J'22t—+4
-12(t—1)—1_t St +4t-5 ot +4t-5 L (t=1)(t+5) It +4t-5
2
° 1 1 % d(t? +4t—5) t-1 ’
=2J'(———jdt—J'2—= 2In}—|~In|t* +4t-5/ | =5In2-3In5
J\t=1 t+5 5 tt+4t-5 t+5 o
(Céc em co thé phantich o2 - 8=2 _ A B g st—At+5)+B-D)
t“+4t-5 (t-1)(t+5) t-1 t+5
X . A=1 -
Chon t lan lugt bang 1; -5 ta dugc hay 28 26 1 3 )
B=-3 t°+4t-5 t-1 t+5
T cos?| x+ %
C0S 2X t 8

Vi du 3. Tinh céc tich phan sau: 1) I, = dx 2) 1, = dx

O x|y

j\/_+3|n 2X+C0S 2X

(1+sin2x)cos(x—7jj

Giai: 1) | _j‘- COS 2X dx—z (cosx—sinx)(cosx+sinx) ]‘- COS X —Sin x dx
" 1= - -
0(1+sin2x)cos(x—ZJ O(SinX—i-COSX)Z.SIm(jECOSX (sinx+cosx)’
4.d (sin X +cos x 0 : .
\/EI ( 2)——. V2 | =2-1 (c&c em c6 thé dat t =sinx+cosx)
0 (sm x+cosx) smx+cosx‘0
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T cos?| x+ 2 T 1+cos| 2x+ 2
8 1 4
0 2 0

\/§+sin 2x+cost +5in 2X+Ccos 2x

1 0 dx h cos(2x+4J 1
= + dx |==(A+B
2 ;[\/5+3|n2x+c032 !).\/5+sin2x+c032x ( )
i i i b3 tanﬂ'
4 4 4 n A~
4 A:J- dx 1 dx _LJ- dx _ j_tan(x—zJ _ \/78
0 0 2cos (x—j 22 0 2

/2 +in 2x + cos 2x :$01+cos(2x—”j 2
4

I

- T
cos(2x+ j 3 COS(2X+4J
+) B= dx = *
) J.\/_+sm2x+c032x J.[+fs|n(2x+ j
4

Tasé chira B=0 theo céic cach sau :

Cach 1: bat t=sin[2x+%j:>dt=2c05[2x+%]dx<:>cos(2x+%]dx=%
va X: O—>Zth|t £—>£ ,suyra B=0 (vit: £ £)
Céach 2: Détt:%—x:dtz—dt vat:z—>0,suyra
% 3 ,T T
7 cos(4—2tj 7 —cos(2t+4j
B:j dtzj'\/, '/ _dt=—B=B=-B<B=0
0\/§+sin(g—2tj+cos(g—2tj o V2 +C0s2t +sin 2t
- cos(2x+”)
, t 4 COS 2X —Sin 2x
Céach3: B= dx =— dx
£ﬁ+sin2x+0052x ﬁ£ﬁ+sin2x+c052x
J.d(\/_+SIn2X+COSZX):iln‘ﬁ-i-SinZX-i-COSZX“‘:O
\/_ V2 +sin 2x + cos 2x 0
tan
o 1 21 2-42
Khido I, =—. = =
2" 2 22 4
T 2tan£ T T T T
( Do l1=tanZ=— 8 o tan*Zi2tanl-1=0tanZ=v2-1vi tan—>0)
1—tan2 * 8 8 8 8
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V. UNG DUNG TICH PHAN

O phdn vimg dung tich phan ching ta sé di gidi quyét hai bai toan vé tinh dién tich hinh phang va tinh thé tich
khoi tron xoay . Bé lam tét duroc diéu nay cac em can lam diroc 2 viéc:

CONG VIEC 1: Biét céch tinh tich phan chira trj tuyat ddi .

CACH TINH TiCH PHAN CHUA TRI TUYET POI

B
Néu duéi dau tich phan cé diu tri tuyét d6i | = J.| f (x)|dx thi tim cach pha tr tuyét di bang cach di xét ddu
cua f(X) trong doan [a;ﬂ]. Cu thé:
B1: Giai phuong trinh f (x) =0 = X, =? va chon cac X, €[a; 8] rdi chuyén sang:
& + x!. _ =
B2: Lap bang xét diu: (Gia s ta bang xét dau: ' )

9]
N

v9)
w

B 7 B
B3: Ta dua vao cong thic J. f (x)dx =J. f (X)dX-i—J. f (X)dx (a <y < B)détach:
a 7

a

| = j{| f (x)|dx = ]| f (x)|dx+_T.| f (x)[dx =]L f(x)dx—ji f (x)dx.

VI DU MINH HOA

Tinh céc tich phan sau:

2 1 5
1) Ilzﬂxz—x‘dx (D - 2003) 2) |2=J.(|X+1|—|X|)dx 3) I3:I(|x+2|—|x—2|)dx
0 2 3
2 1 |X|dX 1
4) I4=:|.1(x+|1—x|—|x+2|)dx 5) I5=£m 6) I6=:|.1,/2—|x|dx
1 3 3 T
1, =I\/4x2—4x+1dx 8) I, = I\/x3—2x2+xdx 9) Iy = “sm x|dx  10) 1, = I 1-sin 2xdx
0 0 _E 0
2 % 2
1)1, = I\/1+sin xdx 12) 1, = J.\/tan2 X+ cot® x — 2dx 13) 1, = J.|2x—|x+1||dx
0 % -2
Giai:
T 2 ] — 1 +

—— 2

= sz —x‘dx (D-2003) Taxétdiu f(x)=x*—x tren[0;2]: !

0

( Bé xét ddu cua f (x) trudc d6 cac em tim nghiém phuong trinh f(x) =0 ranhap dugc x=0va x=1)

= e[ o= e 22

i X3 X
+ ——
5-%)

2

1
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1
2) 1, = _[(|x +1—|x|)dx  Tas& muon bang xét dau dé pha trj tuyét doi:

-2

x |2 -1 0 1
|x+1| —x-1 0 x+1 | x+1
| —x [ -x 0 x
| S
Sl -1 2x+1 I 1

1, =I(|x+1|—|x|)dx+jl(|x+]4—|x|)dx+l(|x+1|—|x|)dx

-

3) 1= I(|x+2|—|x—2|)dx Ta s& muon bang xét du dé phé tri tuyét dbi:

-3

0 1
dx+£(2x+1)dx+£dx = —x|j + (x> + X)‘Z + x|f) =0

x | =3 -2 2 3
- - 1
e+ —x-2 0 x+2 I x+2
|x—2’| —x+2 | —x+2 0 x—2
] -
|x+2|—|x—2|| —4 2x [ 4

(Nghia 13 : v6i X €[-3;-2] thi |x+2|—|x—2|=-4; véi Xe[-2;2] thi [x+2|—|x—2|=2x...))
-2 2 5
:>I3=I(|x+2|—|x—2|)dx+j(|x+2|—|x—2|)dx+j(|x+2|—|x—2|)dx
-3 -2 2

= —4;[: dx + 2:2[2 xdx + 4;f dx = —4X|:§ +x° ‘: * 4X|2 B

2

41, = I(x+|1—x|—|x+2|)dx Ta s& muon bang xét dau dé pha tri tuyét dbi:
e
|
x -1 1 2
|1—x| | 1-x 0 x—1
e+ 2 | x+2 x+2
—
x+ [l —x|— e +2| —x—1 x—3
|
1 2
=1, = J.(x+|1—x|—|x+2|)dx+J.(x+|1—x|—|x+2|)dx

-1 1

2

-1

! 2
+ [X— - 3xj
2
-1

1
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£ |x|dx

V=l e
. 1 |x|dx © |x|dx 4 |x|dx ¢ 4
Taco |5=£x4—x2—12z;[x“—xz—12+;[x4—x2—12Z_;[x“ Ix X 12
1 1
Pit t=x*=>dt=2xdx va .~} 0 X2 : I I .
t|1 t0 1 2t —t— 12 25 t2—t-12

S Y G el (¥ lj(i__j it = Lint=2] = 2103
U =t=12 7+ (t+3)(t-4) To\t—=4 t+3 7 t+3|, 7 4

) 1, = [ 2 e
Taco: I, = T\/2—|x|dx+j\/2—|x|dx= T\/z+xdx+j\/2—xdx: T(2+x);d(2+ x)—j(Z—x);d(Z—x)

12J_1
3

=—(2+x)ﬂ ——(2 x)\/_

Chu y : Cac em phdi chizng minh néu muén siz dung hai tlnh chat : (Dat x=-t )

+) Néu hamsé f(x) chan ( f(-x)= f(x) ) thi I f(x)dx = ij(x)dx

—-a

+) Néuhamsé f(x) lé (f(=x)=—f(x)) thi j f(x)dx =0

1
7) 1, = [N4x® —4x+1dx
0

1 1 - % + 1
Ta co: I7=I (2x—12dx=j|2x—1|dx — | |
0 0

1 1
1

=1, = Jl.|2x—1|dx = J2.|2x—1|dx+j.|2x—1|dx =J2.(1—2x)dx+j.(2x—1)dx: (x—xz)‘g +(x? —x)‘1 :%
0 0 1 0 1
2 2
8) I, = i\/xg — 2% + xdx
0

0 - 1 +
— |

— laa

3 3
Taco: I, :I X(x2 = 2x +1)dx :j|x—1|\/§dx
0 0

=1, =j'|x—14\/§dx+j'|x—14\/§dx = Jl'(l—x)\/?dx+‘|%(x—1)\/§dx:j'[x; _xgjdx+i[xg _X;de
24/3 +8
15

:(%X x—%xzﬁj: ( 2\/;—— \/_jg
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T T T

2 0 2 0 2 T
9) Iy = J.|sin x|dx = “sin x|dx+J.|sin x|dx=—J. sin xdx+J.sin xdx = cos x|’z —cos x|z = 2
0 0 2

T

2 2 2

10) 1, = J\/l—sin 2xdx
0

ol

Ta cé: vJ1-sin2x =\/sin2 X +C0s% X —25sin XCOS X = J(sm X— cosx |S|n X— cosx|

Véixe[0;z]= x-Le {—1;3—71 . Dua vao duong tron don vi:
47| 44 w1
4 -
*) Vi x—ﬁe{—ﬁ;o} thi sin[x—£j<0 hay sin[x—£j<0 khi X€|:O;£:| -
4 4 4 4 4 [N L4
*) Véi x—ze{o;g—ﬂ} thi sin[x—£j>0 hay sin[x—£j>0 khi x»{z;n} | f
4 4 4 4 4 —
%
I = Im(x——}dx+fjsm(x——jdx \/_cos(x——j \/_cos(x—zjnzk/i
0 ¢
11) 1, = J\/l+sin xdx
0
2
- ., X X . XX . X X . X X (X 7
Taco: V1+sinx =,[sin? = +cos? = +2sin—Ccos— = || sin=+Cos— | =[sin=+cos—|=~2|sin| =+
2 2 272 \/[ 2 2} 2 2 2
S U
1
V6i Xe[O;Zn]:l [O n]:> {7{5%} Dua vao duong tron don vi:
2 2 4 |44 .|+

0
*) Vi §+£€[ n} thi sm[ j>0 hay sm[x j>0 khi x.{o 3—”} T
2 4 24 2

J—F.
*) V6i 5ﬁtze{ 5—ﬂ}thl sm[x j<0 haysm[x j<0 khix{g—ﬂ;zn} [ |
2 4 4 2 4 2 4 2

3z 3z

2 2r =
=1, = \/EJ. sin(§+%jdx—\/ij. sin(ng%jdx = —2@cos(§+%) i +2\/§cos(§+%]

0 3n 0
Y 2

27

=42

3z

T

3
12) 1, = J.\/tan2 X+ cot’® x — 2dx

6

_|sin? x—cos x|_2|c032x|
| sinxcosx | |sin2x]|

Ta c: v/tan? x+cot? x— 2 = /(tan x—cot x)? = |tan x —cot x|

2

<2x< 3 Duya vao dudng tron don vi ta cd: (hinh vé ¢ trang tiép theo)

<
o
IA
<
IA
w9y
U
w|y
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in2x>0 . 3
%y 2xe| T2 | 15X 0y COS2X g X€|:£;£:| » i3 =
3 2 cos2x >0 sin2x 6 4 3 1 3
in2x>0
*) 2x F 2—”} thi {51 2X7 0 pay CO92X_g khiXGF;q AV E L
2 3 cos2x<0 sin 2x 4 3 0 1
-1
i 3 i e . -
= 1, =2 By o[ S052Xy (A2 _TAOINZY) 1 i o — Injsin 22 = 2In—=
° sin2x ° sin2x > sin2x sin 2x 5 n J3
B 4 B 4
2 -1 2 -1 2
13) 1, = J.|2x—|x+14|dx =J.|2x+x+1|dx+J.|2x—x—1|dx =J.|3x+1|dx+J.|x—1|dx
-2 -2 -1 -2 -1
-1 1 2 3 -1 1 1 1 2
=—J.(3x+1)dx—J.(x—l)dx+J.(x—1)dx =— —x2+xj —(—xz—xj J{—xz—x) =6
2 -1 1 2 -2 2 -1 2 1
CONG VIEC 2 : pitinh dién tich hinh phing va tinh thé tich khéi tron xoay
CONG THUC TINH
Hinh phang giéi han boi cac duong :
b b
y=f(x S=J.|f(x)—g(x)|dx (2%) 5=j|f(x)|dx
y=9(x) M= °, -3 7, (néuy=g(x)=0)
x=a; x=b>a Vo =7 [[F2(0-g°(dx (3 |Vo, =7 F2(x)dx
Chuy:

1) Ta c6 thé ap dung (2*) i vé6ibién y (cac ham sb s& duoc rit X theo Yy - coi X & ham cua biény)

2) Vi tryc Ox, Oy c0 vai tro nhu nhau nén thé tich khdi tron xoay khi quay hinh phang quanh truc Oy ciing
&p dung tuong tu (3*) (cac ham sb s& dugc rut x theo y - coi x la ham cua biény)

3) Chi &p dung (3*) khi trén [a;b] ham f (x), g(x) thuoc cing phia so véi truc Ox (néu tinh thé tich quay
quanh tryc Ox ) va thudc cing phia so véi truc Oy (néu tinh thé tich quay quanh trucOy ). Néu khac
phia thi chiing ta phai lay d6i xtng ciia mot ham nao d6 qua truc twong tng va quay vé viéc &p dung cho
hai ham cung phia (truong hop nay cac em s€ it gap). ’

4) Néu trong biéu thic (*) khéng c6 x =a hoac khéng 96 cahai (x=a va x=b) thi cac em phai di viét
phuong trinh hoanh d6 giao diém: f(x) = g(x) (1) dé tim thém can . Gia sit phuwong trinh (1) c6 nghiém

X=X V6i i=1n.Vi ham sb cac em hoc 14 cac ham so cAp nén viéc tim can ching ta s& lam nhu sau:
+) Néu chi co x=b thi: can thir nhat = min {x;b} ; can thir hai = max{x;;b}
(thwong b xuat hién & 1 trong 2 can d6. Néu diéu nay khong xay ra thi viéc cho dir kién x =b thira - dugc
hiéu 13 ngudi ra dé c6 tinh hodc khéng hiéu © )
+) Néu khong cd ca x=a va x =b thi: can thir nhat =min {xi} - can tha hai = max{xi} va cac nghiém con
lai (néu c6) la cac diém dugc chén vao dé phé tri tuyét doi. , X
5) Néu viéc vé hinh don gian cac em nén lam diéu d6, dé viéc pha tri tuyét doi duoc dé dang
(o ludn gia tri tuyét ddi néu thay trén [a; ] phan f(x) niam phia trén g(x) (nghia la ham nao phia trén
s& lay dé trir ham phia dudi, dé dambao S >0va V >0)).
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CAC Vi DU MINH HOA

Vi du 1.Tinh dién tich hinh phang giéi han boi cac duong :
2 2
1) y=|x2—4x+3 , y = x+3(A-2002). 2) y=.4-X vay="_ (B-2002).
) y=| |y ( ) )y,/4 =175 ¢ )

3) y= va hai truc toa d6 (D — 2002). 4) y=(e+1)x, y=@0+€e")x (A-2007).

5) Parabol (P) : y=x*—4x+5 va hai tiép tuyén tai cac diém A(1;2), B(4;5) nam trén (P).

6) X*+y’ =4 va x*+y*+2x=0. 7) yz‘l—sinz%‘ ; y:1+12—X va x:%
T

iai:
1) y=|x"-4x+3 , y=x+3(A-2002).  Phuong trinh hoang d giao diem:

o

X+3>0 X>-3
‘x2—4x+3‘=x+3<:> x?—4x+3=x+3 <[ x*-5x=0
X* —4x+3=—(x+3) x*—-3x+6=0 (vn)

C1: (Néu v& hinh)

=S =i(x+3—‘x2—4x+3‘)dx =j[x+3—(x2—4x+3)]dx
0 0

+J3‘[x+3+(x2 —4x+3)]dx+i[x+3—(x2 —4x +3)]dx

3 5 \ il i !
(—x? +5x)dx+‘[(x2 —3x+6)dx+‘[(—x2 +5x)dx b i S
1 3 b= ==

3 2 ), \3 2 L3 2 ),

O Ly

L1 i L |
S @y s

C2: (th”)ng V€ hinh):
=5 =j ||x‘ —dx+3|-(x+ 3}|dx
o

= i (2 ~4x+3)~(x+ 3)|<ix+i|—(x’ —4x+ 3}—(x+3}kx+j o —4x+3— e+ )
o 1 3
109

= ? (dth)

x*  5x? )
__+_
5%

3

1 3 2 3
+ X——3i+6x
3 2 )

Trang 87



x> NG
2 =./4—— vay= B - 2002).
)y \} 2 y NG ( )

. x> X x> x
Phuong trinh hoanh d¢ giao diém: 4—7 = S4-— ) o xE=8cx=122

42 4 3
v

4t /

’ i
p - & Al .
\ LT =%
\-\;( _.. -'._. - /{

—-i. _2'& 1 1 0 T 1 zﬁl 1]. x

2
Trén [—2\/2;2\/2]: ,/4—% 4J§
242 2 242 22
X 1 1
—=S=2 dx= | V16—x dx— x’dx=S, ———8S
! (V 4 4\/2} I V2 ! N

22
*) Tinh: S, = J' V16—x’dx Dat x =4sint = dx = 4costdt va V16 —x* =4cost Vi t:0—>%

7% 7
= —16_|'cos tdt 8J.(1+c032t)dt (8t+4sin2t) |/ 27 +4

22 3|22
*) Tinh S, = I x2dx = = =&
) 3|, 3

=>S=21+4-—— 1 16\/7—2 +— (dvdt) |
22 3 2+ 31

-3x-1 . . N Tox-1
3)y= 1 va hai truc toa d6 (D — 2002). 1
X— 1
_-%x-1 -
Hinh phang giéi han bi : =5 (hinh anh phac hoa: ! / o 1 2 )
y=0; x=0

-3x-1

=0 -3x-1=0= x=-

Phuong trinh hoanh d6 giao diém:

0
- (3+iljdx=—(3x+4ln|x—1|)‘01 =—1+4|ng (dvdt)
- 3
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4) y=(e+1)x, y=@1+e")x (A-2007).
Xét phuong trinh hoanh d6 giao diém:

x=0 X=
(e+1)x=(1+ex)x<:>x(e+1—1—e‘)=0<:>x(e—e‘)=0<:{ C{x
e
Vé6i 0< x<1=>e*<e'=e hay x(e—€*)>0

=S =h(e +1)x—(1+e*)x‘dx = hx(e—ex)}dx =j[x(e—ex)]dx =ejxdx—jxexdx =S,-S, (1)

1 2t
*) Ta co: Slze_[xdx:ei - 2)
) 2|, 2
, : .. |u=x du = dx 17 1
*) Ta co: SZ:Ixe*dx bat : = =S, =xe" —Iexdx=e—eX =e—(e-1)=1 (3)
0 dv=e*dx |v=¢" o o 0

Thay (2), (3) vao (1) ta dwoc dién tich hinh phang: S :%—1 (dvdt)

5) Parabol (P) : y=x®—4x+5 va hai tiép tuyén tai cac diém A(1;2), B(4;5) nam trén (P).

B3

Taco: y'=2x—4 .Ap dung cong thitc phuong trinh tiép tuyén: y = y'(x,)(X—X,) + Y,
Ta dugc phuong trinh tiép tuyén tai A(1;2), B(4;5) lan luot la: y=-2x+4 va y=4x-11

Vay phuong trinh giao diém cua hai tiép tuyén: —2x+4=4x-11< x= >

2
Khi d6 dién tich S duoc chia thanh hai mién dién tich boi diém chia x =g

S =

——_ o

(¢ _4X+5)_(_2x+4)}dx+j'[(x2 —4x+5) - (4x~11) |dx

2
5 s > 4
2 4 2 4 33 3
zf(xz—2x+1)dx+j(x2—8x+16)dx=f(x_l)zd(x—l)+f(x_4)2d(x—4) _(x=D |2+(X_4) | B
1 5 1 5 3 |1 3 |g 4
2 2
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CHUY:

Khi hinh phdng dwoc giGi han béi 3 dwong cong: 'y = f(x); ly=g(x) va y=nh(x) thi cac em phdi tim
cach chia phan dién tich thanh cac phan ma ¢ dé duwoc gidi han bdi hai trong ba dwong cong va cdc dwong
thang x = a; x = b (nghia /& phan bién khong c6 ¢ sw xudt hién dong thoi ca 3 dwong cong trén).

6) X*+y° =4 va x*+y>+2x=0.

Taco: x> +y?=4:Ladudongtrontdm O c6 R=2 (C))

va x>+ Y2 +2x=0< (x+1)% + y* =1: La dudng tron tdm O'(-10) c6 R'=1 (C,)
Do tinh d4i xing cta hinh phang can tinh (nhu hinh v&) nén: S =2(S, +S,)
y=v4-x

y=\/—x2—2x=\/1—(x+1)2; x=0

*) Vi S, la dién tich gisi han boi: {

0
= =j(J4—x2 — 1 (x+1)?)dx
-2
_Ja_y2 2
*) Vé6i S, la phan dién tich gigi han bi: y=va-x :Szzj 4— x*dx
y=0; x=0 0
TSR T T 2 2 < _ . Ly _ .
Ta di tinh: | _J'x/a —u“du dat u=asint voi te[ %%}
du = acostdt
-
Va’—u® =alcost| = acost
a’t a’sin2t

a2
= | =a’|cos’tdt =— | (1+cos2t)dt =—+
| | Jdt ==

+C (M

Ap dung (*) véi u =asint cic em s& tinh duoc: S, =% vaS,=7 =>S= 2[%+nj= 37 (dvdt)

CHU Y:
*) Thyc chdt néu siz dung kién thitc cdp 1 (cac em Iép 5 d4 biét cach tinh dién tich hinh tron)
Thitaséco: S =S, —S,=72"-7.1* =37 (la cch gidi toi uu nhdt ciia bai toan nay)
*) CAch gidi trén chi chizng minh mét diéu 1a tich phan cé thé tinh diwroc dién tich trong ca tinh huong trén.
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7 y= ‘1 smz%x y=1+12—xva x=% /

g P

y=[1- 5|n23—x 00523—)( . ,-Jf
2 2 : [
Phwong trinh hoanh d6 giao diém: cos’ 32X 1+12—X 1 ]
T 1
II;'_
Matacé:030032%31:0£1+12—X31<:>—13x30 T x=Z
2 T 12 |
Duya vao do thi ta duoc nghiém cia (*) la: x=0 T f—
n' / L
= S = J.(1+]'2_X_COS2 %J J'(].Z_X l_COS3deX 2__/t. L3y
T 0 2 . — =‘1—'_!,1.t1'T
-, T 1 g
6L X sin3x 77 Tz, 1_2lm+2 A x/,.’ \ﬁ/\\ // ‘
r 2 6 o 4 6 12 :\HE\‘*:}r |
1/ 2 .
!
Vi du 2.Tinh thé tich khdi tron xoay tao thanh khi quay hinh H gigi han boi :
1)y=2x-x*vay=0  quay quanh truc Ox.
2) y=xInx, y=0, x=e quay quanh truc Ox (B -2007).
3) y=2x+5, y=x"+2 quay quanh tryc OX.
Giai:
1) y=2x-x* va y=0 quay quanh truc OX.
Phuong trinh hoanh d¢ giao diém: 2x—x?=0 c{ i
2 2 4 1.\ 167
Khi d6 V,, =7r_"(2x—x2)2dx=7rj.(4x2 —4x3+x“)dx=7r(—x3—x4 +—x5j === (dvtt)
5 5 3 5 ., 15
2) y=xInx, y=0, x=e quay quanh truc Ox (B - 2007).
x>0
Phuong trinh hoanh d¢ giao diém: xInx=0<{[x=0<x=1
x=1
¢ ¢ u=In’x du:ZInXdX
Khi d6 V,, :”J.XZ Inxdx=x1 (*) . Tinh I =J.x2 In®xdx ~ Dat = , X
d d dv = x*dx X
3
dx
x*In2x[" 2 e 2 ‘ u=Inx du=7
= 1= ——J'lenxdx=———J . Tinh sz.lenxdx bit , = ,
3 |, 31 3 3 1 dv = x“dx V—X—
-3
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X In x| 1j'x2dx=e3 x3e=2e3+1 Khidé | — e_3_g.2e +1_5¢°-2 2%
3 9 9 3 3 9 27

1

Suyra J =

1 1
T (5e3 - 2)
Thay (2*) vao (*) ta duoc:V,, = — (dwvtt).

3)y=2x+5, y=x*+2 quay quanh truc Ox.
x=-1

Xét phuong trinh hoanh d6 giao diém: x? +2 =2x+5< x* —2x-3=0 @{ 3
X =

V6i x e[-1;3] thi 2x+52 x* +2 nén khi d6 ta co:

= 575677 (dvtt).

3
nj:l[ 2x+5)" —(x*+ 2)2 }dx = nj'l(—x“ + 20x+21)dx = n[—%5+10x2 +21xj

-1

Vidu3
1) Tinh dién tich hinh phang gisi han bai cac duong: y = x* In(x+1) ; y = Ini1 ; x=1
X+

2) Cho hinh phang H gi¢i han bai cac duong : y = (x—1)e* va hai truc toa do. Tinh thé tich khi tron xoay
tao thanh khi quay hinh H quanh truc Ox.
(x=3)V/3—x

3) Cho hinh phang H gioi han bai cac duong : y DT : X=2 Va tryc tung. Tinh thé tich khoi
X—1++/5-x

tron xoay tao thanh khi quay hinh H quanh truc Ox.

i
.
g.
g
il

Giai:
1) Tinh dién tich hinh phang gidi han béi cic dwong: y = x* In(x+1) ; y = Ini1 ; x=1
X+
Xét phurong trinh hoanh d6 giao diém : x? In(x+1) = Inil<:> X’ In(x+D) +In(x+1) =0
X+
S +DIn(x+) =0 In(x+1) =0 x+1=1<x=0

1 1
x In(x +1)—|nildx =Hx2 In(x+1) + In(x +1)\o|x=j(x2 +1) In(x +1)dx
X+ 0 0

1
Vay dién tich hinh phang : S :J‘
0

du—ﬂ
u=In(x+1) x4+l
at =
dv = (x> +1)dx X3 X +3x
V="—tX=

3 3
X ' 11x3+3x
Khid6: S=| > +x |In(x+1)| -= =—| 2——j(x —x+4——jdx
3 s 37 X X+1

2

3 1
4ot X——X—+4x—4ln|x+1|
3 33 2

_8n2-2 (dvay)
3 18

0
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2) Cho hinh phdang H giéi han béi cdc dwong = y = (x—1)e* va hai truc toa dé. Tinh thé tich khai tron xoay
tao thanh khi quay hinh H quanh truc Ox.
+) Xét phuong trinh hoanh do giao diém cua duong y = (x—1)e* va y =0 tryc hoanh :
(x-1)e*=0=x-1=0<x=1
1
+) Khi d6 :V,, = nj(x ~1)%eZdx =7l *)
0
U= (x—1) du =2(x—-1)dx

2x = _ 2x
dv=e""dx V_Ee

1
+) Tinh | =I(x—1)2ezxdx bit {
0

Jl.(X —De*dx = —%— J (1)

0 0

2 2><
Suyra I_(X 1)

U=x—1 du =dx

1
+) Tinh J = [ (x=1)e**dx  Dat =
) l( ) ' {dv= e*dx v=%e2X

va2x [t 1 B
SuyraJ:& —lj'e“dle_leﬂ _3-¢ )
o 29 2 4 4
a2 2
Thay (2) vao (1) ta dugc: | :—%—3 4e _¢ 7 5 (2%)

2 J—
Thay (2*) vao (*) ta dugc: V,, = @ (dvtt)

3) Cho hinh phang H gidi han béi cdc dwong -y =\/(X_+ \75__)( ; X=2 VA truc tung. Tinh thé tich khoi
Xx—1++/5-x

tron xoay tezo thanh khi quay hinh H quanh truc Ox.
s s TP T C(X=3)V3-x_ C(x=3)V3-x_
Phuong trinh hoanh d6 giao diém cua =0 la:
s & y= Jx=1++/5- ay= VXx=1++/5-x

(x—3)V3- }d _ J-(x ~6x+9)3-%)
Vx=1++/5- 2 4+ 2+/-x2 +6X—5

2tdt = (—-2x+ 6)dx 3—x)dx =tdt
Dt t =X’ +6x-5 =1t =—x*+6x-5=1 ( , ) & (2 ) ,
X°—6x=—-t"-5 X°—6X+9=4-t

VA can x:2 >3 thi t:/3—>2

=0 x=3

m%m=ﬂ

2
Suyra:V, _[4 Idt—nj'(z t)t
f4+2t
2 2
=£J.(2t—t2)dt=£(t2—lt3j zm
23, 2\ 3 ), 2
vay V,, = @ (dvtt).
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VI. CAC LOP TiCH PHAN PAC BIET VA TICH PHAN TRUY HOI
1. CAC LOP TiCH PHAN PAC BIET

b
Sau ddy cdc em sé dwoc tim hiéu thém cac I6p tich phan déc biét c6 dang | = I f (xX)dx trong do ban

than ham f (x) c6 nhiing tinh chat “ddac biét” (cac em sé duoc tim hiéu qua vi du mé dau va bén bai toan
hay gap sau day).

Cach giai chung:

.....

Chu y: Trong tich phan ta luon c6 1 = j f (x)dx =j f (t)dt =j f (u)du =...

a

Vi DU MO PAU

Tinh céc tich phéan sau:

INE]

J- {/In(201-x) .
, JIN(x +69) +./In(101 - x)

1)1, = Iln(1+tan X)dx

8

(\/cosx \/SIT) 4) I4:_|'(x3—3x2+2)2015dx

-1

o'—.m\:\

% sin® x
5) '5=I1+ex dx 6) I, =

-7

(sin® 2x+cos® 2x).In(1+tanx)dx (Moldova National MO - 2008)

Ot | Y

Giai:

T

4
1)1, = Iln(1+tan X)dx
0

bat x="_t =>dx=-dt va x:0Z thit:2 50
4 4 4

. : n 4 1-tant 4 4
Khi d6 I1=J.In 1+tan(——tj (—dt)=J'In(1+ j j j In2-In(1+tant)]dt
4 5 l+tant 5 +tant 5

IS

4 4 7ln2
=|n2jd I(l+tant)dt—t|n2|4—l -1,
0 0
Vﬁy|1=n|n2—|1<:>2|1=7[|n2<:>|1— ﬂIE?Z
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sz yIn(101-x) dx bat x=32-t= dx=-dt va x:12 — 20 thi t:20 > 12
2 A/IN(x+69) +4/In(101-x)

Khi d6 1, zlf \/In[101—(32—t)] (- )ZI JIn(t +69)
5 In[(32—t) +69]+In[101- (32— 1)] | IN@01—1) + /In(t+ 69)

:Zf[ JIn(101-1) j _I JIn(101-1) dt—tf-1,—8-1

JIn(t+69) +/In(101—t) 2 _J.\/In(t+69) +/In(01—1)
Vay |, =8-1, <21, =8 1,=/4

3) I, =

O v [N

(i’/cosx—i’/sin x)dx bat x=%—t = dx=-dt va x:0—>% thi t:%—)O

0

Khi d6 I3=J'Hcos(%—tj—§/sm(——tj:l( dt) = i(ﬁ—%oﬁ)dt

T

(dost - St o

o'—.r\:m

Vay I, =-1, < 21,=0<1,=0
3
41, = J.(x3 —3x? +2)2015 dx
]

bat x=2-t = dx=-dt va x:-1—>3 thit:3—>-1

g 3 3 3
= ., 2015 2015 2015
- Khi d6 |4=j[(2—t)3—3(2—t)2+2} dt:j(—t3+3t2—2) dt:-j(t3—3ﬁ+2) dt =—1,
|=I -1 -1 -1
{E Vay I,=-1,<21,=0<1,=0
% sin? x 3 . _—
5) IS:I1 —dx Ditx=—t =>dx=-dtvax:—zr>rx thit:z > -
J’_

-

Khi d6 I, jsm (_tt)dt—_fe sin? ty _I(l+e 1)5|n ty o J-[ 2t_sm tjdt
J 1+e < 1+

T

_ J'l_COStht_J'S'n }dt:(lt—lsinmj —ly=z—1,
- 2 4

2 J1l+e

-

Vay |5=7r—|5<:>2|5=7r<:>|5=%

6) 1, = [(sin® 2x+cos® 2x).In(1+tan x)dx (Moldova National MO — 2008)

o'—.»\hl

bat x="_t =dx=—dt va x:0> 2 thi t:Z 50
4 4 4

% —
sin6(£—2tj+cose(£—2tJ In 1+tan(——tj J. (cos® 2t +sin® 2t).|n[1+1 tant]dt
2 2 0 1+tant

2
1+tant

Khi d6 |

dt =

Ot [N O [N

Oy [N

(cos® 2t +sin® 2t).In (sin® 2t +cos® 2t).[In2—In(L+cott) ] dt
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i
= [(sin® 2t +cos® 2t).In 2dt J. (sin® 2t +cos® 2t ) In(L+ cot t)dt

o'—.b\hu

In2.

(5+30058tjdt—l6
8 8

ot— Iy

1 i
~in2[[1-sin?at Jat -1, =in2[[1-3 220 gy,
4 oI 4T 2

=In2. (5t+ism8tj )
8 64

0

571n2 571n2 572In2
-y =21, = =

Vay |, =

Bai toan 1: Hamsé f(x) lién tyc trén doan [—a;a], khi do : jf(x)dx:j[f(x)+f(—x)]dx
-a 0

Tir day ta co cac két qua quan trong sau:

*) Néu f(x) 1a ham sé I¢, khi do: j f(x)dx =0 ( Téng quat: Néu f(a+b—x)=—f(x) thi jf(x)dx 0) (1)

—-a

jf(x)dx 2j f(x)dx (2)

—-a

*) Néu f(x) la ham s6 chin, khi d6:

jlffz) dx=z‘;f(x)dx (0<bzl) (3)

Chuy:
+) Trong qué trinh l1am bai cac em khong si dung ludn két qua (1), (2) va (3) ma cac hé thic nay sé Xuat

hi¢n trong qué trinh giai (ching ta chwng m|nh luén) bang viéc doi bien x =t (Tong quat: x=a+b—t).

+) Trong tich phan ta ludn ¢6 | = j f (x)dx = j f (t)dt = j f (u)du =...

a

VI DU MINH HOA

X4

X° COS X
—dx
-, 1+2014"

Vi du 1. Tinh c4c tich phan sau: 1) I, = j EPTaL 2) I, =

NN Y LA

T

3) Igszdx 4) I4=jcosxln(x+\/1+x2)dx

1+¢* %

T

2 2

Giai
1.5

1) Il_J-x cosgx ix
Y2+ X

A . £ N £ s s DN, x . ~ N x° COS X
Nhan xét : Néeu duwa vao ket qua o Bai toan 1 ta co dwoc lubn I, =0 vi f(x)= 5
+x°

le trén [-11].

Song khi trinh bay loi giai cAc em sé lam nhu sau:
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bat x=—t=dx=-dt va x:-1—>1thit:1—>-1

1.5
Khi dé |1_jM (L=, = 21,02 1,20
2+ +(-1)° Y2+t
2 4

=I—de bit x=—t=dx=-dt va x;—2—>2 thi t:2—>-2
2, 1+2014

2 4 2 4 2 14 t 2 44 t_
Khidé |, :J' (-t) _ dt:J' t dt :J. t .2014t at :J-t .(].—i—20].4t 1)
5, 1+2014 214 1 %, 1+2014 1+2014
2014
20, eff 2 g 64 64 32
=I - - |dt = —|—dt=—-, =2, =—l,=—
. 1+2014 5|, 451+2014 5 5 5
21— sin xsin 2x 2 dx % sinxsin2x
3) I,= | ————dx= - dx=A+B (*
) s J; 1+e” J;1+eX J; 1+e” ®)
2 2 2
. 2 dx 2 edx 201 1 e 2 T
+) Tinh A= | = =j(—— jdelen LA
1+e* Y oef(l+e’) J et 1+e” 1+e*| = 2
2 2 2 2
=
+) Tinh B = dex bit x=-t=dx=-dt va -2 5% i 125 %
' 1+e” 2 2 2 2
2
7 o 2 1ol Tyeinti
Khido B = J-sm( t)sin(— 2t) J- smtsm2t _ J- (d+e 1)S|tntsm2t dt
i 1+e™ 1+¢' i l+e
2 3 2

3
sintsin 2tdt — J'

T

2

sintsin 2t
1+¢e'

'—;N\?—l

dt =—% (cos3t—cost)dt—B

N‘N'—‘N‘:‘

NI

2
2

=—1(lsin3t—sintJ
2\3 p

2

_B=-2_p
3

Vay Bz%—B@ZBz%@Bz% (2) . Thay (1), (2) vao (*) ta duoc: |3=%+§

2
41, = J' cosxln(x+\/1+x2)dx bat x =—t= dx=—dt va x:—%e% thi t:%—)—%

T

3
cos(— t)In( ~t+/1+t° )dt costlngdt _—Icostln(t+\/1+t )dt——
=

'—;N\-\-l

Khidé: I, =

NI
N

=21,=0&1,=0
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=
.
g.
g
il

Vi du 2. Tinh cac tich phan sau:

1

/NN 6 1
1) Il:J-sm B K ) ZZJ'LZ 31, = Icosxln(l dex
a 6 +1 Y (e +1)(x" —-4) 1+X
= :
Giai:
% - 6 6
D= Iﬂsmgf%dx bat x = -t = dx=-dt vacan thaydéi:%a_%
K
] = ]? sin® (- t)+COS SUI ]Tsm t+cos® ty J- 6'(sin® t + cos® 0 4 f(G +1-1)(sin® t + cos® 0 4
1 - t— -
6" +1 6 +1 6 +1
-, + > }/ +1 T + & +
% %
j(sm t+ cos® t)dt - I Md I(l—%sm 2tjdt— I sin® X+ cos® x
T T T
7 A 7
j(l—é 1-cosdt C§S4tjdt—llzj (§+g.cos4tjdt—ll:(%H%sinmj —1, = i—g—ll
i -7 =2
R S S S
Vay |1=E_|1©2|1=E©|1=3—2
A dx § o
2) =55 Pt x=-t =dx=—dt vacan t:1--1
L@+ (x"-4)
1 t 1 X
edt e*dx
3IZ:I(e“+1)(t2—4):I(e‘+1)(t2 I © +1)(C -
-1 -1 _
e +1-1 i 1, |x—2|f
ZJ. x X 2 ZJ. J. __n -1,
LEHDE-4) I xE-4 C (e +1)(x 4 |x+2||
1
1, [x-2 1 1
hay Izzzln—_1_|2<:>2|2:_E|n3:>|2:—z|n3

1
X
3) I,=]cosxIn dx
) I (1+xj
2

bat x=-t = dx=-dt va x:—1—>1 thi t:l—>—l
2 2 2 2

1 1

1
2 -1 2
Khido | _Icos( t)In(lHJdt Icostln( tj dtz—J'costln(l;tjdtz—l3
1-t 1 1+t 1 1+t
2 2

2

Vay I, =—l, <21, =01, =0
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b b
Bal toan 2: Ham sé f(x) lién tuc trén [a;b], khi d6 ta co: jf(x)dx:jf(am—x)dx *)

: :
T day ta c6 két qua sau: Ham sé f (x) lién tuc trén doan[0;1], khi d6 : j f (sin x)dx = j f (cosx)dx (2%
0 0
Chu y: Trong qua trinh 1am bai cac em khdng diroc sir dung ludn cac két qua (*) va (2*) ma céc hé thirc
nay sé xuat hién trong qua trinh gidi (ching ta chizng minh luén) bang viée doi bién x =a+b—t.

VI DU MINH HOA

; o . 2 in" x 2 cos’x
Vi du 1. Tinh c4c tich phéan sau: 1) Il_Is—d 2)I2=J‘_C—dx
sin" x+cos" x 5 SiN X +COS X
2
J' sm X x  Dat x=Z _t=dx=—dt vda x:0>Z thi t:Z -0
5 Sin" x+cos" x 2 2 2

Khido |, =

sin”(g—tj [ cos"t 2 sin"t
dt =J. 0 dt = I[l——}dt
0 0

o N cos"t+sin"t sin"t+cos"t
sin E_t +CO0S E_t

O ey [ N

2

sm t z

dt- [—————dt=t]g -1, =21,
5 sin"t+cos"t 2

o'—.v\:\hl

Vay I1=%—|1@2|1=%@ |1:%

ChU V: Nl vdy tie 1, véi cach gan n mgt gia tri cu thé ta tao ra duwoc vo sé bai toan kiéu nhu:

2 sin®* x 2 Jeosx dx 2 201sin x dx -
IZJ. - 2014 2014y J. i 1= J.201 201 Xy
 sin*™ x + cos < \/sin X ++/cos x < 2%/sin x + 2X/cos x
2 cos®x 5 N .
2) 1, =J' 0 dx DPit x=Z—t=dx=—dt vd x:0>Z thi t:Z 0
5 SIN X +COoS X 2 2
3 cose‘(” tj 3 5
2 P 2 :03 2 ain3 3 3
. sin’t sin®t +cos’t—cos’t
Khido I, = . =[S g ST dt
(r T cost +sint sint + cost
0sin| ——t [+cos| ——t 0 0
2 2
3 3 3 i 3 _
I(l sintcost)dt - J._w;tdtzj.(l—lsinmjdt—lz=(t+10032tj —I2=7[—1
5 , Sint +cost 0 2 4 0 2
-1 -1 -1
Vay |2=”T—|2@2|2=”T@|2=’TT
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%
Vidu 2. Tinh tich phan sau: | = J' ;—tanz(sin X) (dx
5 | COs”(cos X)

Giai:
% ps
I ——tanz(sin x)ldx (¥) DPat x==-t=dx=-dt vacan t:%—>0
< | cos’(cos x) 2
72 1

=1= I . )—tanz(sin(%—t)) dt

o | cos (cos(% —1)

aroq B
= J. ——————tan®(cost) |dt = J' ——————tan*(cosx) [dx (2*)
5 | cos”(sint) 5 | cos”(sin x)
, % .
Lay (*) cong voi (2*) taduge: 21 = I ——————tan®(sin x) + —————tan’(cos x) [dx
5 | cos*(cos x) cos“(sin x)

7 %
Hl+tan (cos x) —tan®(sin x) +1+ tan’(sin x) — tan (cosx)]dx _ZI dx = 2x|/
0 0

Vay 2l == 1=

(S

b
Bai toan 3: Ham s6 f (x) lién tuc [a;b] va f(a+b—x)= f(x), khi do: jxf (x)dx_aTb f(x)dx (*)

Tir day ta c6 cac két qua quan trong sau: Néu f (x) lién tuc trén [0;1] thi:

*) Ixf(sinx)dx=£I f (sin x)dx va dac biét voi o =0 thi jxf (sinx)dx:ﬁjf(sinx)dx (1)

2r—-a Zna

*) I xf (cos x)dx =7z I f (cos x)dx va dac biét voi a =0 thi Ixf (cosx)dx = nI f(cosx)dx (2)
Chu y: Trong qua trinh Iam bai cac em khdng duwroc sir dung lubn cac két qua (*), (1) va (2) ma cac h¢ thirc
nay sé xuat hién trong qua trinh gidi (ching ta chizng minh luén) bang viée doi bién x =a+b—t.

VI DU MINH HOA

3
Tinh céc tich phéan : 1) Ilzjx(tanx+cotx)dx 2)|2_J'x(smx+cosx+cos x)OI 3 1, J- xsmx
z 5 1+cos’ x 3+CosXx
6
Giai
3
1) I1=J'x.(tanx+cotx)dx bat x=" _t=dx=-dtvax:Z 5%t t: 2%
i 2 6 3 3 6
6
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Khido |, =

o o

(%—tj(cottﬂant)dt

DN = w |y
O N —w (N

3 3 3 3
V4 T cost sint
—|(cott+tant)dt— |t. tant+cott —dt |-
Zl( ) l ( T2 Jr.smt lcost
6 B 6 6
Sdsint 3 ol
int st sint|[3
- jd? —jdco T L [ Y
2|s sint < cost 2 |cost|x 2
6 6 6

Vay |, =%|n3—|1 o 21, :%In3<:> 1, :%In3 *)

2) I2_Ix(3|nx+cosx+cos x)d _Ixsmx+xcosx(1+cos x) I xsmx x+jxcosxdx=A+B *)
0 0

5 1+cos’ x 1+cos’ x 1+cos’ x
. Xsin x y \ .
+) Tinh A= jgd bat x=7r-t=dx=-dt va x:0—> 7z thi t:7 >0
1+cos’ x
T(m—t)sin(z—t T(m—t)sint T osi T i T osi
Khi dé A=j(” Jsin(z )dt=j(” Jsint g _ [ gt [ = [ - A
1+cos® (7 —t) o l+cos’t s 1+cos’t ¢ 1+cos’t o 1+cos”t
Viy Azzj sint
2 ¢ 1+cos’ t
. . du ) . ) C Lo T
Dit cost = tanu = —sintdt = ——— = (1 +cot” u)du < sintdt = —(1+cot”u)du va t:0— = thi U'Z_)_Z
Ccos

7 & @+cos’u)du « ¢ |+ #°
Suyra A== | ———="|du==ul =— (1
y 2-‘; 1+cos’u 2-‘; 2 |~ 4 @
oy K N
u=x du =dx
+) Tinh B= Ixcosxdx bit = .
dv = cos xdx vV =sinx

Khi d6 B:xsinx|§—jsinxdx=0+cosx|g=—2 2)
0

2

Thay (1), (2) vao (*) ta dugc: |, = ”7—2

3) 1 _I xsmx bat x=27r-t=dx=-dt va x:0—> 27 thi t:27 >0
3+cosx
27 —t)sin 2 t 2 t smt
Khi d6 Igzj xsin x x=j( m—t) m— I (2 -t)sint ,[ _sint_ ,[ _tsint
o 3+COSX 3+cos( 27z t) 3+cost 3+cost 3+cost
27 d (3+cost) 21

0

vay I, =—I, < 1,=00
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a+T T

Bal toan 4: Ham sé f(x) lién tuc trén R va tudn hoan véi chu ki T, khi do : j f (x)dx = j f(x)dx (%)

a 0
nT T
Tirdé tasuyra j f(x)dx =n j f(x)dx  (2%)
0 0
Chirng minh: (Trong bai thi mudn sir dung tinh chat nay cac em can chirng minh nhu sau)
a+T 0 T a+T

Ta co: j f(x)dx:jf(x)dx+jf(x)dx+j f(x)dx (1)

Xét tich phan: J' f(x)dx Dat x=t+T = dx=dt va x:T »>a+T thit:0—>a
T

a+T a+T

Khido | f(x)dx:if(tﬂ)dt:—ff(t)dt:-ff(x)dx:}f(x)dmj f(x)dx=0 (2)

Thay (2) vao (1) ta dugc: a] f(x)dx = I f(x)dx (*)

Chay: f(x) cochukila T thi f(x+T)=f(x).

VI DU MINH HOA

20147 20147

Tinh cac tich phén sau: 1)1, = J' J1—cos 2xdx 21, = J- 1-cosx
0 5 V1+cosx

Giai:

20147

1)1, = I \/1-cos 2xdx Xétham f(x)=+/1-cos2x Vvdi xeR

0

Taco: f(x+7x)=41-0c0s2(x+7) =+1-cos2x = f (x)

a+T T
Do d6 4p dung tinh chat I f (x)dx =I f (x)dx (*) (trong bai cac em phai Chitng minh ) ta dugc:
a 0

2014 4

20147

2z 3z
l, = I V1- cos 2xdx =IJ1—0032xdx+ J\/l—costdx+J‘ V1-c0s 2xdX +...+ I V1-cos 2xdx
0 0 T 27 20137

= J‘\/l—cos 2xdx+J\/1—cos 2xdx+J\/l—costdx+...+J\/1—cos 2xdx
0 0 0 0

=2014|+/1-cos2xdx =2014|+/2|sin x|dx =2014+/2 | sin xdx = —2014+/2 cos X T o 40282
0
0 0 0

nT T
Chu y: Céch trinh bay vira rdi ciing la cach ta di chung minh I f(x)dx = nj f(x)dx (2%)
0

0

20147

2sin®
)1, =

1= COS X gy Huéng dan:  f(x)= L-cosx
5 V1+cosx

va f(x+27)=f(x)

tan>
2

1+cos x 2 c0s2

NN
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2. TICH PHAN TRUY HOI

5
O phan nay cac em s& di tim hiéu cac dang tich phan truy hoi | =_|' f (x,n)dx voi cac cau hoi hay gap la:

1. Thiét lap cong thic truy hdi 1, =g(l.,,) Voi k=1n.

2. Chung minh cdng thic truy hdi cho trudc.

3. Sau khi thiét lap duoc cong thirc truy hoi yéu cau di tinh 1| (tng véi mot vai gia tri n nao do hodc tinh
gidi han ciia ham sb hozc day sé co lién quan véi | .

CAC Vi DU MINH HOA

T

2
Vidu 1. Xéttich phan 1 = Isin” xdx véi neN”
0

=
=
;.
=
L3

1. Tim mdi lién h¢ gitta 1, va I ,. 2. Tinh 1, va I,.
3. Tinh I, 4. Xétday s6 (u,) chobsiu, =(+1)1 1 . . Tim I|m u,
Giai:
1. Tim mdi lién h¢ gitra I, va I,
% 72' 7T 71' 7;'
+) Tacc'):ln+2=js n"?* xdx = Ism x.(1-cos® x)dx = Ism Xdx — jsm x.cos? xdx = | —jsm x.cos’ xdx (1)
0 0
: :
+) Tinh Isin” X.c0s* xdx = Isin” X.COS X.CO0S Xdx
0
du = —sin xdx
it U = CoS X . .
dv =sin" x.cos x v:J'sin”x.cosxdx=‘|'sin”x.dsinx=Sln X
n+1
% i N+l g g
Suyra Isin”x.coszxdx=cosx'3|n X| -t Is n"* xdx = O+I”+2 Lo 2)
n+1 |0 n+1s n+l n+l
(I I n+2
Thay (2) vao (1) tadugc: |, =1 ——"2 < | =] ,+*2 o | =——|
Y( ) ( ) v n+2 n n+1 n+2 n+1 n n+ 1 n+2
2.Tinh I,va I,. Taco | =""21 o ="y knids
n+ n+2
8 ; :
Ig}zﬂlgzig = I mxdx_—ﬁcosx =—
5 53" 15 5 15 o 15
: e :
I6=§I4=§.§I2=Ej'sin2xdx=EJ'—1 COSZXdx 15(x—lsm2xj =15—”
6 6 4 245 245 2 48 2 , 96
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=
.
;.
g
il

sin xdx——cosx|z -

Sty O

3.Tinh I,  Taco: _
27 2
I, = | sin® xdx J.de= lx—lsin2x =—
3 2 2 4 o
4
I2 =§|4
I —EI
+) V&i n chinhay n=2k (keN") . Apdung (*)tadwoc: { ¢ 5 °
2k
2k-2 = ok _1 %
Nhan theo vé cac dang thic ta duoc:
4.6..2k PN 4.6...2k 35.(2k-1) «
2S5 AL N 2k —|2k = k= s~ AL A
3.5..(2k-1) 4 35. (2k-1) 46.2k 4
3
L, ==1,
=2
+)Véinlehay n=2k-1 (keN") . Apdung (*)tadugc: < ° 4°
2k -1
2k-3 :mlzk—l
Nhan theo vé cac dang thic ta duoc:
3.5..(2k-1) 3.5..(2k-1) 2.4..(2k-2)
1:—|2k—1 T A Al 2k—1<:> k1" AL /Al Ay
2.4..(2k-2) 2.4..(2k-2) 3.5...(2k-1)
4. Xét day s6 (u,) chobsi u, =(n+1)1,..1,,, . Tim limu,.
TaCO U _(n+1)|n n+l = (n+1) n+2 n+2 n+1 (n+2)|n+1 n+2 — un-¢-1
A A T T . . T T
Vay u,,,=u, néenu,=u ,=...=u,=21.,= 2'1'Z=E:> n'L’IL“n = nILerE: >

NI

. Voi

In

n+2
n+2 (*)
n+1

dx voi ne N’ 1. Tinh I, .

<
F
=
N
X
@D
—
—
—_—
(@]
=
i)
>
QD
>
o'—.»—\

. |
2. Tim lim L

n—+o |

1 — (1 _ y2\n — 2\l
Tinh | =I(1—X2)n dx. PDat u=(1-x% — du=n.(1-x°)"".(=2x)dx
" dv = dx V=X
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=
.
g.
g
il

Suyra - 2)n_l dx

-l
- 2nJ1.[1—(1— x*)(1- xz)n_1 dx = ZnU(l— X2 )n_1 dx—j.(l— x*) dx} =2n(1,,-1,)

2n
Vay | =2n(l ,—1,)< | *
.yn (n—l n) n 2n+1n1()
Tir (%) taco: | = 2n |- 2n .2n—2 - 2n .2n—2mi|1= 4.6.8...2n L@
2n+1 2n+1 2n-1 2n+1 2n-1 5 5.7.9.(2n+1)
; <\ 2
Mat khac: I, =|(1-x*)dx=| x-— | == (2
. =](1-x) [ 3j0 s @
Thay (2) vio (1) ta duoc: | = — 230820
3.5.7.9.(2n+1)
2. Taco: Inzz—nln_1 n+1=M|n<:>£=M suyra lim -2 I = lim 2n+2
2n+1 2(n+1)+1 I, 2n+3 N>+ In n%+<>°2n+3

T

4
Vidu 3. Xéttich phan I = _[tan” xdx Vi neN”
0

1. Chang minh rang: Imzi—ln 2. Tinh 1, va I,.
n+1
Giai:
, S 1
1. Chting minhrang: I, =——--1,
n+1
i i i
Ta co: IM:jtan”+2 xdx:j[(tan””x+tan”x)—tan”x]dx I[tan X(1+tan® x) - tan”x]dx
0 0 0
% n % 1 n+l %
=Itanzxdx jan xdx = Itan xd tan x I, _fan X n—i—ln
5 COS™ X 5 n+l | n+1
Vay I, = (dpcm)
2. Tinh I, va I.
1 i i :
Ilzj'tanxdx=jﬂdx=—jdcosx=—In|cosx||i=1In2
, 0 5 COS X » COSX 0 2
Ta co: ﬂ .
4 [ = 4-g
I, = | tan® xdx = —1|dx=(tanx—x)[* =——
!.. J.(coszx j ( ) 4
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Ap dung cong thac truy hoi 1, =——-—1
n+1
SIS G SR I VAP AP
4 2 4 (2 2 2
Taco

1 1(1)1(14nj13n
lg==—l,==—| =1, |==-| == 2z
5 5 \3 5 (3 4 ) 15 4

Vidu 4.
nx n-1 _1

1
1. Xét tich phan 1 =If )x( , Voi neN". Chang minhrang: 1, =
Y 1+e

&
2. Xet tich phan 1, = I(S—x)”exdx , voi neN". Chung minh rang: I, =-3"+nl
0

Giai:
1 .nx n-1__
1. Xét tich phan 1, =Ie ax , V&i neN". Chang minh rang: | - 1—In_1
v 1+e n-1
1 .nx 1 (n-1)x le e*+1)dx & (n—l)x1 n-1
Taco 1, +1,, = [0 [0 g @ et
ol+e* ¢ l+e 5 1+¢ 5 n—1|O n-1

i
.
g.
g
il

3
2. Xét tich phan 1, =I(3—x)”e*dx , Voi neN". Ching minhrang: 1, =-3"+nl_,
0

bt {u =(3-x)" . {du =—n(3—x)"tdx

dv =e*dx v=ge"

n-1,x

Khidé I, =(3—x)"e" =-3"+nl_,

Vay |, =-3"+nl_ , (dpcm).

1
Vidu5. Cho I =J.\/1—x.x”dx voi neN". Biét (u,) laddy s cho bsi u, =—" haytinh limu, .
0

n+l

Khi do:

Uz x" du = nx"dx
iai: Da {

=
dv = v1- xdx V=J'\/1—xdx=—§(1—x)\/1—x

1 1 1
I, = —%(1—x)\/1— X.X" +§n.J' (1—x)v1-x.x""dx =%n“\/l—x.x”‘ldx—\/l—x.x”dxj =§n(|n_1 -1,)
0 0 0

2 2n
Vay | ==n(l_,—-1 ) @n+3)Il =2nl , <1 =—I
y n 3 (n—l n) ( )n n-1 n 2n+3 n-1
2n+2 I 2n+2 . . . 2n+2
Suyra |l , = p o= = limu, =liml_, =lim =1
+5 | 2n+5 2n+5

n+1
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VII. DUNG TICH PHAN PE CHUNG MINH PANG THUC Ck

PHUONG PHAP GIAI:

Buéc 1 : Khai trién (1+X)" = C¥x* =C? +Cox+Cx* +...+C)X".
k=0
, , 8 8
Buéc 2 : Ly tich phan hai vé véi can thich hop : J'(1+ x)"dx = J'(Cr? +Cax+CHX +...+C]x" ) dx

b
( Néu mdi hé sb trong dang thire can chang minh ¢ chira b* —a thi ta chon can tich phan la I ).

DAU HIEU NHAN BIET : Céc h¢ sb trong dang thirc can ching minh ¢6 dang phéan s, dong thoi cac mau
SO thuong tang hoac giam di mot don vi.

CAC Vi DU MINH HOA

Vi du 1: V6i neN. Chang minh rang:

2_ 2 3_ 3 n+1_ n+1 n+1_ n+l
1) 8Cf+20 12 CiJr20 12 Cn2+...+20 12 C::Zl 13
3 n+1 n+1
2 3 n+1 n+l
2) 4C2+4—C§+4—Cf+...+ 4 Cr > 1
2 3 n+1 n+1
n+l_
3) c§+lc§+lc§+...+ L C:z2 3
2 3 n+1 n+1
2_ 3_ n+l_ n+1_ n+1
4) 5Cr?+6 1Cﬁ+6 1Cf+...+6 lC:z7 2
3 n+1 n+1
Giai:
2 _ 2 3 _ 3 n+1 _ n+1 n+1 _ n+l
1) 8Cr?+20 12 C§+20 12 Cn2+...+20 12 Cnn=21 13
2 3 n+1 n+1

+) Taco: 1+x)" =C?+Cix+C>x* +...+C'x"
20 20

+) Suy ra: I(l+ x)"dx = J.(Cf +Cax+CIX +...4+Cx" ) dx
12 12

20

n+1
o @1+x)
n+1

20 2 3 n+l
X X X

=| Cx+C!—+C?—+..+C"

- 2 3 n+1

12

n+l n+1 2 2 3 _ 3 n+l n+1
<:>21 13 :BCS+20 12 C§+20 12 Cf+...+20 12 cr
n+1 3 n+1
2 2 3 _ 3 n+l n+1 n+l n+l
Hay 802 + 20712 Cﬁ + 20012 Cf +..+ 20 12 Cl = 21 13 (dpcm).
2 3 n+1 n+1
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2 3 n+l n+l
2) 4C2+4—C§+4—Cf+...+4 Cr:‘z5 L
2 3 n+1 n+1

+) Tacd: (L+x)" =CS+Cix+C2x* +...+CX"

+) Suy ra: j(1+ x)" dx =j(c§ +Cox+CIX* +...+Cx" ) dx
0 0

4

net [ 2 3 n+l
o W7 C2X+C§X—+Cfx—+...+cr:‘ X
n+l | 2 3 n+1 .
n+l 2 3 n+1
o2 1=4C2+4—C§+4—Cn2+...+4 cr
n+1 2 3 n+1
2 3 n+1 n+l
Hay 4C? +4—Crf +4—Cf rot Cl= > (dpcm).
2 3 n+1 n+1
n+l
3) Cf+£C§+le+...+ L Cn"z2 3
2 3 n+1 n+1

+) Tacd: (L+x)"=CJ+Cix+C2x* +...+CX"

+) Suy ra: j(1+ X)" dx =j(c§ +Cox+CIX* +...+CIX" ) dx
0 0

(1+X)n+11 X2 X X e
o ——| =|Cx+C, —+C2—+..+C
n+1 0 2 3 n+1 o
n+1_
2 1=CS+EC§+EC§+...+LCQ1
n+1 2 3 n+1
n+1_
Hay CS+EC§+EC5+...+ 1 Cn”z2 ! (dpem).
2 3 n+1 n+1
2 3 n+l n+l n+l
4) 5Cf+6 _1C§+6 _1Cf+...+6 _1Cr:‘=7 ~2
3 n+1 n+1

+) Tacd: (L+x)"=CJ+Cix+C2x* +...+CX"
6 6

+) Suy ra: J'(1+x)”dx=J'(C§+C§x+Cn2x2+...+Cn”x”)dx
1 1

6 6

n+1 2 3 n+l
PG Vi CSX+C§X—+C5X—+...+C: X
n+l | 2 3 n+1 )
n+l_ n+1 2_ 3_ n+1_
!=5Cr?+6 1Cr11+6 1Cf+...+6 1Cr:‘
n+1 2 3 n+1
2_ 3_ n+1_ n+1_ n+1
Hay 5Cf+6 1C§+6 1Cn2+...+6 1Cn”z7 2 (dpem).
3 n+1 n+1
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. L A . p A p 221, 221, 21
Vidu2 (B-2003) Cho n laso nguyén duong. Tinh tong: C/ + > C, + 3 Co+..+

Giai:
+) Tachd: (L+x)"=CJ+Cix+C2x* +...+CX"

+) Suy ra: JZ.(1+ X)" dx =J2.(Cf +Cox+CIX* +...+Cx" ) dx
1 1

(1+X)n+12 X2 ¥ KL 2
o — = CIX+C =—+C>=—+..+C
n+1 ) 2 3 n+1 )
N+l on+l 2 3 _ n+l _
<:>3 2 =Cr?+2 1Cr11+2 1Cf ...+2 1C:
n+1 2 3 n+1
Vﬁy CO+22 _1Cl+23 _1C2+ +2n+1_1cn:3n+1_2n+1
' " S L T, n+1
. Vi du 3 :Véi neN. Chang minh rang:
e 1) cf—ic;+lc§—lc§+...+(‘l) c::i
: 2 3 4 n+1 n+1
= 1 1 1 1 27" _1
2)=C; +=C3 +=C3 +..+—CI'=—— (A-2007
g )2 mogT o 2n " 2n+1 ( )
3) C§n+lC§n+lC;‘n+...+ 1 Cl= 4
3 5 2n+1 2n+1

Giai:

nei-terilerteny (e 1
2 3 4 n+1 n+1
+) Tachd: (1-x)"=C? —Cix+C2x* -C3x* +...+(-1)"C'x"
1 1
+) Suyra: I(l—x)”dx:I(Cf —Cix+C2x* -C3x° +...+(—1)”Cn”x”)dx
0 0

1

n+11 2 3 4 il
n+1 0 2 3 4 n+1 .
o ct-teriletor e
n+1 2 3 4 n+1
Hay CS—EC§+EC5—EC§+...+(_1) Ch= 1 (dpcm).
2 3 4 n+1 n+1
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2n _
2) lc;n JrlCSn +£C§’n +...+LC§;“1 _2 -1
2n+1

2 4 6 2n
@L+x)" =Cj, +CyX+C7 X2 +C X° +...+CHX" 4+ Cx™ (D)

(1-x)"=C) —Cy x+C2 x*=C2 x> +...=CX "+ C2'x*"  (2)

(A - 2007)

+) Ta cé: {

+) Lay (1) - (2) ta duoc: (1+X)™" = (1-x)*" = 2(C5,x+C5,x° + C5x° +...+ Coix*"™)

- (1+Xx)*" = (1—x)*"

_r1 3 3 5 5 2n-1,,2n-1
) =C, x+C, x*+C; x* +...+C; 7%

1 2n 1 y\2n 1
+) Suy ra: j %) > =07 4 = I(anx +Co X+ Copx .+ Co XM X
0 0

1 1

l (1+ X)2n+1 + (1_ X)2n+1
2 2n+1

2 4 6 2n
= C;nX—+C§nX—+C§nX—+...+C§n"‘1 X
2 4 6 2n

|0 0

2n
PN ;n+1C§n+1C§n+...+iC§:‘l
2n+1 2 4 6 2n

2n _
Hay %Cén +%C§n +%C§n +...+LC§;“1 _2 -1 (dpcm).

2n 2n+1
3) C§n+%C§n+%C§n+...+2 1 1C22r:‘ = 24 .
n+ n+

+) Tacd: (L+x)*" =Cy +C; x+CZx* +..+C2Ix*"

1 1
+) Suy ra: I(1+ X)2"dx = J.(Cfn +C X+ Cox% 4.+ CIIX" ) dx
] e

2n+1 |t 2 3 2n+1
(Con.Y i CSHX+C;nX—+C§nX—+...+C§n"X—
2n+1 | 2 3 2n+1)
2n+l
o2 =2C§n+EC§n+ZC§n+...+ 2 ca
2n+1 3 5 2n+1
1 1 1 4"
Hay C? +=C2 +=C +..+——C* =——— (dpcm).
y 2n 3 2n 5 2n 2n+1 2n 2n+1 ( p )
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VIIl. KINH NGHIEM GIAIl BAI TOAN TICH PHAN DAl HQC

Qua 7 phin chiing ta dugc tim hiéu & trén, cac em s& nhan thay trong tich phan ta cé trong tay hai céng cu chinh
dé giai quyét 1a DOl BIEN va TICH PHAN TUNG PHAN cting mét vai ki thuat dé lam cho hai cong cu trén
phét huy tac dung nhu: Tach tich phan (dung phwong phap dong nhét hé s6, thém bat...), ki thuat nhan, chia
dudi dau tich phan, ki thuat vi phan, ding cac cong thie dé bién doi (cong thirc lwong giéc, hing dang
thirc...), st dung tich phan lién két ( quan sat dé tim tich phan lién két, sir dung can dé doi bién, st dung cac
dang thirc va tinh chin lé ciia ham s6...). Vi vay ching ta c6 thé tong két lai nhu sau :

Khi dirng trwgc mét bai toén tich phan cac em sé c6 nhitng huwéng di -

TH1: Néu dudi dau tich phan c6 cin
+) Huéng tu duy 1: Pat t bang cin ( d4 dang cho tat ca cac dé thi Pai Hoc — Cao Pang tir 2002 — 2013).

Néu khdng on hay chuyén sang:

i
+) Huéng tu duy thir 2: Véi tich phan | =J' f (vVax? +bx+c)dx ma vax®+bx+c tabién ddi vé dang:

a

*) Jm? —u? thi dat u =msint (u=mcost) *) yu*—m? thi def1tu=l (u=i)

cost sint
*) JJu®+m?® thi dit u=mtant (u=mcott) *) Ju—u® thidat u=sin’t (u=cos’t)

m+ x
mF X

B
Vi tich phan | =I f[ de thi dat x =mcos2t.

B
CHU Y: Vi tich phéan ¢6 dang j thi ta ¢ thé khéng ding toi phuong phép trén. Cu thé ta bién doi:

dx
Vx?+k
Lodx § (x+32k)dx  2d(x+vx%£k) —|B

[ - - =|n(x+M>\ -

UK L (kA KOV 2K % (x+/xE £K) a
Néu van chua 6n hay chuyén sang :
+) Huéng tu duy thir 3: Nhan véi lugng lién hop tuong tng rdi quay vé 2 hudng tu duy dau.
TH2 : Néu dudi dau tich phan c6 ham luong giac va ham mii c6 dang sinu va e ma u = ax+b (nghia 14
u khong la ham bac nhat hozc bac khong ) thi diéu dau tién 1a dit t =u . Sau d6 quay vé TH1 hozc TH3.
TH3: Néu dudi dau tich phan xuat hién hai trong bon ham: log, da thuc ( ké ca phan thic), luong giac va mi
lién hé vai nhau boi phép nhan thi di theo :
+) Huéng tu duy 1:Str dung tich phan tirng phan theo thir ty uu tién “u—dv” 1a :
“log — da thirc — lugng giac - ma”

b b
(nghia 1 anh nao dung trude trong tha tyu thiy néu thi dat 13 u con anh dung sau 1a dv: Iudv = uv|2 —I vdu)
( Cac em c6 thé ¢6 cach nhé “hai husc” theo thar ty “u—dv” Ia: “nhét log, nhi da, tam lugng, tir mi”
Néu van chua 6n thi chuyén sang:
+) Hudng tu duy 2: Sir dung ki thuat vi phan (du=u'dx (**)) va doi bién
Néu st dung (**) :
+) theo chiéu thuan (tir Trai — Phai): c4c em phai di tinh dao PAO HAM.
+) theo chiéu nghich (tir Phai — Trai): c4c em phai di tinh NGUYEN HAM.
Céc em ¢6 thé nhé theo cach sau : “dwa vao vi phan thi tinh NGUYEN HAM, dua ra thi tinh DAO HAM”.
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B
TH4: Néu duéi dau tich phan c6 dang hitu ti: 1= j_f (x) dx

5 9(x)

+) Hudng tu duy 1: Néu bac f (x) lon hon hoac bang bac g(x) . Thi thuc hién phép chia chuyén 1 vé dang:

J.{h(X)-i- r((x))de J'h(x)dx+J. (())dx—l +1, . Véi I, tinh don gian va tinh 1, s& chuyén sang:

a

+) Huéng tu duy 2: Néu bac cia f (x) nho hon bac g(x) thi hay di theo thr ty:

f_ A :>|=Af dx

*) Huéng tu duy 2.1: Néu =Aln|ax+b|‘ﬂ=’)
a a

g(x) ~ax+b *ax+b
. . B Ak (ax? +bx+c) '+
) Hudng tur duy 2.2 Néu 00 = AXFBiicn adi =] Ax+B -[ ( : ) dx
g(x) ax‘+bx+c s ax“+bx+c ax“+bx+c
=|(J‘d(ax +bx+c) Ij dx —kln‘ ﬂ+|.|3
ax’ +bx+c ax” +bx+c P
L dx : .
va di tinh |3=_[2— bang cach chuyén sang Hudng tu duy 2.3:
ax” +bx+c
]
*) Huéng tu duy 2.3: Néu 00— A :IzAjZL thi:
g(x) ax“+bx+c ©ax® +bx+c
B B B
*%) Khanang 1: 1= Af dx __A j( t 1 jdx:Llnﬂﬁsz
2 AX=X)(X=%) a0 —X) (X=X X=X al,—x%) |X-X|a
**) Kha nang 2: I—Aj A |ﬂ
a(x x) a(x x)|
AL dx \ dx = _ k(@ tan?tydt
**) Kha nang 3: | =—j— thi dat x+x, =ktant= cos“t

2 2

2, (Xr%) Tk (x+%)? +K? = k?(L+ tan’t)
By 2 By _

AJ‘ k(1+tan“t) it A jdt= A(S,—a,)|B

= = )
a, k’(l+tan’t)  ka, ka

o

*) Hudng tu duy 2.4: Néu g(x) cd bac lén hon 2 thi tim cach dua vé 3 huéng tu duy 2.1, 2.2, 2.3 bang cac

ki thuat: +) Do bién hoic tach ghép, nhan, chia dé giam bic.
+) Dong nhat hé s6 theo thuat toén:
f(x) _ A A, A, N B,x+C, . B,x+C, - Bhx+C,
(ax+b)"(cx* +dx+e)" (ax+b) (ax+b)’ (ax+b)"  (cx®+dx+e) (cx®+dx+e)’ (cx* +dx +e)"

Sau d6 quy dong bé mau sé rdi dang tinh chat “hai da thirc bang nhau khi cac hé sé twong @ng bang nhau”
tir d6 ta s& tim dugc cac A,B;,C; (i=1m; j=1n) hoac cd thé dung cach chon x détim cac A,B;,C
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H5: Néu dudi dau tich phan c6 dang lugng giac: | = | f (sinx,cos x)dx thi:

R ™

B
+) Huéng tu duy 1: Néu | = jsinm x.cos" xdx (m,n e Z) thi dwa vao tinh chan, Ié && doi bién.Cuy thé:

*) Néu m,n khac tinh chin I¢ thi cac em s& dat t theo anh mang mii chin. Cu thé :
**) m chan, n ¢ thi dit t =sinx **) m I&, n chan thi dit t = cosx
*) Néu m,n cung tinh chin lé. Cy thé :
**) m,n déu le thi dat t =sin x hoac t=cosx (kinh nghiém la nén dat theo anh mang mii 16n hon).
**¥) m,n déu chan thi dat t =tan X (hodc t =cotx) hoac dung cong thirc ha béc, bién doi luong giac.
B
+) Huéng tu duy 2 : Néu | =J' f (sin x).cosxdx thi dat t =sinx
B
va | =J' f (cos x).sin xdx thi dat t =cosx

h(x)

+) Hudng tu duy 3: Néu f (sin x,cosx) =
g(x)

trong d6 h(x), g(x) chaa cac ham lugng giac thi:

*) Hudéng tu duy 3.1 : Y nghi dau tién hdy tinh g'(x) va néu phén tich duoc h(x) = u.g(x) +1(g(x)).g '(x)
B B B
thi khi do |=judx+jr(g(x)).g'(x)dx= l,+1, vatinh Izzjr(g(x)).g'(x)dx bang cac ddi bién: t = g(x)

( Huéng tu duy nay co6 thé 4p dung véi h(x), g(x) chtra cac ham khac nhu loga, da thiic, mi...)
Néu viéc phan tich h(x) gap khé khin ta chuyén téi viéc 1am “thu cong” qua Hudng tu duy 3.2

*) Hudng tu duy 3.2: Néu h(x), g(x) 1a cac ham bac nhat theo sin x va cosx thi dung phuong phap
ddng nhat hé s6. Cy thé :

- h(x) _ asinx+bcos x :Acsin x+dcosx+Bccosx—d sinx'

g(x) csinx+dcosx csinx+dcosx csinx+d cosx

]iccosx—dsinx

csinx +d cos x

a

Khi do:

i i :
dx =Ajdx+BId(CSInX+dCOSX) =(A.x+BIn|csinx+d cosx|)

csin x+d cos x

f B
I=AJ.dx+B _?

h(x) asinx+bcosx+e csinx+dcosx+h ccos x—dsinx 1
g(x) csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h csinx+dcosx+h

dx
csinx+dcosx+h

bang hai cach:

s
Khi d6: | =(Ax+BIn|csinx+d cosx+h|)‘ﬁ+C.I3 vatatinh I, =_[

C1: Duing cong thic bién ddi lwong giac dé chuyén vé céc cong thire lugng giac trong bang nguyén ham .
Néu khdng on hay chuyén sang :

2 2 2

X 2t . . X
C2: E)att:tan—:dx:i va sinx = COSX = t Sau d6 quay vé TH4
2 1+t 1+t 1+t
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f (cot x)

B
*) Hudng tu duy 3.3: Néu I—jf(tanx)dx (hoac I—j

2 cos’

dx) thidat t=tanx (hodc t=cotx)

f (tan x).dx
asin? x+bsin xcos X + ¢ cos? x

f (cot x).dx

(hoicl = | — . :
asin® x+bsin xcos X + € cos- X

B
Véi truong hop hay gap : | =_[

a

R ™

B
f (tanx) dx saudo dat t=tanx = dt =% = [

= | ——=—udt
cos’ x(atan® x+btan x +c) cos” X 5 at’+bt+c

B
thi bién ddi: | =j

Sau d6 quay vé TH4
B dt = (cos X ¥ sin x)dx
*) Huéng tu duy 3.4: Néu Iz_[f(sinxircosx;sin xcos x)dx dat t=sinxtcosx =1 t2 -1

a

Sau d6 quay vé TH4

TH6: Khi gap tich phan chi chira ham log hoac chi chira hdm mi thi ta ¢d c&c hudng di sau :

. % f(Inu)

*) Hudng tu duy 1: Néu c6 dang 1 = j—dx thi datt=1Inu

) u

(hoac dat t = g(Inu) nghia la dat t bang mot ham theo Inu ).
Néu dusi dau tich phan c6 mit log, u thi cac em nén chuyén vé Inu bang cong thic : log, u Z:n_u .
na

b

*) Hudng tu duy 2: Néu c6 dang | = j f(e*)dx thi dat t=e* (hodc t bing mot ham theo e*).

a

=
.
g.
g
il

TH7: Néu dudi dau tich phan cé dau tri tuyét doi | = J.| f (x)|dx thi tim céch pha tri tuyét d6i bang cach di

xétdau cua f(x) trong doan [a; B]. Cu thé:
B1: Giai phuong trinh f(x) =0=> x =? va chon cic x, €[a; ] rdi chuyén sang:
& + x!. _ =
B2: Lap bang xét dau: (Gia sir ta bang xét dau: — ' L)

99)
w

B 7 B
B3: Ta dua vao cong thac j f (X)dx = j f (X)dx + j f(x)dx (o <y < B) dé tach :

| = j | (x)Jdx = j | (x)fdx + j | (x)Jdx = j f (X)dx — j f (x)dx . Sau d6 chuyén vé& sau TH dau.

THS: Khi bai toan yéu cau tlnh dién tich hinh phing hoac thé tich vat thé tao ra khi quay hinh phang qua
truc Ox, Oy thi cac em can nhé kién thuc sau:
Hinh phang giéi han boi cac duong :

y = f(x) S=j|f(x)—g(x)|dx (2%) S=j|f(x)|dx
y=9(x) =< " -5 0, (néu y =g(x)=0)
x=a; x=b>a |V, =x[|f?2()-g’(W|dx (3 Vo =x]F*()dx

Néu khdng dua vao hinh v& va can pha tri tuyét d6i thi chuyén vé TH6 .
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