UNG DUNG PAO HAM PE CHUNG MINH BAT PANG THUC
( trong dé thi va thi thu dai hoc)

Bai viét duoc chia 1a cac phan nho sau :

Phan 1: Khai quat 3 cau bat ding thitc trong dé thi nim 2013

Phan 2: Cac bai toan 2 biét déi xting va khong déi xtng

Phan 3: Cac bai toan 3 bién déi xtng 2 bién, 3 bién dén v& 1 bién rdi sir dung dao
ham — cac bai toan tong hop, UCT

Bay gio minh xin bat dau voi mot sé vi du sau :
VD1: Cho a,b,ce[13],a* +b® +c* =14.

Tim GTLN cua p :(1—2)(2+§)

VD2: Cho a,b>0 va a+180* =a” +16b°

Tim GTNN cia P =a+b+%

a

VD3: Cho a,b,c>0 va a* +b* +c* =3



Chting minh rang : (ab)® + (bc)® + (ca)® <3
VD4: Cho a,b,c>0va a? +b?+c? =1

1 1 1

Tim GTLN cua P = + +
l1-ab 1-bc 1-ac

Hai vi du dau tién dugc ldy tir dé thi thir caa trang web www.onluyentoan.vn va hai
bai sau 1a nhiing bat dang thuc hét sirc quen thudc. Ching ta hay thdi ban vé do kho
cua tirng bai ma c4c can quan tam 1a hirng tha cia moi nguoi khi bt tay vao giai
quyét chiing. Va phan 16n ngudi ta sé thay himg tha hon khi 1am VD3 va VD4 hon 13
hai bai dau, don gian d6 13 nhitng bai toan duoc phat biéu don gian, cac bién ddi
xang nhau, con & VD2 tham chi ta con khéng tim dugc ngay dang thic xay ra khi
nao ???

Phan | : Ching ta hiy diém lai 3 cau trong d& thi 2013, trudc hét 1a d& khdi A

VD5: Cho a,b,c >0, va (a+c)(b+c)=4c

32a° 32b® Ja? +b?

Tim GTNN cua P = —+ T
(b+3c)®” (a+3c) c

Bai lam:
Nhin qua biéu thuc va gia thiét thay day 1a biéu thie ddi xang giita a,b nén c6 2
huéng di, s& don vé theo ¢ hoic st dung bat dang thire ¢b dién, du doan ludn dang
thac khi a=b=c

Thay biéu thirc va gia thiét ddng bac nén néu ta chia ca tir va mau cho ¢, dat
a_ x,E =y ta s& duoc biéu thirc 2 bién ddi ximg , khi d6 bai toan co vé don gian di
C C

kh& nhiéu. Ta bat tay vao lam
T gia thiét :>(%+1)(g+1)=4:> X+y+xy=3

32x° 32y° SR
= =+ ==X 4y
(y+3)° (x+3

3
Ap dun u3+v32(u+v) P28L+L3_,/x2+ 2
p dung 4 = (y+3 x+3) y

Va P

Nhan thdy x,y nén khi ta dit {S

_ $S+Q=3
X+ythi { +Q
Q=xy

P>(S-1)°-+/S?+25-6



Bay gio ta chi can di tim mién gia tri caa S rdi khao sat ham sé da cho

, 2
Tur gia thiét, ap dung AM-GM ta ¢ 3=x+y+xy < x+ y+%:>8 =X+y>2

Khao sét f(S) trén [2,+w) ta co dugc f(S)> f(2)=1-V2=P>1-2
Dang thie xay rakhi a=b=c>0

Cung y tudng trén ta c6 thé ¢ nhidu bai toan tuong ty trén nhu sau :
VDe6:

Cho a,b,c >0Vva a? +b* +6¢c? = 4c(a+b)

a b® Ja? +b?

+ +
b(a+c)* a(b+c)’ c

Tim GTNN cta P =
Bai lam:

Y tuéng khong co gi khac, P, = % <a=b=c>0

VD7

Cho a,b,ce[1,2].

(a+b)?

Tim GTNN cia P =—;
c” +4(ab+bc+ca)

Bai lam
=2
a=b=1

(@]

Truéc hét ta dy doan P, = % @{ do a,b ddi xang va mau sb co dai luong c,

. 14 ;{ - 2 9 pY 7\/ ~ a.
khi d6 néu chia ca tir va mau cho c, dat — =x,

C

2

_ (x+y) ,x,ye[l,Z}
1+4(X+y+Xy) 2

b
—=y
C

Do d6 ta chi can chiing minh 6(x -+ y)® >1+4(xy + X+ Y)
Vi dang thic xay ra khi x =y =% nén ta ¢ thé nhom dé dang nhu sau

2(X+Y)2 +2>4(X+Y) = 2(x+y)* +3>4(x+y) +1



Do d6 chi can chiing minh 6(x+ y)? +8xy > 2(x + y)* + 3, ludn dung do x,y 2%

VDS: bé B-2013

4 9

Cho a,b,c>0. Tim GTLN cua P = _
Ja? 1b2+c2+4 (a+b)f(a+2c)(b+2c)

Bai 1am : St dung AM-GM ta ¢6 duoC P < 4 %
ﬂa+b+®2 2(a+b+c)”
BB LR /A
3 3
14 2
bén day khao sat f (t),t = @+D+) 4 o dpcm

Nhitng bai toan kiéu thé ta s& xét & phan sau
VD9: bé D-2013

Cho x,y>0théamén xy<y-1

TimGTLN ciia p=— XY _ X=2y
JX2—xy+3y*  6(x+y)
Bai lam

Nhan thdy P 1a biéu thie ddng bac va khi nhin P ta ciing khé c6 thé dung bat dang
thire gi dé danh gia duoc, cling kho du doan ludn dang thic xay ra

P g 1 -2
Chiacatrvamiucho y,dat t===P= L t

y Je_t+3 6(t+1)

Bay gio str dung gia thiét tim mién gié tri caa t roi khao sat ham sb

<

Ap dung AM-GM taco xy<y-1= %—%s%:te(o,ﬂ

< | <

Pang thic xay ra khi y =2
Dén day bai toan di dan duoc giai quyét, cong viéc chi 1a khao sat ham sd f (t) trén
1
0,~
%]
Mot s6 vi du twong tu sau :

VD10: Cho x,y >0va 2y*(11x* +1) =8x* +6y* +1



Tim GTNN cua P =

X’y
O + Y2 (4XE + Y2 +)
Bai lam

Y tudng ddng bac, sir dung gia thiét dé tim mién gia tri coa t = 2
y

Tur gia thiét ta o 2y?(11x% +1) =8x* + 6y* +1= 8t* — 22t° +6=%—i4 <1l= % <t sg
y°-y
15
t2 a€|:z,5i|
Xét P=f(t)= ,dattP =a=
(2 + (VA +1+2) f(t)= f(a) = a
(a+D)(W4a% +1+1)
Khao sat ta ¢c6 duoc f(t)= f(a)> Ji_l
_1
bang thtrc xay ra khi 2
y=1
VD11:

Cho a,b>0 va a* +3b* +1=Db(3a+2)

a+2b 2a’ + ab +8b?

Ja2 13 2ab+b?

Tim GTNN cua P =

VD12
Cho a,b>0va a>ab+1

Tim GTLN cua p= 20

a’ +b?
Nhu di thay ca 3 bai thi PH nam vira roi déu cé thé xir li theo 1 phwong phép chung,
danh gia dua vé 1 bién, tim mién gia tri rdi khao sat ham sé tim cuyc tri, va day ciing
1a xu huéng ra dé thi thir ciia cac truong, ciing nhu dé thi that hang nam, ngoai viéc
dung céc bat dang thic AM-GM, Cauchy-Schwarzt dé danh gia cac bién, ching ta
cling can sir dung 1 ¢éng cu rat hitu hiéu trong chuong trinh THPT, d6 chinh 1a dao
ham, va day ciling 1 con dudng chinh trong 1oi giai ¢ cac vi du trong bai viét.



Phan 11 : Cac bai toan 2 bién ddi ximg va khong ddi xing
O cac bai toan 2 bién ddi xtng, ta c6 phuong phap dung nhiéu d6 1a dua vé dang

S=x+ , As o, A A A . 2 , A L2 X A
{ o ny , do tinh d0i Xtmg nén ta ludn luén dua biéu thic ve dang biéu dién nhu the

Dén ngay véi dé khdi D-2012
VD12: Cho x,y >0 va (x—4)* +(y—4)* +2xy <32
Tim GTNN cua A=x®+y® +3(xy -D)(x+y-1)
Bai lam
Tt gia thiét = (x+y)? —8(x+y) <0=> x+y <8
Nhan thdy A khong thé dat GTNN tai tim x =y = 4, ta viét lai nhu sau

A=(x+Y)?-3(x+Yy)-3xy+3

- 2 2
Ap dung AM-GM ta cé 3xygw: A= (x+Y) —3(x+ y)_—3(xz ) . 3

2
DPén day moi chuyén da ro, dat t=x+y=1te(0,8] = A> f(t) =t° —3t—3%+3

Pang thac xay rakhi x=y =...
VD13:

Cho x,y >0 thoa man 3xy=x+y+1.

Tim GTLNcia A=—% 3 1 1
y(x+1) x(y+1) x* y?
Bai lam

Ta du doan dang thirc xay ra khi x=y=1
Khi gap nhitng bai toan nay, khi doc xong gia thiét ta suy ra ludn diéu kién caa s, P
Taco 3xy=x+y+1> 2\/@+1:xy21, hién nhién x+y>2

Bay gio ta s& dua biéu thic vé dang ham sb chira bién P (hoic ), st dung gia thiét,

quy dong ta dugc A= SEP_l = f(P)

> =




Tir do6 ta c6 dugc A= f(P)<1

Pang thac xay ra khi x=y=1

VD14: Cho x,y >0 thoa man X%: Xyt 4

1 1 3-2xy
+ +
1+2x 1+2y 5-x—y?

Tim GTNN cua A=
Bai lam
Déi xang 2 bién, tir gia thiét ta c6 Sy y'+4z22xy  +4=xy=P<1
Xy

Dy dodn luén P, =1 x=y=1

Pén day ta c6 thé quy dong , dwa vé dang tong tich, tir gia thiét ta c6
4 4 6 4 24,2 2 2 6
X'+y +4d=—S (X+Yy) —6Xy —4xy(X" +y°)+4=—
Xy Xy

Pi dua duoc dang tong tich nhung néu thé S theo P hay nguoc lai ta s& duoc 1 biéu
thac rat cong kénh, vi thé ta phai s dung cac bat dang thac phu dé 1am don gian
biéu thirc da cho. Ta c6 bat dang thirc quen thudc sau
1 1 2
>

>+ > = véi UV >1
1+U 1+V 1+UV

1 1 < 2

- +——< V6i UV <1
1+U° 1+V° 14UV

Hoic

Khi d6 ta c6 2 troeong hop sau :

THL: P=xye [%1} khi d6 \Zx2y >1

1 2 2
> > =

r 14 2 A 1
Ap dung bat dang thic trén > >
P dung g :>1+2x+1+2y 1+2,fxy 3

Z%Q(X—y)2+4(1—xy)20 :>P2§+%:1

3—2xy
5_X2 _yZ

Va

1 + >1=>P>1

1+2x 1+2y

TH2: P=xye (0,%) =



Két hop lai taduoc P, =1 x=y=1

Tré lai voi bat dang thtc phu trén, d6 1a phat biéu kha don gian nhung rat hay va
quan trong trong nhitng bai dbi xing 2 bién, tham chi 3 bién c6 dang phan thirc nhu
trén. Ta c6 1 s6 vi du &p dung sau :

VD15: Cho a,b,ce[19],a>ba>c

TimGTNNcia p=_—2 . 8 . ¢
a+2b b+c c+a

VD16: PH Vinh 1an 2-2013

Cho x,y >0 thoa mén 3xy+3=x“+y4+£
Xy

16

TimGTLN cta P=x’y* + ————
2 2
X +y +2

VD17: Cho x,y >0 thoa MaN x* +y* + = = xy +2
Xy

Tim GTNN cua P =

2 3
2 T 2
1+x° 1+y° 1+2xy

Xét dén dang toan khéc sau :

VD18: :
Cho x,yeR va x+y=2Jx—2+.Jy+1+1

Tim GTNN va GTLN ciia P = X(x— y)+ ¥ (y— x) + 2L
2 2 JX+Y
Bai lam
2

Jx+y
2

AL ey 2 Ao YT As 112 x t
Bay gio chi can tim mién gia tri cua t = x+y 161 khao sat f(t):5+

2
Vidt p= XEY) |

NG
Str dung Cauchy-Schwarzt ta ¢
X + y—1:2a\/x—2+a/y+1£\,/(22 +12)(x—2+y+1) =1<t=x+y<6

I:)min = g < (X’ y) = (2’_1)

Khao sat ham sd ta duoc 5
P =18+— < (x,¥)=(6,0)

NG

VD19: Cho a,beR va a+b-1=+2a-4 ++b+1




Tim GTLN va GTNN ctia P=(a+b)>-yJ9-a—b+

1
Ja+b
Bai lam
Ta can tim mién gi4 tri cia t=a+b
Ap dung Cauchy-Schwarzt ta c6
a+b-1=v2a-4+<¢b+1=v2Ja-2+b+1< Ba+b-1) =1<t=a+b<4
Khéo sat ham s ...evvveeee....
VD20:
Cho x,y>0,x* +y* =2

. 3
Ching minh rang P=X—2+ 9y >4

yo  X+2y

Bai lam
2
Ap dung Cauchy-Schwarzt ta co P [X+(x+2y)]= (X7 +3y)°

2-y?

., X2
LalcO —+3y=
y

X+ (X+2y) = 2(x+y) <22(x* +y?) = 4

Viy ta c6 dpcm, dang thic xay ra khi x=y =1

+3y=2(y+1)24
y

Cach 2: Bat dang thtc twong duong x*(x+2y) +9y* > 4y®(x + 2y)

Ta s& tao ra bat dang thire dudi dang dong bac, hay viét lai thanh
XX (X+2y) +9y* > 2y*(x + 2y)«/2(x2 +v?)

Dit t = X = (t—1)2(t° + 6t° +14t* +12t> + 43t + 66t + 49) >
y

Vay ta cling c6 dpcm

R6 rang céach s 2 khdng hay va tu nhién bang cach s6 1 ©
Ta c6 1 s vi du &p dung sau:

VD21:PH Vinh lan 4-2013

Cho a,b>0,a” +2b=12.

TimGTNNcua p=4 4+ 4,5
a® b* 8(a-b)



VD22: Cho a,b>0,a+2b=ab

a’ b?
+
8b+4 a+1

Tim GTNN cua P =

VD23:

Cho x,y e R,2x+y=4Jx+1+2,/2y +8

Tim GTLNva GTNN cua P=2x+y-16

Két thdc phan 2, ta dén vai phan 3, phan quan trong nhat, trudc hét xét 1 s6 vi du sau
VD24: Cho a,b,c>0,a*+b*+c* =1

Tim GTLN cta P = (1+2a)(1+bc)

VD25: Cho a,b,ce[L4],a+b+2c=8

Tim GTLN cua P =a® +b® +5¢°

Bai lam: Nhin 2 vi du trén, ta it ngay duoc nhan xét: ¢ 2 bién c6 vai trd nhu nhau (
va du doan cuc trj dat duoc khi 2 bién d6 bang nhau ) trong gia thiét va biéu thuec,
dung nhu tiéu chi cta phuong phap dao ham, ta sé tim cach dua biéu thirc vé dang
ham sb caa bién con lai roi tién hanh khao sét

Véi vi du 24, chi can ap dung AM-GM ta c6

2 2 2
P = (1+2a)(1+bc) < (1+ 2a)(1+ > ZC ):(1+2a)(1+1_4a ) = f(a)
2
Khao sat véi ae(0,1) tacod f'(a) =w =0 a= “/i_l
Lap bang bién thién ta dugc P < f(a) < f(\/i_l) =...
\37-1

7 6

bang thtrc xay ra khi b=c

a?+b?+c?=1

O vi du 25, dy doanP,, =137 < (a,b,c) = (1,1,3), Va ta s& dwa vé dang P < f ()



Xtr 1i dai lugng a® +b® nhu sau P = (a+b)® —3ab(a+b) +2¢® = (8—2c) —3ab(8 — 2c) + 5¢°

Pén day ta khong thé danh gia ab < vi khi d6

(a+hb)®> (8—2c)
R

2 9
P> (8- 2c) _@(8_ 26) +5¢°, khong thé tim duoc GTLN

Déy (a-1)(b-1)=0=>ab>a+b-1=-3ab<-3(@+b-1)

= P < (8-2¢)* —3(7—2c)(8—2¢c) +5¢° = f(c)

T gia thiét ta c6 c e[1,3], khao sat ta dugc f(c) < f(3) =137 = P <137
Pang thuc xay rakhi a=b=1c=3

VD26

Cho a,b,c >0 va abc =1.

1 1 2

Tim GTNN cua P = + +
2a+1 2b+1 (2c+1)v6Cc+3

Bai lam

Nhin P dbi xtng a,b nén ta sé viét dudi dang P> f(c)

1 1

Thay dai luong quen thudc + nén néu
y e ng g T 14U?  14V?2
ab>t2a2h>1m - 1 .2 e ¢
4 2a+l 2b+1 2Jab +1 2+J‘ 2c+1

Khi d6 P> >8<:>(c 1Y(6c—33) <0, ludn ding

20 1 (2c +1)\/6c +3
Bay gio ta can xét ndt truong hop ab s%

1 8
>1>—
a+1 2b+1 9

Khi d6 dé thay

Vay P =§<:>a=b=c=1



Trong nhitng bai todn 3 bién ¢6 2 bién bang nhau, céng viéc 1a dén vé bién con lai, va
khi @6 viéc st dung cac bt dang thuc phu dé danh gia 1a 1 viéc rat quan trong, gidp
ta don bién nhanh hon va hiéu qua hon. Chung ta dén vai vi du tiép sau

VD27

Cho x,y,z ZO,W+J1+2y +1+2z =5
Tim GTLN cia P=2x®+y*+7°
Bai lam
Ta s& dung bat dang thirc phu sau VI+a++1+b>1+1+a+b

Pang thie xay ra khi ab=0

Khi d6 \1+2y ++1+2z >1+,[1+2y + 2z, dang thic xay ra khi yz=0

= 5= V1+X2 + 1+ 2y +1+22 21+ 142y + 27 + 1+ X2 > 2+ 1+ X* + 2y + 22
= x> +2(y+12)<8
O trén ta dd sur dung diéu kién yz =0 nén khi d6 y* +2° = (y + z)°

_ 2
Xét P:2x3+y3+23£2x3+(y+z)3§2x3+(87)()3= f (X)

Khao sat ham sb véi x e[o,zﬁ] = f(x)< f(0)=64= P <64

Pang thic xay ra khi (x, y,z) =(0,4,0) = (0,0,4)

R rang vi du 27 khé hon 2 vi du dau vi phai st dung bat dang thirc phu kha hay va
du doan ludn dugc dang thic xay ra khi nao ?

VD28: Chuyén Vinh Phiic 1an 1-2013

Cho x,y,zeR,x* +y* +7° =3
TimGTLN cua P = 1/3x2 +7y + By +52 +/3x% + 72
Bai lam

Céach 1: Trudc hét ta van sé tim cach dua vé dang P < f(x)



Ap dung AM-GM ta c6 ngay
2 2 2 2 2 2
PssJGX +1§(y+z) S3\/6x +122(y7 + 27) :3\/6x +126-2¢ _, o

3 3

Cach 2: Viét P< f(t) Vi t=y+z
Ap dung AM-GM ta c6

P <./5(y+2) +24w = 5(y +z2 +\/14(y+ z)+2[18—6(y2 + 22)]

(y+2)
2

2
Laicd y* +2z° > nén viet theo t ta cé

P < f(t) =Bt +—6t> +14t +36,0 <t =y +7 < 2(y? +2%) <\[20¢ + y* +2%) =[6

5 7 -6t

+
2t J-6t? +14t + 36

= f'(t) = =0=t=2

Lap bang bién thién = f(t) < f(2) =310 = P <310
Ding thic xay ra khi (x,y,z) = (1,1,1) = (-1,1,)
VD29: Ngu

Cho a,b,c >0,a® +b® =c(c-1)

a’ +b? +¢c?

Tim GTNN va GTLN cua P =
(a+b+c)’

Mot s6 bai toan déi xtng 3 bién str dung dao ham
VD30: Pé Toan hoc tudi tré

Cho a,b,c EE’%

a b C
+ +
a+b b+c c+a

Tim GTNN va GTLN cua P =

Bai lam

Trudc hét du doan P, :% o (a,b,c) = (%,1, 3) va hoan vi



. £ 1 1 1 , .
Viét P = + + , ¢6 dai luong L L

—+—— nén néu
c a 1+U° 1+V

| T
oo

Thi 1b+ 1Cz 2 :Pzia+i,khidé sz(t),t=\/§
1+— 1+— 14+ ¢ 1+— 1+\/E a
a b a C a

Ta bat dau 1am, do vai trd cia a,b,c nhu nhau nén ta c6 thé gia st ¢ = max

2
=P> 2 + 1 _ 2 + Zt ,t=\/§e[1,3]
1+t 1 1+t t*+1 a

Khao sét ta duoc P> f(t)> f(3) :%

a,b,C€‘:£,3:|
3
Ding thic xay ra khi { t= E: 3 < (abc)= (%,1,3) va hoan vi

b
a

ol|lo

Cong viéc tim GTLN hoan toan tuong tu khi gia sur ¢ = min

1 1 2
= -+ < ,do =

1+9 1+E 1+\/E
a b a

VD31: Cho a,b,c>0 va a+b+c=1

<1

b
a

o

¢
b

Chtrng minh rang a(b -c)* +b(c —a)* +c(a—h)* < é

Bai lam
Nhitng bai toan kiéu nay thuong co dang thic khi 1 bién bang 0
Ta lam nhu sau: Do vai trd cta a,b,c nhu nhau nén ta c6 thé gia st a>b>c>0
= P<a(+c) +ba*+ca’ =a(+c) +a*(b+c)

batt=b+c=a+t=1va P<at’+a‘t =at(a® +b®) = at(1-3at)



2
bat XZ&iﬁS#bXE{O,%}PS f (x) = x(1-3x)

2 1A 1. 1
TacOlubn P<f(X)< f(2)=—
(x) (6) T

3+43 3-3 0

Pang thirc xay ra khi (a,b,c) = ( - -

VD32: Chuyén Vinh Phic 1an 5
Cho a,b,c>0,a+b+c=3
Tim GTLN cua P =(a® —ab+b*)(b* —bc+c?)(c* —ca+a?)
Bai lam
Do dieu kién bai toan nén ta dy doan P, =12 < (a,b,c) =(210)

P <(a’ —ab+b’)a’b® =[ (a+b)’ —3ab |a’b’® <[ (a+b+c)* —3ab](ab)” = (9—3ab)(ab)’

2 2
Pit t=ab< @D (@+b+0) =9:te{o,9}
4 4 4 4

Khao satham s = f(t) < f(2)=12= P <12

Vay ta c6 dpcm
VD33: Pé Toan hoc tudi tré

Cho a,b,c>0,a®> +b*+c?* =3

16 +ab+bc+ca+1

Tim GTNN cua P =
a’b® +b’c* +c’a’® +1 a+b+c

Goty: Ching minh a+b+c>a’’ +bc” +c’a®
Mot sb bai tap khac
VD34: Cho a,b,ce[2,4]



a’b? +b%c® +c%a® +1
abc(a+b+c)

Tim GTLN cua P=

VD35: Pé Toan hec tudi tré

Cho a,b,ceR,a+b+c=1

gmingmm_—%s(a—b)(b—c)(c_a)gﬁ
A8 18

Mot s bai tap tdng ho
VD36: Pé Toan hoc tudi tré + Chuyén PH Vinh

Cho x,y,z>0,x* +y* +z? <3y

TImGTNNciap-—> _+_ 4 , 8
1+x)* (y+2)* (z+3)

Bai lam
, LA A, 42 , 1 1 8
Cach 1: Ap dung bat dang thuc phu sau — +—-> -
a~ b® (a+b)
Khi do = 4 1 1 8

LX)y (y+27 (%) +(y+1) " a2y
2 2

8 8 64
>

+ >
(z+3) (x+;+z+5f

=P2
(x+;+2f

1rx=2+1
2
x=z=1
y=2

ﬁangmmgﬂsAM@mg& X+%+2:Z+3 @{

X* +y?+2* =3y

Xet 2A=2X+y+22<X° +14+y+22+1<y—-y* +2+y=—(y—-2)°+6<6

64

P> >1, dang thic xay ra khi{
(3+5)

x=z=1
y:



Ta cling tham khao cich don vé bién y rat hay sau

Céch 2: Theo

Ap dung AM-GM va Cacuchy-Schwarzt ta c6 —— 8 , &

(L+x)? +(z+3)2 (x+z+4)?

A 2
Tu gia thiet 3y > X2 + y2 +7°> y2 + (X+22)

2 2
=3y+4>y° +M+42 y2+w

2 6

1 8 9 4 9
= >+ > > ~=>P=1f(y)= >+ >
@+ x) (z+3) 23y +4-y°) (y+2) 23y+4-y°)

(y —2)(2y® +181y” + 400y + 236)
2[(y-4)(y+)(y +2)]

Xeét f'(y)=

Céach 3: Theo

Str dung Cauchy-Schwarzt ta cd 1+ x)? <21+ x?),(z+3)* <4(z* +3)

1 8 1 2 1 1 1 9
= 2T 7250 T3 =52 T3 T3 = 2, o2
@+x)¥ (z+3)° 2x°+2 z°+3 2x°+2 z°+3 z°+3 2(x"+z°)+8

4 9
=P +
(y+2)* 2@By-y?*)+8

Tacd P>1<(y-2)°(2y* +10y+9) >0

VAy ca 3 cach 1am déu cho ta dap sd dang !!!
VD37:.

Cho a,b,c>0

N 1 1
TIm GTNN cua P = —
- arbVabrddbe Jarbrc

Bai lam



http://nguoithay.vn/

Do d6 ta phai viét dugc a+6v/ab +4vbc < x(a+b+c), do cac hang tir dong bac

Cong 2 bat dang thuc trén lai ta ¢ dpem
1 1 1

4(a+b+c) Ja+rb+c (ZJa+b+c )
3a=3b
Péng thirc xay ra khi b = 4c @(a,b,c)z(é,%,%)
t:’\/a+b+C:%
VD38:
Cho x,y,z>0,x+y+1=z
. 3 3 3 14
TimGTNNcua p=——+ % 2
X+yZ y+X2 Z+Xy (z+1)(x+D(y+1)
Bai lam

DE thay vai trd x,y 1a nhu nhau nén ta s& Viét P> (z)

(x+y+2)° _(z+1)°

Tur gia thiét, dé Y x+y+1=z= (x+)(y+1) =z +xy <

4 4
3 3 3
=Pz X + y + . =+ 14
X+yz y+zx (z+1) (Z+1)Z+1
2
3 3 3
P> X N y 4z 28

> + +
X+yz y+zx (z+1* (z+1)°

N S y?
Bay qio can danh gia + ‘theo z

X+YyzZ Y+ X -




Ve

Ap dung Cauchy-Schwarzt ta co

3 3 4 4

2 2\2 2 2
X oy X Ly (X" +Yy°) S Xty
X+yz y+2x xXP+xyz Yi+xzy xXP+y+2xyz 1+z

2 2 2 _1\2 )2 3 3_ 52
wﬁmx +y 2(x+y) :(z 1) WIJQDWPZ(Z 1) N 4z . 282=92 z ZZ+57:f(z)
1+z 2l+2) 2(1+2) 20l+2) (z+D° (z+) 2(z+1)
2
(32-5)(32° + > 4377+ 23)
Dat =2f (2) =
it g(2)=21(2) = g') T
5 53 53
f(2)2fE)=—=>P>—
TleElEmE =Ry
2 , , . 115
bang thac xay ra khi (x,y,2)=(=,=,=
(x,y,2) (3 3 3)
VD39: Chuyén L& Hong Phon
Cho x,y,2>0,x* +y* +2* <2(X+ y +2) — 2xy
Tim GTNN cia P = ¢ + y° +22 + ——o— + 0
Jy+z+1 z+3

Bai lam: Tahivong y+z+1=x+3< y+z=x+2y@y+z+Lx+3@éuJQ§§Mghm
phuong dé P nhan gid tri hitu ti

m%% 4 J5+J5£2~/a7”’iawg@

a+b’
40 40 160 g 160 I :\NA
Jy+z+1 \/x+3_\/y+z+1+\/x+3_2\/y+z+1+x+3 JX+y+z+4
2

Dén day ta co v tuong dua veé bien t=x+y+z

4 2
Chuy gia thiet 2(x+y+2) = (x+y)? + z° Z(X+y2+z)

= X+y+z<4
s, , Ly X+2=Yy+12 x=1
Khi d6 du doan dau ban =

X+y+z=4 y+z=3



Giai quyét x* +y> +2z nhu sau x° +y> +22 =x2 +1+y2 +1+22-22> 2(X+ Y +2) - 2

= P>2(x+ erz)—ZJr%ZZ(XJr y+z+4)_10+ﬂ
Jx+y+z+4 Jx+y+z+4

Q@Lt:«/x+ y+z+4 :>te(2,2\/§]
Khao sat ham s6 = f (1) > f(24/2) = 46

Ding thic xay rakhi x=y=1z=2

VD40: Pé Toan hoc tudi tré

Cho x,y,zeR,x* +y* +2° =1

8
(X+y+2)°—xy—yz+2

Tim GTNN cta P = (xy + yz + 2xz)* —

Bai lam
Ay , 8
Viet lai P = (xy +yz +2xz)* -
3+ Xy + YyZ+2xz
3 , 8
Dat xy+yz+2xz=t=>P=f(t) =t ——
R A =)

Ta can tim mién gia tri cua t

DO (x+y+2)°+(X+2)° +y* 20=2(X° +Y* +2°)+2(xy + yz + 2x2) > 0=t > -1

2
Va (2-3)x? +y? > 2xy. #

2-3

2

2
(2= +y?2 2yz.

(B (B 2208

Cong cac bat diang thuc trén lai ta duoc t <

4-23

Khao séat ham s6 ta duoc P = f(t) > f(-1) =-3




2 , , . [ X+Yy+z=y=x+2= 1
DPang thirc xay ra khi
a a X2+y2+22:1 (XyZ) (\/— \/—

Nhan xét: Viéc tim max cia t ¢ trén la khdng can thiét, nhung dé cho day di va chéc
chan ta nén tim ca chin trén va chin dudi cua bién

VDA41: D¢

Cho a,b,c>0,a+b+c=1

1 1 1
+ +
2(2a+1)?* 3+9 6+36¢

Tim GTNN cua P =

Bai lam
Y tudng dua vé bien a theo bat dang thic sau

1,1 41 ey 1

2 1

Ding thic xay ra khi = ob=2c
12+36b 6+36c
Khido P>t _+ 1 _f)
2(2a+1)° 6-4a
1 3 3
Xeét f'(a)=0 === f >f =—=P>=
Pang thire xay ra khi (a,b,c) = (i 11)
236
VD42: Pé chuyén Lao Cai
Cho x,y,z>0théaman x+y+1=z
. , X3y3
Tim GTLNcua P = -
(X+ y2)(y + x2)(z + xy)
Bai lam

Bat dang thac doi Xing x,y nén P < (x+ yz)(y + xz)(z + xy)? = by’



i 3,,3
Sit dung gia thiét ta co P = NEAS AN—

3,,3 2.,2
Str dung AM-GM ta ¢ P < Xy Xy

2 2
Taco x+1=2+241>33% = (x+1°> 27X
SRR N it

2
Tuong tu ta c6 duoc (y+1)° > 277y

P = %9 = (% Y,2) = (2,2,5)

VDA43:

Cho x,y,z>0,x+y+2=z

3,,3
Tim GTLN cia P = an 2
(2x+ yz)(2y + x2)(2z + xy)

VD44

Cho_a,b,c >0 _thoa man 3b*c* +a’ = 2(a+bc)

2a’-2a+5 4 4

Tim GTNN cua P = - -
bc (a+b)> (a+c)?

Bai lam
Tasg Vviét P> f(a)
Tir gia thiet ta ¢0 a® ~2a=2bc—3p’c’ <-1=>bc=1

1 1

Bay gio su 1i dai lugn ~+ ~theo bc,a
(a+b)” (a+c) o
1 1 1 1 1

Néu b=c

T@ib)?  (@atc)f (at o) (@+b)?  (atc)

2 .
= ta hi von
(a++/bc)’ ~1aLyohg

bat ding thirc d6 dung, nhung rat tiée lai 13 1 bat ding thic sai
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Viét

== va ==
(a+b)? a’ (1+9)2W(a+c)2 a’ (1+;)2

1 11| 1 1
T @+by @iy &, b, o c
@+ @+0)?
a a

1 N 1 S
1+x)° @A+y)® 1+xy

Str dung bét dang thuc phu = VX, Y >0

1 1 1 1 1 1 1 1
>

B b, | c = bc @
(1+7)2 (1+7)2 a l+7 a +bC
a a

a.2

+
T la+by  (a+cl &

2_
2a 2a+5+ 4 >2a*-2a+5+—

- .do bc<1
bc a“ +bc a-+1

Vay P>

DPén day ta co thé khao sat ham sb hoic 1am nhu sau : dé viét duoc nhu trén ta di eian
tiép str dung diéu kién a=bc=1, nén néu cach lam ding thi f(a)> f@) =7

_1\2(A2
7<:>(a 1 (2a +a+1)20
+1

MQ@Q&Z#—ZMM%Z

a- +1 a

Vay ta c6 dpcm
bang thic xay rakhi a=b=c=1

VD45:

Cho_a,b,c >0 thoaman a> +b®> +(a+c)* +(b+c)* =8

a(b+c)? +b(a+c)2 1
a+c b+c C

Tim GTLN cia P=

Bai lam: Y tudng don vé khao sat P < f (c)

Yy Xy

Ap dung bat ding thirc sau
u+v u \Y




(b+c)* _b? a(b+c)?
> < 4>~
a+c a a+c

<b%+ac

2
a(b+c) <b%+ac

Tuong tw ta co.
= P£a2+b2+c(a+b)—l:4—cz—l: f (c),.do gia thiét
c c

Dén day co thé khao sat hoic ap dung luén AM-GM ta co

Wcz+l:c2+i+i2331:>Ps4—i
ERCREE T L

Pang thic Xay rakhi .ovovovinininnn,

VD46: Cho a,b,c>0,a+b+c=1

Tim GTNN caa P = (a+b)1(b+c)+(c+a)1(a+b)+(c+1)(a+b+3)
Bai lam
Bai nay kha don gidn nhu sau:
Sir dung AM-GM ta c6
= (aib) (awltc+bwltc)+(c+l)(a+b+3)Zlfc'a+cib+c+(C+l)(4_c):l—cz —c*+3c+4="f(c)

Khao sattaco f(c)> f(0)=8=P =8
2 . ) . 11
bang thuc xay ra khi (a,b,c) = (E’E'O)

a+b+c=10

VD47: Cho a,b,c>0théaman<{1 1 1 L
Z4I4z=
a b c

Tim GTNN va GTLN cua P =a? +b? +¢?
Bai lam

Péy P=a’+b’ +c? =(a+b+c)> —2(ab+bc+ac) =100 — 2abc



Do d6 ta chi can tim GTNN va GTLN cia Q = abc

Tace Rt g 1 107a_a-l o oo
bc a bc a

aZL_Ia):f(a)

Lap bang bién thién caa ham sé ta khong tim duoc cuc tri, do ham sé gian doan tai
a=la=8

Vay P khong c6 GTNN, GTLN
Bai tap trén gidng dé B-2010

R X+y+z=0
Cho X,y,ZERva{ , y2 ,
X*+y +z2°=1

TimGTLN cua P=a® +b° +c°

VD48: Cho a,b,c R Va {;‘:Sffgil

Tim GTLN cua P = (abc)?

Bai lam:

Véi nhiing bai toan d6i xtimg nhu thé, ta lubn viét duoc dudi dang ham sé nao do

a’-(*+c®)_ , 1

Tacod a+b+c=0=a*=(b+c)> =bc= a2

Pén day ta can xét 2 truong hop

TH1: bc <0=a? s%: p:az(az_%)z

batt=a’ :>te{o,1},P=t(t—1)2
2 2

Khio st ham sé ta co P= f(t) < f (&) = —
6" 54
t—a?=t
6
bang thuc xay ra khi bc <
a+b+c=0
a’+b’+c? =1




TH2: Tuong tu ta cling ¢c6 P = f(t) < (g) = 5—14

Két thdc bai viét s& 1a phuong phap UCT ( thuong biét dén dudi dang phuong trinh
tiép tuyén ), dung cho nhitng bai ma céc bién doc 1ap véi nhau, duoc viét dudi dang
ham sb P = f(a) + f (b) + f(c)

Tai liéu vé van dé nay c6 rat nhiéu trén dién dan, c6 thé tham khao tai liéu sau:

Phuong phéap hé s6 bat dinh

bia chi: Truong THPT chuyén KHTN
Sé dién thoai : 0986504770
Trang web hoc tap:

[1] http://diendantoanhoc.net/forum/

[2] http://www.artofproblemsolving.com/Forum/index.php
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