PHUONG PHAP DANH GIA
GIAI HE PHUONG TRINH
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Stt dung phwong phap danh gia d€ giai hé phwong trinh.

Luu y: khi giai cac bai toan hé phuwong trinh dung phwong phap danh gia la ching ta can
nam viing cac bat dang thikc co ban, van dung linh hoat cac diéu kién dé bai cho, du doan
d&u bang va tach ghép dé€ 1am sao cho thoa man. Phuong phéap nay khong thé 4p dung cho
moi bai toan hé phuong trinh nhung né la mot phuwong phép khé hay va ngan gon doi hoi
nguoi 4p dung phai 6 mot méi am hiéu sau vé giai hé phuong trinh. Qua tai liéu nay minh
mong c6 thé giup thém duoc nhiéu diéu cho cac ban. Néu co sai sét gi mong cac ban cho y
kién d&€ minh hoan thién t6t hon. Chtic cic ban hoc t6t. Than!

L Ly thuyét
Cac bat dang thitc quan trong

e Bat dang thiic Cosi.

V6in s6 thuc khong am a ,a,,a,,......,a, tacod
a,+a,+a;+.... +a, > ndal.az.a3 .......... a,
Dédu bang xay rakhi a, =a, =a, =....... =a,

e Bat dang thtrc Bunhiacoxky

V6i2bo sd (a,; a,;..5a, ) va (b; b,ii.;b, Jta cé:
(a7 +a3 +...+a; ) (b +b3 +...+by) > (a b, +a,b, +..+a,b, )

a a

n

. a
DAu bang xay ra khi ==~ =..
§xay b~ b

n

e Bt dang thikc Svacxo.

2 : ? > (a,+a,+a,+...+a )
V6ib,byub, >0tace: 422 4 & 4 2(1 2 ) :
b, b, b, b, b, +b,+b,+....+b,
Dé’ubé“mgxéyrakhi:ﬂ:a—zziz ..... =
bl b2 b3 bn

Cac bt ding thitc phu can ghi nho.

11 .
- Véia,b>0tacd: —+—2> .Daubang xay rakhi a=b .

a b a+b

1>2

- Vo6i ab>1 thi + =
- l+a> 1+4+b* 1+ab

. Véi ab <1 thi bat dang thikc d6i chiéu.

D4u bang xay rakhi a=b=1
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1. Cac thi du va bai tap tu luyén.

Thi du 1: (D& tuyén sinh dai hoc khéi A- 2014)

V12— Jy(12—x%) =12
Giai hé phrong trinh sau b yr y< * ) .
X' —8x—1=2y—2

Loi giai
Pitu kién: —24/3 <x<23; 2<y<12

a’+b’

V6i 2 58 thye a,b batky taco: (a—b) >0 > ab

. /—IZ_YS#
2
Jy(12=x) = Jyh2=x’ glz_XT”

x>0

Ap dung ta duoc:

Neén xy12—y +,/y(12—x?) <12 do dé: (1) @{

y=12—-%"
Thay vao (2) ta duge: x* —8x —1= 210 %% & x* — 8x =3+ 2(1-/10-x7 | =0

2(x+3)

1++10—x?

& (x=3)x° 4+ 3x+1+ =0 (3)

, 2(x+3) . B B L
Do x>0=x"+3x+1+ >0 khi d6 <3)<:>X—3:>y—3(Thoaman)

1+/10—x?

Vay nghiém ctia hé phuong trinh 1a: (x;y) =(3;3)

1 1 2
—+ =
J+2x°  (Ji+2y> I+2xy

K2+ (-2y) =2 (2)

(1)

(x,yEZ)

Thi du 2: Giadi heé phuong trinh sau:

Loi giai

=)
IN
<

IN

Diéu kién:

o
(VAN
<«
IN
= |~

Ap dung bat ding thitc bunhiacopxky ta c6:
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2

1 1
_|_
V14253 (f1+2y°

1 1
2 *
- [1+2x2+1+2y2] ( )

D&u bang xay ra e 142x2 :\/1—k2y2 ESXx=y
Ta lai co:

1 1 2 2(x—y) (2xy 1)
>+ 2 = 2 2 =
1+2x° 142y 1+2xy  (142x7)(1+2y° ) (14 2xy)

1 1 2
e el
1+2x°  142y°  1+42xy

D4u bang xay ra khi va chikhi x =y.

Tir (*) va (**) tasuy ra

1 1
+
J142x° 142y

4 1 I 2
< & + <
1+2xy 14257 (14 2y>  J1+2xy

D4u bang xay ra khi va chi khi x = y. Khi d6 (1)< x =y thé xudng phuong trinh (2) ta

duoc:

2 9+4/73 9++/73
\/x(1—2x)+\/x(1—2x):§<:>x: 36 =y= 36

9473 94473

36 36

Vay nghiém ctia hé phuong trinh da cho la: (x;y) =

X' =3x+2=y +3y’

Thi du 3: Giai hé phwong trinh
[\/XZ —I—\/x3 —3x*4+y+2=x"-3y

Loi giai
Nhdin xét: Nhin vao phuong trinh dau ctia hé ta c6 cam giac ngay la st dung ham s6 dai
dién t*—3t nhung can c6 diéu kién ctia bién. O day bién mudn tim diéu kién ctia bién y thi
chung ta can suy ra tir phuong trinh 2 nhung khé khan nén ching ta phai nghi hudng khac.
O day ching ta c6 thé phan tich thanh nhan tir nén thit di theo hwdng dé xem sao.
x>2

Diéu kién: , 5
X" =3x"+y+2>0

Ta co:
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PT(1) & x* —3x=(y+1) =3(y+1)
ex—(y+1) =3(x—y—1)
& (x=y =) +x(y+ 1)+ (y+1)|=3(x -y -1)

y=x-1 y=x-1

= = 2
X +x(y+1)+(y+1) =3 %x2+%+x(y+1)+(y+1)2=3
y=x-—1

=

3 X ?
—X2+[—+y+l] =3
4 2

2

2
Véi x22:>%x2 >3 ma [%—}—y—}—l] >0 nén %XZ—F[%—Fy—H] >3

XxX=2
3 2 x=2
Do dé =x* —|—[§—|—y+1] =3&4x & khéng thda man diéu kién.

Véi y = x —1thé xudng phuong trinh (2) ta duoc:

x/x—2—|—\/x3—3x2—|—x—f—1 =x>—3x+3
x>14+/2

=
x/x—2—|—\/(x—l)(x2—2x—1) =x>—3x+3 (*)

Ap dung bat ding thitc cosita co:

mgx_l |
\/( 1)< 22 1) Xz—X_2:>\/E+\/<X_1>(X2_2X—l>SX2_3
x—1\(x2—ox—1) <2 X<

-2

x?—3

Mitkhac: x> <3x 43> &x’—6x+9>0 (x—3) >0

x—2=1
Khi d6 VP(*)>VT(*) nén (*) & {x* —2x—l=x—-1&x=3=y=2
x> 1++2

Vay nghiém ctia hé phuong trinh 1a: (x;y) =(3;2)



Nguyon Van Quoc Tuen - Doi hae Y Ha Noi

X2+xy+y2 +i/x3_i_y3 _,
Thi du 4: Giai hé phuong trinh 3 2 7 (xyez)

V2—x +2x+2 +xy=4

Loi giai
Diéu kién: —1<x<2
Ta c6 cac bat dang thiic sau:

X' +xy+y’ 2%(){—i—y)2 & (x—y) >0

X' +y > (X-l—y)3

N

Khi d6 ta suy ra:

2 2 3 3
2:\/X TXyt+y —|—i/x ;y >X+ysxt+y<2

3
; , 2V2—x <3—
Ap dung bat dang thtc cosi ta co: il U SV2—x+2x+2<3
2242x+2<2x+6
(x+y)
Va: xy < < 1khi d6 thi: 72— x4+ /2x 2 +xy < 4
X=y
Dau bang xay ra khi: {2—x=1 & x=y=1
2x+2=4

Thtt lai vao hé phuwong trinh thoa man.

Vay nghiém ctia hé da chola: x =y =1

V2x —1
Thi du 5: Giai hé phuong trinh X
2x* 43y +4=3x"+6,y (2)

3
+6y2+8:3x+;+y4+8y (1)

Loi giai

A -A X _—
Diéu kién: 2

Taco: (2) & 25 —3x* +1=-3(/y -1] <0
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Ma 2x* —3x? +1>0 < (2x +1)(x +1)" > 0 dtng véi xz%

2 N
Do do: 2x3—3x2+12—3(\/§—1) dau bang xay rakhix =y =1
Thay lai vao phuong trinh (1) théa man

Vay nghiém ciahéla: x =y =1

33

X—y+2+2{y—x=
Thi du 6: Giai hé phuong trinh \/ Y \/ VX—y+4. (x,y€Z)

X H2x—1=2—,y—2

Loi giai
y=x
Xx—y+22>0
Diéu kién: { 1
X>—
2
y=>2
Dat y—x=4 a’=x-y
a>0

Bién doi phuwong trinh <1)

V2—a? +2a= 2*/32 eV2—a’J4—a® +2a4—a =33
va—a

e N6—3a> J4—a® +2aB4—a’ =9 (¥)

Ap dung bt dang thiic cosi ta co:

10—4a’
6—3a’d—a’< =5-2a’°
Vo—3a'ya-a’ < Y L J6—3a2A—a’ +2a34—a’ <9
2a3/4—a%> <2a>+4
Ja—a? =J6—3a2
Khi d¢ (*) < Sa=l=y-—x=1ly=x+I
a3 =+4—a’

Thay xu6ng phuong trinh con lai ta duoc

X AV2x—1=2-Vx—-lex+V2x—14+/x-1-2=0
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Xét ham sd: f(x):x3 A2x—14+/x—-1-2

1

1
+
V2x—1 24x-—1

Vay nghiém cua hé phuong trinhla x =1L,y =2.

Tacé: f'(x)=2x"+ >0 ma f(1)=0 nén x =1 langhiém duy nhat

O céc thi dy trén ching ta thay chi sit dung 1 phuwong trinh cia hé d€ danh gia. Ching ta di
xét thi du sau.

Thi du 7: Gidi hé phwong trinh

S B 242
VA +y 4y 4x 2xty) x| (mathlinks.vn)
2
Loi gidi

biéu kién: x > 1,y > 1.
Khi d6 st dung bat dang thixc AM — GM ta c6
glea
\/4X +y \/4Y +X \/\/<4x2+y>(4y2+x>

Suy ra
22 2

\/2(X+Y) +X+y \/\/ 4x* -I—y 4y +x)

2[4+ y) (4 +x) 22(x+y) +x+y
@4(4x2+y)(4y2+x)2[2(x—|—y) +x+yr
<:>16x2y2+4(X3+y3)+xy2(x—|—y)4+(x+y)3—i—%(x—ky)z
@(x—y)zli—i—xz—l—y2+6xy—3(x—i—y)]§0

(:)(x—y)z <x+y)2_3(x+y)+4xy+%]§0(:)x:y

Boi vi véi x,y >1ta co
1 1
(xty) =3+t axy 42 (xHy) 3k y) 4+ >0,

Thay y = x vao phuong trinh thit hai cta hé ta duoc:
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2
2x4/x —1 :w

2
S xP—4xVx—14+4(x—-1)=0

@(x—2m>2:0@x:2m@x:2

Vay hé phuong trinh ¢6 nghiém duy nhat (x;y)=(2;2).

x—y=6(1—+/xy)
X+6«/2(x6+y6) 32 1y

x? —|—xy—|—y2

Thi du 8: Giai hé phuong trinh (mathlinks.vn)

Loi gigi
biéu kién: xy > 0.

Ta co:

632(x"+y°) 62 +y)(x' =X’y +y') o
\2/ 2 \/ 2 2 >2 2(X2+y2)-
X +Xy+y X" +Xy+y

That vay, ta chitng minh

3\/X4—x2y2+y4 Zx2+xy+y2
& 0x* ~9x’y  +9y* > (xz + xy + y2)2 .
<:>(x—y)2(4xz—|—7xy—|—4y2)20

Tt phuong trinh thtt hai ctia hé suy ra 3—x > /2(x* +y°) (1).
Tl phuong trinh dau ctia hé st dung bat dang thitce AM -GM ta c6

Xmy =6—6yxy > 6-3(x+y)=2x+y>3 (2).
Cong theo vé'cta (1) va(2) ta duoc:

X+y> 2 +y)ex=y=>x=y=1.

Vay nghiém ctiaheé dachola x=y=1.

X +L =x"+y (1)
3f2
Thi du 8: Gidi hé phuong trinh XAy (x,y€2)
2xy )
=y +x (2)

Yt/
Jy —2y+9

Y tuéng: Day la hé phuwong trinh ddi xting loai 2 nén nghiém ctia bai todn sé 1a x = y nhung
néu lam theo cach thong thuong thi sé rat kho khan vi co su xudt hién cua cén bac 3. Chung
ta tht két hop 2 phuong trinh lai v6i nhau xem duwoc nhu thé nao. Khi cdng 2 vé'lai v6i nhau
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thi vé& trdi xudt hién 2xy va vé& phai xuat hién x> + y* dén day ta nghi téi viéc danh gia tiép
phuong trinh méi dwoc hinh thanh d6.

Loi giai
Véi x = 0=y =0 théa man hé phuong trinh.

Véi x,y = 0.Cong (1) va (2) vé& theo vé ta duoc:

1
X +y+2xy + =x’+y +x+y
3/x2—2x+9 {/y2—2y+9
& 2xy ! + ! =x"+y (3)
%/x2—2x+9 i/y2—2y+9
Suy ra xy > 0. Madt khéc ta cé:
1 _ 1 Sl
Yx>—2x+9 i/(x_l)z_i_g 2 | |
J == = <1
1 _ 1 149y 2y +9
' =29+9  fy—10+8 2
1 1 2 2
= 2xy + <2xy<x“ 4y (4)

I —2x+9 Gy’ =2y +9
Twe (3) va (4) suy ra X =y =1. Thw lai thoa man.

Vay nghiém ctia hé phuong trinh da cho la: (x;y)=(0;0),(1;1)

2x° _
x* +1 Y
, o ]2y
Thi du 9: Giai he phirongtrinh {— T =z (X,y,z € Z)
y
27’ -
z'+1
Loi gigi

Ta thdy x =y =z =0 la 1 nghiém cua hé phuong trinh.
Néu x,y,z= 0 thi x,y,z> 0 khi d6 nhan 3 v€ cia hé phuong trinh ta cé:
8x2y?7>
R

) =XyzZ & (xz —i—l)(yz —|—1)(z2 —l—l) =8xyz
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Ap dung bat dang thiec Cosi ta co:

<X2 —i—l)<y2 —i—l)(zz —|—1> > 2\/?.2\/?.2\/2—2 = 8|Xyz| = 8xyz (x,y,z > O)

X,y,z>0 o
5 5 & x=y=2z=1 (thdéaman)

D4u bang xay ra khi < 5
X :y 4 :1

Vay hé phuong trinh cé nghiém la: (x;y;z) = (0;0;0),(L;1;1)

(x—l)2 +v’ :,3/x<2x+1)
3x° —X—I—%:ym

Thi du 10: Giai hé phwong trinh

Loi giai

Diéu kién: x,y >0

(x—1)2+y2:13/x(2x+1) (X—1)2+y2:13lx(2x—|—1)
=
6x> —2x +1=2yyx* +x 5x2+(x—1)2=2y\/x2+x

4x +2
Mat khéc 43/2.4x.(2x+1)§2"+1§ L P

2x +1

Ta c6: HPT &

= (x—1) +y* < & 2% —AX+24 2y <2x +1e 2x2 —6x+1+2y* <0

Lai c6 theo cosi thi 5)(2—1—(x—1)2 =2y X <Y X H+x & 5% —3x+1-y <0

Két hop lai ta duoc:

2 2 2 2 2 1 NE)
2(5x* =3x +1-y* )4 2" — 6x +142y’ <0 (2x —1) S0ex=—=y=—r
Vay nghiémcua hé phuong trinh la: (x; y) = [%,g] .

s =Y L
Thi du 11: Giai hé phwong trinh {Vx X 4xy
4x =2y +3 -y

Loi giai

W ‘A \ \ ~ 1
biéu kién: y > 0, t&t phwong trinh dau = 0<x < 5

Phuong trinh dau tuwong duong: | /2x<1 - 4x2> +24x* (1-2x) = y—|—4L :
y
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X % < , . , 1
Ap dung bat dang thitc Cosi ta co: y—|—4L >2 /y4— =1.
y y

Khi d@6 ta cé:

J2x(1-4x7) +2x (1-2x) >1

& \2x(1=2x) (V14 2x +4/2x) > 1
& 2x(1-2x) > 14+ 2x —/2x

& 2x(1-2x) > 1+4x —2,2x (1+2x)
& 4x7 +2x—2,2x (1+2x) +1<0

= 2x(1+2x)—1)2 <0& Jax(1+2x) =1

~1-4/5
X =
e 2x(14+2%) =1 4x" +2x—1=0 & )
—1+45
X =
4
D&i chiéu diéu kién ta co: x = —1:J§ .

Thtr lai thoa man. Vay nghiém ctia hé phuwong trinh la: (x;y) = PR

—1+*/§.l].



Bai tap b6 sung:
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a+b=2324
1. Giai hé phwong trinh | 1 1 XEZL
phueng rinh | o o) . _, (xe2z)
_ Ja+3b  3a+b
Y2—x—-y*=-3
2. Gii hé phuong T R x €Z)
4/;+\/32—x+6y:24
=—x’+3x+4
3. Giai hé phuong trinh Y xR (XGZ)
X =2y —6y—2
' 2 2 6 3.3 1
\/8—xy (xy +2):x +xy +§
4. Giai hé phuong trinh | | (xeZ)
_\/X2+y2+2(xy+2):y6+x3y3+5
'x(x—3)3:2+\/y3+3y
5. Giai hé phuong trinh | (x,y€Z)
3Wx—3 =4y’ +8y
X+ xy =3y = yy/xy
6. Giai hé phuwong trinh 1 2 (2_X)2 (x€Z)
LA\ —1
I++J2—x I+y
7. Giai hé phuwong trinh
2 2
M:4\/E_i](x+y)_l
Xy y X (x,yezZ)
JOE 1 4 xy 4+ 3x 42y 5 2x[x (v +3) = VX 44y 13
J8Y =5+ yvV8x—5=424(x* +y* +4
8 Gidi hé phuong trinh | VY 7> TYVEX {2406+ +4) (X.y EZ) kho)
11x* — 6xy + 3y’ = 12x — 4y
Tham khao thém tai:

Blog Luyén Thi Dai Hoc: http://toanlihoasinh.blogspot.com/

Facebook: http

Dién dan: http://mathlinks.vn/

s://[www.facebook.com/chicanemhanhphucS2g.




