UNG DUNG CUA DA THUC DOI XUNG SO CAP VAO GIAI
TOAN BAT DANG THUC, TIM CUC TRI CUA HAM NHIEU BIEN
DANG DOI XUNG

Lé Trung Tin, gido vién truong THPT Hong Ngu 2, tinh Pong Thdp

1. Ung dung cta da thic dbi xing so cAp hai bién
V6i cac da thiic d6i xting so cap s = a + b, p = ab, ta luon co:
o A’ + b =5"-2
o a4+ b =5%—3ps

o o'+ bt = (s —2p)? — 2p?

(1+a)(l+b)=1+s+p

Sau day, ta xét dén mot s6 bat dang thiic co ban thé hien méi quan hé giita hai dai luong s, p dé
phuc vu cho viée giai toan bat dang thic hai bién dang déi xing, cuc tri cia ham hai bién dang
dé6i xitng sau nay.

DPinh li 1. V6ia,b>0vas=a+b,p=ab, tacod
s > 4p

Dau “=" xay ra tai a = b

Ching minh
Ta co:
2 —4dp=(a+b)*—4dab= (a—b)*> >0« s*>4p

Dau “=" x4y ra tai a = b -

Dinh 1i 2. V6i s =a+ b, p = ab. Khi do:

P 2 2
()Néu 0<p<1th —2° <
I+s+p =~ 1+/p
2+s 2

(2)Néu p>1 thi

>
l+s+p =~ 1+/p

Ching minh
Vé6i p > 0, xét hiéu:

2+s)(1+vp) —20+s+p) = (Vp—1)(s - 2vD)

2+s 2
1) Vio<p<lnen (2+s)(1+ —2(1+s+p) <0& <
(HVio<p<lmnen(2+s)(1+p) —2(1+s+p) < [Fs4p =1+ p
2 2
(2) Vip>1mnén 2+s)(1+/p) —2(1+s+p)>0& LILEEEN -

l+s+p = 1+p

1
Cim on thiy Lé Trung Tin giri dén www.laisac.page.tl




D6i v6i mot bai toan bat déng thic hai bién dang déi xiing, cuc tri cia ham hai bién dang d6i
xting theo hai bién a, b bing cach dit s = a + b, p = ab ta hoan toan chuyén bai toan da cho vé mot
bién theo s hodc p. Ching han, ta xét cac bai toan sau:

Bai Toan 1. Cho a,b > 0. Chiing minh rang

at 4+ b* > adb + ab®

Huéng dan

Dat s = a4+ b, p = ab, diéu kien s, p > 0. Bat déng thiic can ching minh tuong duong
(s* = 2p)* = 2p* > p(s* — 2p) & s —5s"p +4p” > 0

Vis? —4p > 0mneén (s2 —p)(s? —4p) >0 s* —5s*p +4p? > 0.
Bét dang thtc hoan toan dugce ching minh. Dau “=" x4y ra tai a = b =

Bai Toan 2. Cho a,b > 0 théa man ab + a + b = 3. Chiing minh rang

3a 3b ab 3
< 2 b2 _
b+1+a+1+a+b_a+ +2

Huéng dan

Dit s = a + b, p = ab, diéu kién s,p > 0.

Tu diéu kién, ta c6: s+p=3<p=3—s (1)
2

V15224pnén(1):>3—3§%:>322

Bét dang thtc can ching minh tuong duong:

3524+ 35—6 3
s+p+1 S

2
3524+ 95— 18 3 — 9
SIS + 8—82—28+§§0 (do(1))

4 S
3 _s2445—-12>0

~
< S
& (s—2)(s*+s+6)>0 luon ding véi moi s > 2 .

Bai Toan 3. Cho a,b > 1. Chiing minh réng
1 1 1 1 1
o))< =
a a? b b)) ~ 16

Huéng dan

Bat déng thtic can ching minh tuong duong
L = a®b* — 16ab+ 16(a + b) — 16 > 0
Dit s = a + b, p = ab, diéu kien s > 2,p > 1.
Khi dé:
L=p°—16p+16s—16 > p> — 16p +32\/p — 16 = (v/p — 2)*(p + 4/p — 4) > 0 dting véi moi p > 1
|



Bai Toan 4. Cho a,b > 0. Chiing minh rang

a* + v B Vab
(a+b)* a+d

)
> =
-8

Huéng dan

Dit s = a + b, p = ab, diéu kién s,p > 0

N

Ta063224p(:)—_§.
s
Bét dang thtc can ching minh tuong duong

NV

(s> — 2p)* — 2p?

2p2 44 +3S 5
WA VP 3
341 52 S 8 3 ) )
& 2 L_wp ﬁ+— —B—i-@—l—— EOdﬁngVGimoiﬁg—
2 S S 2 52 S 4 s 2

Bai Toan 5. Cho cac sb thyc a,b thdéa man a® + b* = a + b. Tim gid tri nho nhat, gia tri
16n nhét ctia biéu thic
P =a®+ b+ a®b + ab?

Huéng dan

Dat s=a+b,p=abd

s2—s
2

Vis?>4pneén (1) = s?—-2s<0=0<s<2

Ta co:

(1)

Tu dieu kién, ta c6: s> —2p=s < p=

P=s"—2sp=35> (do(1))

Vio<s<2nen0< P <4

Bai Toan 6. Cho cac s6 thuc a, b thoa man a®> +b* +ab=a+b+1va a+b# —1. Tim gia
tri nhé nhat, gia tri 16n nhat ciia biéu thic

p_ ab
a+b+1
Huéng dan

bat s=a+b,p=ab
T gid thiét, tacé: p=s2—s—1 (1).

2
Vis224pnén(1):>3s2—43—4§0(:>—§§s§2.

Ta co:
P _32—3—1

:s+1_ s+ 1

(do(1))

3



) 2-s—1 2
Xét ham so f(s) = % trén doan [_5; 2].
Ta co:
=0
s? + 2s 5
/ _ . / _ 9
f(S) (S+1)2’ f(S) O<:> 8:_2¢|i_§’2}
Bang bién thién:
2
s | =2 0 2
3
f'(s) — 0 +
1 1
3 3
f(s)
-1

Tu bang bién thién, ta ¢6: min P = min f(s) = f(0) = —1

[-3:2]

Bai Toan 7. Cho cac so thuc a,b # 0 thdéa man ab(a +b) = a® +b* —a — b+ 2. Tim gia tri
16n nhét ctia biéu thitc

1 1
P=—=d—
a+b

Huéng dan

2 —s+2
s+2

(1)

Dit s = a + b, p = ab, diéu kien p # 0 Tu dicéu kién, ta c6: p =
s3— 252 +4s—38

Vi s? > 4pneén (1) = >0=>s5< —2;5>2
2o s+2
, S s° 4+ 2s
Ta co6 P = ]; = m (dO(l))
z N X 82 +28 ~ 2 2
Xét ham s6 f(s) = SR trén nita khoang D = (—o0; —2) | [2; +00).
52 —s
Ta co:
—3s% + 45+ 4 §=2
"($) = ——— [fl(s)=0< 2
f(S) (52—S+2)27 f(8> S:—§¢D
Bang bién thién:
5 | =0 —2 —é 2 +00
Fe| - =0 - -
1
f(s)
. 2 1
7
Tu bang bién thien, ta c6: max P = magcf(s) =f(2)=2
se



Bai Toan 8. Cho cac sb thuc a,b # 0 thoéa méan a? 4+ b> = 1. Tim gia tri nhé nhét clia biéu
thic

P=(1+a) <1+%>+(1+b) (1+%>

Huéng dan

Dit s = a + b, p = ab, diéu kién s,p > 0
s?—1
(1)
Vis,p>0nén (1)=s>0 (2)Vis?>4dpnén (1)=s>-2<0=—/2<s<v2 (3)

Tir (2) va (3), suy ra 1 < s < /2
Ta c6

Tu diéu kien, ta c6: p =

\)

P—(l+s+p) (5) TS (o))

82—|—s

Xét ham s6 f(s) = T tren nita khoang D = (1;v/2].

Ta co: -
s2—2s—1

(s —1)2 /3
N s=14++vV2¢D
f(s)_0<:>[s:1—\/§¢D

F(s) =

Bang bién thién:

400

4432

Tit bang bién thien, ta c6: min P = minf(s) = f(v/2) = 4 + 3v/2

seD

Bai Toan 9. (DH KD 2009)Cho céc s6 thuc khong am a, b théa man a + b = 1. Tim gia
tri nho nhat, gia tri nhé nhat cia biéu thic

P = (4a® + 3b)(4b* + 3a) + 25ab

Huéng dan

Dit s = a + b, p = ab, diéu kién s,p > 0
Tu diéu kien, ta c6: s=1 (1)
1
V13224pnén(1):>0§p§1
Ta co
P =16p° + 12 (s> — 3ps) + 34p = 16p> — 2p + 12 (do(1))
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. 1
Xét ham s6 f(p) = 16p* — 2p + 12 trén doan D = [0; —] .

4
Ta co: 1
o) =3 -2 [(B)=0&p=1o €D
Bang bién thien:
1'(p) — 0 4
12 %
2
f(p)
191
16

. . 1 191 B (1 25
Vay, min P = minf(p) = f (T@) = 1 V2 maxP =maxf(p) = f (4> =3

Bai Toan 10. Cho céc sb thuc a, b khong dong thoi biang 0 va théa man a + b = 1. Tim gia
tri nhé nhat ctia biéu thitc
1 a? b?

_a2+b2+b2+1+a2+1

Huéng dan

Dit s = a + b, p = ab, diéu kién s — 2p # 0
Tu diéu kien, ta c6: s=1 (1)

1
Vis224pnén(1):>p§1

Ta co
1 2 _2p)? —2p? 22 1 2 2
p_ L2 -2t s - 2p W2y )
s2—2p pP+s2—2p+1 1—-2p p2—2p+2
. 1 2 2 1
Xét ham so f(p) = 1= 2p — 2 —p;]_)—i— 5 + 2 trén ntta khoang D = (—oo; 4_11
Ta co: ¢
=1¢D
10p(p® — 3p + 2) b
f'(p) = . fllp)=0s | p=0€eD
(1_2p)2(p2_2p+2)2 p= —2¢D
Bang bién thién:
1
—00 —2 0 et
P 4
') + 0 - 0+
12 12
5 5
o) /
2 2
Vay, min P = minf(p) = £(0) = 2 v max P = maxf(p) = f(-2) = f 1) = =
min P = min = = m =m — f(=92) = Z) ===
ay, e p va max peagc D 1 z
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Bai Toan 11. Cho céc s6 thuc a, b thoa man a? 4 > = 1. Tim gia tri nho nhat, gia tri lén

nhét ctia bidu thic
a b

P = +
Vvb+1 Va+1

Huéng dan

bDat s=a+b,p=ab
s2—1

(1)
Vis?>4pnen s2—2<0< —v/2<s<V2.
Ta co:

Tt diéu kien, ta co: p =

p?_ —s5+3s+2  V2(s2—1)

6i -1
s2+2s+1 ls+1] Vol s #

e Néu —1 < s<+2thi P2=(v2—1)s+2— /2. Khi dé

P?2<4-—22
P?>3-2V2

2
Suy ra, maXP:\/4—2\/§, dat tais:\/ihaya:bzg

e Néu —v2 < s < —1thi P2=—(v/241)s+ 2+ /2. Khi d6: Khi dé

P2<4+2V/2
P2>3+22
. . V2
Suy ra, mmP:—\/4+2\/§, dat tals:—\/?haya:b:—T

2. Ung dung cta da thitc dbi xing so cip ba bién
V6i cac da thiic d6i xting so cAp p=a + b+ c¢,q = ab + bc + ca,r = abe, ta luon co:

e ab(a+b) + be(b+c¢) + calc+ a) = pg — 3r

o ab(a® + b%) + be(b? + ¢2) + ca(c? + a?) = p*q — 2¢° — pr
o (a4 B)ate) b (b+o)ba)t (ctaeth)=ptg
e >+ +ct=p*—2

o A+ 0+ =p>—3pg+3r

o at + bt 4t =pt —4p?q+2¢° + 4pr

o a’b? +b?ct + c*a® = ¢* — 2pr

o 303+ 13+ a® = ¢ — 3pgr + 3r?



Sau day, ta xét dén mot s6 bat ding thic co ban thé hien moéi quan hé gitta ba dai luong
p,q,r dé phuc vu cho viéc giai toan bat ding thic ba bién ddi xing, cuc tri ctia ham ba bién doi
xing sau nay.

Dinh li 1. Véia,b,ce Rvap=a+b+c,q=ab+ bc+ ca,r = abe, ta co

p® > 3q

Chirng minh
Theo bat dang thitc Cauchy-Schwarz, ta co:

(a+b+c)*=a*+b*+c*+2(ab+be+ ca) > 3(ab + be + ca) < p* > 3q

P4 2 . a b . ~, £ = > ~ 2 >
Dau “=" xay ra tai it (Qui u6c néu mau bang 0 thi tit bang 0) n

c
Cc a

Dinh 1i 2. Vé6i a,b,c>0vap=a+b-+c,q=ab+ bc+ ca,r = abe, ta co

(1)p® > 27r (2)¢® > 27r? (3)¢* > 3pr
p(dq—p*) /o oo
(4)pg > 9r (5)r > — (bat dang thitc Schur) (6)2p® + 9r > Tpg

Ching minh

(1) Theo bat dang thitc AM-GM, ta cé:
(a+b+ 0)3 > 27abe < p® > 27r
Dau “=" xay ra tai a = b = c.
(2) Theo bat dang thitc AM-GM, ta c6:
(ab+ be + ca)® > 27a**P < ¢* > 27r?
Dau“="xdyrataia=b=c.
(3) Theo bat dang thitc Cauchy-Schwarz, ta cé:

¢* = (ab+ be + ca)® = a0 + 0> + 2a® + 2(a + b+ ¢)abe > 3(a + b + ¢)abe = 3pr

. ) b ) . A s R
Dau “=" x4y ra tai % - (Qui u6c néu mau bang 0 thi tit bang 0)
c a
(4) T (2) va (3), ta co: p3¢® > 9®r & pg > 9r
Dau “=" xady ra tai a = b = c.

(5) Trude hét, ta chiing minh rang vé6i a, b, ¢ > 0, ta luon co:
a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

That vay, khong mat tinh tong quat, ta gid st a > b > c. Diat = a — b,y = b — c. Bat dang
thiic viét lai dudi dang

clz+y)y—(c+y)zy+(ct+z+yz(z+y) >0 c(@®+ay+y?) +2%(x +2y) >0

8



Bét déng thic trén hién nhién ding vi ¢, x,y déu khong am.
Dau “=" xay ra tai a = b = ¢, hodc a = b, c = 0 hoac cic hoan vi.
Ap dung két qua tren ta co:

a® 4+ b® + & + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

& 9abe > 4(a+b+c)(ab+bc+ca) — (a+b+c)?
& 9r > dpg — p?

(6) Tu (1) va (6), ta c6: p* + 9r = p.p* + 9r > 3pq + 4pg — p* < 2p® + 9r > Tpg

Dau“="xdy rataia =b=c.

D6i v6i mot bai toan bat ding thic ba bién doéi xtng, cuc tri cia ham ba bién déi xting ta
hoan toan biéu dién duge qua cac da thic doi xing so cap p,q,r. Chéng han, ta xét cac bai toan

sau:

rang
a’ +b* + ¢ + 2abc + 1 > 2 (ab + be + ca)

Bai Toan 1. (Darij Grinberg, Ms, 2004) Cho céc s6 thyc khong am a, b, c. Chiing minh

Huéng dan

batp=a+b+c,qg=ab+ bc+ ca,r = abc
Bat ding thiic can chitng minh tuong duong:

pPP—2q+2r +1>2¢ 2r+1>4q —p?

Theo AM-GM, ta co:

2r+1 2:;'/—7";
9r p?
> —(do =— >
> o B2 )

> 4q — p*(theo bat dang thiic Schur)

(a® +2)(b* + 2)(c® +2) > 9(ab + be + ca)

Bai Toan 2. (AMPO 2004) Cho 3 s6 thyuc duong a, b, ¢,chiing minh rang:

Huéng dan

Dat p=a+b+c,q=ab+ bc+ ca,r = abc
Dat P = (a*+2) (0 +2) (c*+2) — 9 (ab + bc + ca).
Suy ra

P =8+4(a®>+b*+ ) + 2 (a®V® + b*c® + *a®) + a*b*c® — 9 (ab + be + ca)
=8+4(p* —2q) +2(q* — 2pr) +r* — 9q = 4p* + 2¢*> — 17q — 4pr +1r* + 8

Stt dung AM-GM va Schur, ta dugc:



Suy ra

4
P 23p2—|—2q2—13q—4pr—|—623p2—|—2q2—13q—§q2—|—6

2 2
:3p2—|——q2—13q+629q+§q2—13q—|—6

5 3
:§q2—4q+6
27 —12¢+18
N 3
2
_2a=3)
3 - [

Bai Toan 3. Cho x,y,z > 0.Chting minh rang:

1 1 1 3z 3y 5
Sh4=> + -
x Yy z  x2+2yz y +2zx 224 2xy
Huéng dan
1 1 1
Data=—b=—,c=—
x y 2
Bét dang da cho viét lai dudi dang:
1 1

b > 3ab
a@+0b+c=dabe 2a2+bc+262+ca+202+ab

o oy 3abc (- 3abe i (e 3abe >0
2a2 + be 2b% 4 ca 2c2 +ab ) —

2a (a®> —bc)  20(b* —ca) = 2c(c* — ab)

>0
2a2 + be 2b% + cqa 22 +ab
3a® —a(2a® +bc) 30 —b(2b* +ca) = 3c® — c(2c* + ab) -0
2a2 + be 2b% + ca 2¢2 + ab -
3a® 3b° 33

> b
2a2+bc+2b2+ca+2cz+ab_a+ te

Stt dung Cauchy-Schwarz, ta c6

3a? N 3v° N 3c? - (a2 + 0%+ 2)°
202 +bc 202 +ca  2c+ab T 2(ad + b3+ 3) + 3abe

batp=a+b+c¢,qg=ab+ bc+ ca,r = abc
Ta di chiing minh:

a2 + b2 + c2)? 2
.2(a§+b3+63)+>3abcza+b+c@3(p2_zq) > p [2 (0" — 3pg + 3r) + 3r]

& pt—6p°q+12¢° > 9pr & (p* — ?)q)2 +3(¢>=3pr) >0
Bét déng thiic cudi luon ding do ¢ — 3pr > 0. Bai toan dugce chiing minh hoan toan n
Qua cac bai toan trén, ta thay viéc stt dung cac da thic déi xing so cap trong chitng minh bat

déng thiic c6 wu diém la khong tén nhiéu thoi gian dé nghi dén mot cach chiing minh dic biét nao
do6, khong doi héi nhiéu ki nang.

10



Tiép theo, ta xét dén cac bai toan bat dang thic déi xting cé diéu kien:

Bai Toan 4. Cho céc s6 thuc duong a, b, cthda méan abc = 1. Chitng minh réng

a>+b>+c®+a+b+c>2(ab+be+ ca)

Huéng dan
batp=a+b+c¢,g=ab+ bc+ ca,r = abc
Bét dang thtc can ching minh tuong duong

e (P —29)+p>2q
Sd49<p*+p

Ta c6 bat dang thitc Schur, ta cé

349
P —dgp+9r >0 dg< T

Can chitng minh
P*+9

pPPp> 5
& (p—3)(p+3) >0 (dingdop>3)

Bai Toan 5. Cho cac s6 thuc duong a, b, ¢ théoa man abe = 1. Chitng minh rang

a+btet——r—— >
ab + be + ca

Huéng dan

batp=a+b+c,qg=ab+ bc+ ca,r = abc
Taco:p>3
Bét dang thtc can ching minh tuong duong

6

L=p+-2>5
q

Néu4q—p2<0<:>p22\/§thi
6
L>\/q+q+->3V6>5
q

Néu 4q — p? > 0 thi theo bat dang thiic Schur, ta cé:

p(4qg — p?) S 4q - p?

1
l=r> > —
9 3 g~ 3+p?

Bai Toan 6. (VMO 2006 Bang B) Cho cac s6 thic duong a, b, ¢ théa man abc = 1. Chiing

minh rang
1 1 1
§+b—2+§+322(a+b+c)

11



Huéng dan

—_

1

1
Dath:—,y:—,Z
a b

Ta co: zyz =1
Bét dang thic can chiing minh tuong duong
4yt + 22 +3> 2@y +yz+z2x) (1)

Datp=os4+y+z,q9q=2y+yr+ze,r=2yz =1
da — 2
Khi dé: (1) & p* —2¢+3>2¢ & - P <1 (%)

Ta co: p> >27r =p>3
Néu 4g — p* < 0 thi (*) luon dung.
Néu 4¢q — p? > 0 thi theo bat ding thiic Schur, ta co:

p(dg—p*) _ 4q—p ()

l=r>
=T =3 "
Vay (*) luon dang do (*)
Bai Toan 7. (BalKan MO)Cho céc s6 thuc duong a, b, ¢ théa man abc = 1. Chitng minh
rang
2(a>+b6°+c)+12>3(a+b+c)+3(ab+bc+ ca)
Huéng dan

bat p=a+b+c,q=ab+ bc+ ca,r = abc
Bét déng thic tuong duong:

2(p* — 2p) + 12 > 3p + 3¢

<:>2p2—32p—|—12 > 1q.

2p° — 3 12
o< 2 —opt+ e
7
Mat khac ta c6 bat dang thic sau:
p>—4gp+9r >0
3
9
sq<lD
4p
Ta can chitng minh
P +9 - 2p% — 3p + 12
dp — 7
& (p—3)(p* — 9p + 21) > 0(ludn ding do p > 3) =

Bai Toan 8. (Balkan MO 2011) Cho a,b,c > 0 théa man abc = 1. Chiing minh réng

(AP +a*+a* +a®+a+1)(BP+b +b°+0%+b+1) (P +ct P+ +ct1) > 8(a®+a+1) (B +b+1)(4c+1)
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Huéng dan
Bat ding thic tuong duong
(a®+1) (°+1) (*+1) > 8« (a®+bc) (b°+ca) (F+ab) >8 (1)
Datp=a+b+c¢,qg=ab+ bc+ ca,r = abc
Khi do:
(1) < 82 +¢* +rp* — 6pgr > 8 < p* + ¢ — 6pg > 0
Theo AM-GM, ta dugc

P® 4+ ¢* > 2pq\/pq > 2pgV9r > 6pg = p* + ¢* — 6pg > 0

Bat ding thitc duge chiing minh hoan toan.

Bai Toan 9. Cho 3 s6 a,b,c duong thod man ab + bc + ca = 3.Chiing minh

1 n 1 n 1 - a+b+c i 3
a+b c+b a+c 2ab+bc+ca) a+b+c

Huéng dan

batp=a+b+c,qg=ab+ bc+ ca,r = abc
Bét dang thic tuong duong véi:

2 2 2
p—l—q>p 3 p—|—3>p+18

pq—r_6+ = & (p*+18)r > 36p — 3p°

}_9 3p—r —  Op
Bat déng thic cudi luon ding do p? > 3¢ = 12 = 36p — 3p> < 0

Bai Toan 10. Cho cac s6 thuc khong am a, b, ¢ thda man a + b + ¢ = 1. Chitng minh ring

a’b + b*c + 2a + 3 (ab + be + ca) < 1+ 3abe

Huéng dan
Trude tien, ta ching minh bat ding thic
3(a*b + b%c+ cfa) < (a+ b+ c)(a® + b* + ¢*)
That vay, theo bat dang thitc AM-GM:
a® + ab® > 2a%b
A+ a’c > 2c¢%a

b® + be? > 2b%c
= 3(a®b+b’c+c*a) < (a+b+c)(a® +b* + )

Ap dung suy ra

a®b+b%c+ Fa+ 3 (ab+ be + ca) — 1 — 3abe < =(a* + b* + ) + 3(ab + bc + ca) — 1 — 3abe

W
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Ta chitng minh

1
g(a2+b2 +¢c®) +3(ab+bc+ca) —1—3abc <0 (1)

batp=a+b+c,qg=ab+ bc+ ca,r = abc
(1) tuong duong véi p* +7¢—9r —3<0& 7¢q—9r—2<0

L ez 4q — 4q — 1
Theo bat dang thic Schur, ta cor > Pl —p) - (dop=1)

9 9
Mit khéc, ta c6 12 = p* > 3¢ (%)
Khi do:

Tq—9r—2<3¢-1<0 (do(¥))

Bai Toan 11. Cho céc so6 thyc duong a, b, ¢ thod man a + b + ¢ = 3. Chiing minh

12

abc + —— >
ab+ bc + ca —

Huéng dan

batp=a+b+c,q=ab+ bc+ ca,r = abc. Ta c6: p =3
Bat déng thiic can chiing minh tuong duong:

L=r+—2>5
q

Theo bat dang thitc Schur, ta cé:

4q — p? 4
Qw:g_gm:g

Khi do:
4qg 12 AM—-GM 4q 12

L>—+4+—-3 > 2{/——-3=8-3=5
_3+q = 3°7g

Bai Toan 12. (Vasile Cirtoaje, MS, 2005)Cho a,b,c > 0 théa man a® + b* + ¢* = 3.
Chiing minh rang

3
5 b — > 18
(a+ +c)+abc_

Huéng dan

batp=a+b+c¢,qg=ab+ bc+ ca,r = abc
Tit didu kien, ta cé: p? =2¢+3 = p > V3.
Bét dang thtc can ching minh tuong duong

3
L=5p+-—-18>0
r

1.3
Ta ludn cé: ¢> > 3pr & — > —Z;
r

q
Do do: 9 9 (p— 3)2(5p° + 12p% — 3p — 18)
D /% b= p° + 12p* — op —
L>5 — —18=5 =
=OPE P =3y (p? = 3)?
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Bay gid ta chimg minh 5p® + 12p? — 3p — 18 > 0 v6i moi p > /3. That vay, ta cé:
3 2 2 3 18
p*+12p° —3p—18 =p? (Bp+ 12— = — = | > 3(5V/3+ 12— V3 —6) =3(4v3+6) >0
p P

Vay, tacoé L >0 =

Sau day, ta xét dén ting dung clia da thitc ddi xing so cap p, ¢, vao gidi cac bai toan cyec tri
ba bién do6i xitng:

Bai Toan 13. (DH KB - 2010) Cho cac s6 thuc khong am a, b, ¢ théa man a +b+ ¢ = 1.
Tim gia tri nhé nhat cia biéu thic

M = 3(a®b® + b*c® + c®a?) + 3(ab + bc + ca) + 2V a2 + b2 + 2

Huéng dan

bat p=a+b+c,q=ab+ bc+ ca,r = abc
Khi d6 P = 3¢® — 6pr + 3¢ + 2y/1 —2¢
Ta c6 cac bat ding thic sau:
q¢* > 3pr = —6pr > —2¢°

Khi do:
P>q¢*+3q+2y1-2¢= f(q)
. 1
Theo gia thiét, ta co: 12:p223q20<:)0§q§§
1
Véi q € [0;§>, ta co:

o 2 v 2
f(Q)_2q+3_qvf (Q>—2—m§0

. 1 1 11
Suy ra, f’(q) la nghich bién trén [O; 5) Do dé: f'(q) > f (5) =3~ 2/3 > 0.

N . 1
Vay, f(q) 1a dong bién trén [0; 5) Khi d6 P > f(0) =2

Dau“="xdyrataia=b=0,c=1,hoicb=c=0,a=1,hoica=c=0,b=1 n

Bai Toan 14. Cho céc s thyc khong am a, b, ¢ théa 3 (a® + b> + ¢?) + ab + be + ca = 12.
Tim GTLN va GTNN cua

2 b2 2
p_rtor+c

+ ab + be + ca
a+b+c

Huéng dan

Dit p=a+b+c,q= ab+ bc+ ca, diéu kien p > 0,q > 0
Tt dicu kién, ta co:

3p? — 12

- — 1

—
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Vig>0,p>0nén (1)=p=>2(2)
Mat khac, ta co
PP>3¢ep-9<0& -3<p<3 (3)

Két hop (2) va (3), ta c6: 2 < p < 3 Ta c6:

2
-2
p =t q+q
1 24
— (32 —p-12+2) (Do
= (37— +p) (Do(1))
s A 5 24N\ ~
Xét ham so f(p):5 3p* —p— 12+ — ] lién tuc trén doan [2; 3]
D
1 1 48
Ta co: f’(p):g(6p—1——) f'(p) == (6+ﬁ>>0,‘v’p€[2;3]

Suy ra, f'(p) la dong bién trén doan [2;3] va f'(p) > f'(2)=1>0
Vay, f(p) la dong bién trén doan [2;3] va f(2) < f(p) < f(3) & 2< P <4

Bai Toan 15. Cho a,b,c la cac s6 thuc thda man 3(a* + b* + ) — 2(a + b+ ¢) = 3. Tim
GTLN va GTNN cua
P=(a®>+b*+c*)? — (ab+ bc + ca)

Huéng dan
batp=a+b+c,q=ab+ bc—+ ca
Tt dieu kién, ta co:
3p?—2p—3
T g
23
Vip? >3¢gmnénp? —2p—-3<0& -1<p<3
Ta co:
Po=(p*—29°—¢q
18( p? +30p+27) (Do(1))
Xét ham s6 f(p) = 18( p? + 30p + 27) lien tuc trén doan [—1; 3]
1
Ta co: f'(p) = 18( 2p +30) > 0,Vp € [—1; 3]
. 2
Vay, f(p) 1a dong bién tren doan [—1;3] va f(—1) < f(p) < f(3) & =3 <P<6

Cam on thidy Lé Trung Tin giri dén www.laisac.page.tl
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