Chuyén Dé. GIAI TICH.

( laisac t(fng hop nhung chwa chinh ly)

A. HAM SO LIEN TUC

D’inh li.(dinh Ii gia tri trung gian). ) ‘
Néu ham s6 y = f(x) lién tuc trén doan [a ;b] va f(a) = f(b) thi voi sO thuc M nam gitra f(a) va f(b)
ludn ton tai it nhat mot diém c e [a;b]sao cho f(c)=M

Hé qua. ’
Néu ham s6 y = f(x) lién tuc trén doan [a ;b] va f(a).f(b) <0 thi phuong trinh f(x) =0 cd it nhat
mét nghiém x, e[a;b].

Chi V: Néu kém theo ham s6 y = f(x) don diéu trong [a;b] thi phwong trinh c6 nghiém duy nhdt
X, € [a;b]

CAC Vi DU MINH HQA

Bai 1 .Cho ham sd f:[a;b] > [a;b] lién tuc .
Chtng minh ring phuong trinh f(x) =x c6 nghiém trong [a;5]

Giai. Pat g(x)= f(x)—x 1a ham s lién tuc [a;b] ma g(a).g(b)=(f(a)—a).(f(b)-b)<0 nén phuong
trinh g(x)=0 co it nhat mot nghiém x, e [a;b]= g(x,)=0= f(x,)—x, =0 hay phuong trinh f(x)=x
c6 nghiém x, e[a;b]

Bai 2 Cho ham s f(x) lién tuc trong doan [0;1] thoa man diéu kién f(0) = f(1)

Chting minh phuong trinh f(x) = f (x + j cd nghi¢m.

2012

Giai. bat g(x) :f(x—{- 2012}

j— £ (x) ham s nay xac dinh va lién tuc trong [0;—

2012 2013

1
g0)=71 (TB)) - /(0)

1 2 1
G0 = Gorsy) ™ Gorzy)

NN N
Taco e =" Qo) ™ Gorsy

2012 2012
g(m) = f(l)—f(m)

Suy ra g(O)+g(20113)+g(20213)+..-g(§gi)=f(1)—f(0) -0




1 2 2012 A . 2012
Do d6 g(0)+ + +..g(=—>)=0,nén tdn tai i, j €| 0;—— | sao cho
g0+ e 3 80013 ' ”e[ 2013}
g(2(513).g(2({13)£0:>phu0ng trinh g(x)zf(x+20112)—f(x) c6 nghiém hay phuong trinh
f(x)=f(x+ ! ) c6 nghiém .

2012
Bai 3.Chohamsd f(x)=x"+ax’ +bx’ +cx+d.
Chtng minh rang f'(x)> 0, Vx e R, thi
Fx)=f(xX)+ ' (x)+ @)+ x)+f(x)>0,VxeR.
Giai. F(x) lién tuc trong R, thoa min F(x) — +oo khi x —> o0, suy ra ham s ton tai gia tri nho nhat
chinh 13 cuc tiéu ctia ham sd , ta ¢ F'(x) = f1(x)+ f2(x)+ £ (x) + f*(x) 12 mot da thic bic 1& nén
F’(x) c6 it nhat mot nghiém. , mat khac F'(x) = F(x)— f(x)
Gia st x, 1a nghiém F’(x) thi
F'(x) = F(x,)~ f(x,) & F(x,) = f(5) =0 & F(x,) = f(x,) > 0= F(x) > F(x,) >0, Vx e R.

Bai 4 .Cho phuong trinh x” +x"" +...+ x—1=0. Chung té rang véi moi n nguyén duong thi phuong
trinh c6 duy nhat mot nghiém duong x, . Tinh limx,

Giai, Pat 7 (x)=x"+x""+..+x-1 1a ham s6 lién tuc trong R.
Gidstr O<x, <x, = f (x)— [, (x,) =(x1" —x§)+(xl’H —x§71)+...(x1 -x,)<0= [ (x)< f,(x,)suy ra ham
s6 dong bién trong (0;+).
Mit khac ta ¢6 f,(0)=—-1<0, £.(1)=n—1>0 nén phuong trinh c6 it nhat mot nghiém .
Vay ung voi mot gid tri n phuong trinh c6 ding mdt nghi¢m x, € (0;1)
Vix 1 nghiém phuong trinh da cho nén x" +x"" +..+x,—1=0 , nhan thdy khi n ting thi x  giam, tic
la day {x,} gidm va bi chdn nén day c6 hdi tu.
Gia su day hoi ty vé& ae(0;1) nghia la limx, =a, ta co:
-Xx, a 1

n

x,’f+x,’f‘l+...+xn—1=0@1:1_)6” xn:>1:1im1 X, = :>a:§:>1imxn:%

1-x I-x " 1-a

n n

II. TINH PON PIEU
Bai 1. Gidi phuong trinh : tgx =2 | véi xe (0 %).

Loi gidi :
sinx 2

. 2 2
=——&sinx.2™ T =cosx.2® .
Cosx 2SIH X

Phuong trinh twong duong:

Vi xe(0; %) = sinx>0 ;cosx>0 .Do do.
Xét ham sb: f(t)=¢2" 1a ham sd lién tyc va dong bién vi>0.

Nén phuong trinh twong duong: f(sinx)=f(cosx) < sinx=cosx=>x = % .

Vay nghiém cta phuong trinh da cho la: x = %



Bai2. (Pé thi PH & CD nam 2000)

2
Giai phuong trinh:  log, x2+—x+3 =x" +3x+2.
2x° +4x+5
2
Loi gidi : Taco x2+—x+3>0’ VxeR.
2x" +4x+5

Ta nhan thdy : (2x*+4x+5)-(x*+x+3)=(x*+3x+2). Do d6 phuong trinh trong duong.
10g3(x2 +x+3)—10g3(2x2 +4x+5)= (2x* +4x+3)— (x> +x+3)
< log, (x2 +x+ 3)+ (x* +x+3)=log, (2x2 +4x+ 5)+(2x2+4x+5). (1)
Xét ham sb y=f(t)=logst+t. 12 ham s déng bién va lién tuc voi Vi >0
Nén phuong trinh (1) < f(x*+x+3)=f(2x*+4x+5) < X +x+3=2x"+4x+5
& x*3x+2=0 =x=-1 hodc x=2 .
Vay nghi¢ cua phuong trinh trén la: x=-1 hodc x=2.
Bai3. (TH&TT T7/298)
Giai phuong trinh : 3" =1+ x +log, (1+ 2x).

Loi gidi :DK: x>—%

Phuong trinh twong duong :3"+x=1+2x+og;(1+2x)

bat: t=logy(1+2x) = 1+2x= 3. Vay phuong trinh trén viét lai: 3" tx= 34t (1)
Xét ham sb :f(a) =3"+a, 1a ham s lién tuc va dong bién trong tap sb thuc R.
Phuong trinh (1) twong duong :f(x) =f(t) = x=t.

Vay phuong trinh tr¢ thanh: 1+2x=3",

Tuong tu chimg minh nhu trén ,nghiém phuong trinh trén 13 hoanh d6 giao diém cia hai d thi :
y=142x va y=3" .V& hai d0 thi ,ta s& c6 2 hoanh d6 giao diém 1a: x=0 va x=1.
Vay phuong trinh cé nghiém la: x=0 hoac x=1.

Bai 4. Gidgi phuong trinh 2x +1)(2 +/4x> +4x+4)+3x(2+49x> +3)=0.
HD. Phuong trinh tuong duong

Cx+DQR+C2x+1)> +3)=3x2++/(-3x)" +3) = fQx+1) = f(-3x).

Trong d6 f(¢)=t(2+/t> +3), la ham d@)ng bién va lién tuc trong R, phuong trinh tr& thanh
f2x+1) = f(-3%) € 2x+1=3x < x = —% 2 nghiém duy nht.

Bai 5. Tim m dé phuong trinh sau ¢ nghiém thyc:

3x—1+mx+1=24x*-1

(Pé tuyén sinh Pai hoc, Cao dang Khéi A nam 2007)

Phan tich va loi giai

- Ta c6 thé sir dung phuong phap bién 601 dé giai bai toan;

- Binh huorng ta bién d6i phuong trinh vé mot vé theo x xem 1a ham s6 bién x;
- Bai toan giai don gian hon dya vao phuong phép dao ham.

Diéu kién x>1

x—1 x—1
Ph trinh t d =3 +2 =
uong trinh twong duong \/x+1 </x+1



bat t:‘/x—_l;tZO
x+1

Luc d6 phuong trinh theo 7 1a: =3 +2t=m
2

Vit=,|l-—=0<¢r<1
x+1

Trén [0; 1) ta co —1<f(t)£%

Vay phuong trinh c6 nghiém khi —1<m < %

Tim m dé phuong trinh sau c¢6 nghiém duy nhat:

2 +3=mVJ4 +1.

(Cau triic dé thi TN THPT va Pai hoc ciia Bé gido duc nam 2008)

Phan tich va loi giai
- Ta c6 thé st dung phuong phap tam thire dé giai bai toan;
- Binh huong ta bién d6i phuong trinh vé mot vé theo ham bién x;
- Bai toan giai don gian hon dya vao phuong phép dao ham.

2°43

Ta c6 phuong trinh viét lai: =m
V4 +1
N , o, R . , , \ \ r+3
Bang cach dat an phy #=2%,¢>0. Lic d6 phuong trinh 1a: m = vk
r+

Xét ham s6 f(t) = trén (0;+00)

Phuong trinh ¢6 nghlem duy nhat khi va chi khi d6 thi ctia ham sé f{x) va dudng thang y = m cb mot
diém chung duy nhat.

P +1- ———(t+3)

Taco ()= yerl T 1=
t*+1 (22 +1)Ve2 +1
Bang bién thién |
t 0 3 +00

f'(t)

+ 0 -
v 7 fep =10
3 / \

Duya vao bang bién thién ta c6 phuong trinh c6 nghiém duy nhat khi{

l<m<3
m=+10
Chit y: Bai todn yéu cau phwong trinh c¢é nghiém ta can m <~/10 ; bai todn
yéu cau phuong trinh c¢6 hai nghiém phan biét ta can 3<m<A/10



X

Bai 7. Giai phuong trinh: log, % =1+x-2" (%)
X

(Pé dy bi Pai hoc khéi A nam 2007)
Phan tich va loi giai 7 )
- Binh hu6ng trong phuong trinh vira chira logarit vira chira bi€u thirc mii va bién ¢ da thirc;
- Ta thtr nghi dén cach giai phuong trinh thong qua viéc xét cac ham so.

X X _ "0
2 —1>O<:> 2 >1=2
x#0 x#0

Diéu kién { x>0

X

=1-2"+x vax>0

(*)< log,

< log,(2*-1)—log, x=1-2"+x vax>0
S Q-0+ logz(‘ZX - 1)’= X + logox (%)
Xét ham f(t) = t + log,t dong bién khi t > 0
Do do6 f(u)=f(v)<u=v, v6iu>0,v>0
Vay i (¥%) e 25 — | = x <> 28 — x =1 = 0 (¥*¥)
Lai xét ham g(x) =2 —x— 1 khix >0
gx)=2'In2-1,gx)=0< 2* :ﬁ =log,e>1< x=log,(log,e)>0
Taco g’'(x) >0 voi moi x nén g'(x) 1a ham tang trén R
+) g'(x) <0,Vx <log,(log,e) = g giam trén (—0; log,(log, e)]
+) g'(x)>0,Vx > log, (log, ¢) = g tang trén | log, (log, €);+x)
= g(x) =0 c6 t6i da 1a 1 nghiém trén (—o0; log,(log, e)]
va c6 t6i da 1a 1 nghiém trén [ log, (log, e); + ).
bang cach thir nghiém ta c6 pt g(x)=0 (¥**) c6 2 nghiém1a x=0;x=1.

Vix>0nén (*)<x=1. ’ ’
Bai 8. Cho f{x) la mdt da thuc véi hé so hitu ti, & 1a s6 thuc sao cho
o’ —a=[f(a)f - f(a)=33"".

Ching minh ring (f(”)(a))3 — £ () =332
Trong d6 f™(x)= f(f(f(...f(x)...))), n 1a 50 nguyén duong

nlinf

Phan tich va loi giai
- Khai thac gia thiét: o® —a =[f(a)] - f(a)=33*";
- Ta ¢ suy nghi & va f(a) déu la nghiém cua phuong trinh
3 22200915,
X" —x=337"(1);
- Bai toan yéu cdu chimg minh ( £ () — £ () =33*"
-Nén a va f(a) co thé bang nhau;
- TUr 46 nghi dén chimg minh ¢ ton tai duy phét.
Str dung phuong phép dao ham ta xét ham so:



g(x) =x’ —x trén (—o0; +00).

Tacog(x)=3x"-1,g'x)=0 < x:i\g

X 1 1
—00 - = — +00
3 3
y [+ 0 . 0 +
2.3
Y= —/— 0
9
2.3
- e Ty

Do thi ctia g(x) va dudng thang y = 33°°” trén R chi c6 mot diém chung duy nhat
Suy ra trén R phuong trinh x° — x = 33**”? ¢6 nghiém duy nhat nén a=f(a)
=a=fla)=f(f(@)=..=f(f(f(..f(@).)))=f"(a)
Hay (f"(a)) - f"(a) =33"".

Bai 9. Tim tat ca cac gia tri cua tham s a dé bat phuong:

a~2x* +7 < x+a nghiém dung véi moi x.
Phan tich va loi giai

- C6 thé giai bai toan bang phuong phap tam thirc; nhung phuong phap tam thirc to ra kha
phirc tap, khi dinh 1i ddo vé ddu tam thirc va so sanh mot s6 v6i cac nghiém ciia tam thirc
khong dugc hoc mot cach hé thong,

- Ta bién doi bat phuong trinh mot vé chira bién x, v€ con lai chtra tham s6 a nhu sau: bat

x .
P27 -1

Xéthamsd f(x)=——>_  wénR.

N2xP+7-1
Bat phuong trinh nghiém dting véi moi x khi a nho hon gia tri nhd nhat ctia ham s6 f{x)

2247 -1-x =X S
Taco f'(x)= 2x +7 . ToNeX *1
(\/2x2 +7 —1) 232 +7 (szz +7 —1)
x=+/21
f'(x)=0<
=1

Bang bién thién
x | -0 /21 V21 +00

f(x) - 0 + 0

fix) )2 2

phuong trinh < a <




Bét phuong trinh ¢6 nghiém véi moi x khi a < —%
Chu y: Bai toan yéu cau tim a dé bat phwong trinh ¢é nghiém thi chi can a nhé hon gid tri lén
nhat cua ham so f{(x)
Xty+txy=m _ IR . . A
, , . Tim m dé h¢ phuong trinh c6 nghiém.
X +y =m

(Cau triic dé thi TN THPT va Pai hoc ciia Bé gido duc nam 2008)
Phan tich va 10i giai o )

- Bay la hé doi xting loai 1. Biéu dién x va y qua hai bién S va P nhu sau:

Bai 10. Cho hé phuong trinh {

S=Xx+Y & ..
bat .bieukién §° >4P(*);
P=xy
- Khai thc diéu kién §* > 4P dé tim ra khoang chira S (hogc P);
- H¢ c6 nghiém khi phuong trinh theo S va P ¢6 nghiém thoa man dicu kién vira tim dugc.
S+P=m P=m-S§
2 And 2
S —2P=m S*°+25-3m=0
Taco S’24P < S*—-4P>0<3m—-25-4(m—-S)=0
§*+28

Hé viét lai theo S va P 1a: {

=0<5<4

@SZ%@SZ

Yéu ciu bai toan <> phuong trinh S* + 25 —3m =0 c6 nghiém théa 0< S <4
Hay phuong trinh S* 4+ 25 =3m c¢6 nghiém théa 0< S <4
Xét hamsd £(S)=S"+28

Ta c6 ham s6 ludn dong bién trong (—1;+o0) nén dong bién trén [0; 4
Nén max f=f(4)=24

[0;4]

min /= f(0)=0

[0; 4]
Phuong trinh ¢6 nghiém khi 0 <m <8

L.LHE PHUONG TRINH : o ‘
o H¢ phwong trinh ba an: Dang loai hé phuong trinh, sau khi bien doi dwa vé hé
x=f(») gy) = f(x)
y=f(z)  hogc dgng g(z)= f(y)
z=f(x) g(x) = f(z)
NOI DUNG PHUONG PHAP:

Ta xét cdc ham s6 f(t) ; g(t). Vin dung khodng don diéu ciia ham sé dé chirng minh hé phwong trinh
co nghiém thoa x =y =z . Tw do suy ra tim nghiém phuong trinh .



2x+1=y" +y* +y
Bail: Gidi hé phuwong trinh {2y +1=2"+z" +z
2z4+1=x"+x" +x

X= (D= ()

N o

Loi gigi Hé phuong trinh tuong duong <y = %(23 +2°+z-1) = f(2)

z:%(x3 +xX+x=1)=f(x)

Pit f(t)=%(t3+t2+t—1),Vte(—oo; +oo).Tac6f’(t)=%(3t2+2t+1)>0,Vte(—oo; +50)

Suy ra ham s luén dong bién trong (—oo; + ).

Giastx>y = f(y)> f(z)=> y>z= f(2)> f(x) = z > x. VAy x >y >z > x Mau thuan | Tuong tu
x <y ciing dan dén mau thuin , suy ra x =y =z . Do d6 hé phuong trinh tuong duong

xz%(x3 +x7+x-)=>x=-Lx=1

Vay nghém cua hé trén 1a (-1 ;-1 ;-1) hoac ( 1,1,1).
Bai 2 : (Thi HSG bang A 2005-2006).

Giai hé phuong trinh :
Vx? = 2x+6.logs (6 - y) =x

Vy2=2y+6.logy(6-2)=y
Vz2 =2z +6.10g3(6-x) =z

Loi gidi : Diéu kién xac dinh x,y,z < 6 .Hé da cho twong duong véi

logs (6— y) = ————— (1)
2
VAT —2x+6 g(») = f(x)

logy(6-2)=—2—" (2) < 18(2)=f(»)
vy -2y +6 2(x) = £(2)
zZ

log3(6-x) = ———— (3)
\/22—2z+6
Xét ham s6 : f(f) = ——— v6it<6.Tacod /()= 6=t >0 vit<6

Nt =2t +6

Suy ra ham sé f(t) déng bién trong khoang (—; 6).
Mit khac ta xét ham s6 g(¢) = log,(6 —¢), 1a ham giam trong khoang ( —oo; 6).

(12 =2t + 6Nt =2t +6

Néu (x,y,z ) 1a mot nghiém cuia hé phuong trinh ta chimg minh x =y = z. Khong mat tinh tong quat,
gia st x = max(x,y,z) thi c6 hai truong hop.

TH1 . x2y2>z = f(x)2 f(¥) 2 f(z) = log3(6—y) 2log3(6—z) 2log3(6—x)=>x2z2y=>x=y=z
TH2. x2z2y = f(x)2 f(2) 2 f(y) = log5(6—y) 2log3(6—x) 2 log3(6—z) = z2x2y=>x=y=z
Vay phuong trinh f(x) = g(x) c¢6 nghiém duy nhat x = 3 .h¢ c6 nghiém duy nhatx =y =z=13



Bai 3 (THTT T9/333)
¥ (x+)=2(y" —x)+1
Giai hé phuong trinh {y*(y+1)=2(z> - y)+1
Z(z+1)=2(x" —z)+1

X +xP+2x =2y +1 f(x) =g
Loi gidgi : Viét hé da cho dudi dang {y* +y? +2y=22"+1 1 f(») = g(2)
2 4+z7+2z=2x"+1 f(z)=g(x)
Xét hai ham s6 f(t) =t +t>+2t va g(t) = 2t+1. ,
Vi f(t) =3t + 2t + 2> 0 ;g°(t) = 6t> > 0.Suy ra hai ham s (t) va g(t) luén dong bien trong R.
Gia su (x,y,z) la nghiém hé da cho , khong gidm tong quat gia su
x2y=>g)=/(02f)=g@)=>y2z ‘
Matkhac vi x>y = f(y)=g(2) > g(¥) = f(x) = y > x. Di€u nay chi xdy rakhix =y =z
X=y=z X=y=z ()
2=
f(x)=h(x) Xt +2x=2x +1 (2)
Phuong trinh (2) tuong dwong h(x) =x> —x*-2x +1 1 ham sd lién tuc trén R
vataco h(-2)<0;h(0)>0;h(l)<0;vah(2)>0
suy ra phuong trinh c6 ba nghi¢m phan biét trong (-2 ; 2) .
bat x =2cosu voi u € (0; 7). Phuong trinh tr¢ thanh 8cos’u — 4cos”u- 4cosu +1 =0 .
suy ra sinu (8cos’u — 4cos’u- 4cosu +1) =0
= 8sinucos’ u—4cos’ u.sinu —4cosu.sinu+sinu =0 < 4sinu.cosu(2cos’ u—1)

Vay h¢ tuong duong voi hé {

=3sinu —4sin’ u =sin3u .

Tuong duong sin4u = sin3u . Gidi phuong trinh ta thu dugc u € {% 377Z ,577[}
Vay nghiém ctia hé phuong trinh trén la x =y =z = 2cosu vdi u {% 377z 57”}

Bai 4. Gidi cdc hé phuong trinh sau:
X +3x-3+In(x*—x+1)=y
vy +3y-3+In(y’ —y+1)=z .(HSG bdang A 1994) ;

2 4+3z-3+In(z>—z+ 1) =x

X +3x7+2x-5=y

vy’ +3y* +2y-5=z (HSG Bang B 2006)

2 +377+2z2-5=x

HE PHUONG TRINH HAI AN dua vé phwong trinh dang f(x) = f(v) hodc f(h(x)) = f( ()

NOI DUNG PHUONG PHAP :Xét ham sé f{t) .Vin dung tinh don diéu ciia ham sé trong khodng
doan ndo dé dé dan dén x = vy hodc h(x)=g(y),tw do suy ra cach gidi .
Bai 1. Giai hé phuong trinh:
1+
(== +pl=2in = )

AR Y L, R 2)




Loi gidi :

DK: x>0 ;y>0.

Phuong trinh (1) twong dwong:y*-2y+2In(1+y)= x*-2x+2In(1+x) , c6 dang f(y) = f(x) .
Xét ham s6 :f(t)= t*-2t+2In(1+t) , lién tuc trong (0; + ).

2
Taco P(H=2t2+2 va £ (x)=2 2
1+¢ (1+1¢)
Tir d6 suy ra :f(t) luén dong bién trong (0;+ ).
Do d6 p/t: y*-2y+2In(1+y)= x*-2x+2In(1+x) < f(y)=f(x) < x=y.
2 =1 ()

2% =3 (n)

>0 Vt=0.

Thé y = x vao (2) ta co: 4 _3=22" @{

P/t ¢6 nghiém la: x=1log; 3.

Vit iy =m
S+ =m
HD :Trir hai vé phuong trinh ta c6: +/2x —+/3—x = \/E - \/ﬂ

bat f(t) = \/2_1‘ + \/; . Ham s xéc din}l trong [0 ; 3 ].

CM ham s6 dong bién , suy ra x =y. Thé y = x vao phuong trinh (1) ta c6

\/Zx + \/3 - X =m<:>{y:\/g+ 3-x

Bai 2 : Pinh m dé hé phwong trinh sau c6 nghiém: {

y=m
Lap bang bién thién suy ra két qua.
Bai 3. Gidi hé phuong trinh:
(sin2 x)cos Y = (cos2 y)sin )
cos™ x+cos®™ y =1 (2)
Loi gidi.

Tanhan thdy: sinx #0 cosx=0, siny #0 cosy# 0,nén

In(sin® x) _ In(cos’ )
sin” x cos’ y

I-Int
;2

Phuong trinh twong duong: (1) <

Xét ham s f(t) _Int lién tuc trong (0;1) c6 f'(t)= >0 Ve (0])
t
In(sin® x)  In(cos’ )

s 2 2
sin” x cos” y

= /() dong bién trong (0;1) .Do do6 p/t:

& f(sin’x)=f(cos’y)

) 2
e Sin X=CO0S'y.

Thé sin’x=cos’y vao phuong trinh (2) ta c¢6 :sin*"*

2007

xtcos™ 'x=1 = P/t c6 nghiém la:

x=%+k7r vx=r+kr.Do dod hécod nghiédmj la: x=%+k7r vy=r+krx

Hoac y=%+k7r vx=rw+krx



Bai 4. (Olympic 2004). Giai hé phuong trinh :
I+ x

e )]
I+y
64.8% —96.47 3V 13627 9% _327% =0 (2)
Loi gidi :

DK:x>0,y>0
Tu (1) = h{i*—xJ:x—y@y—ln(ny):x—ln(nx) *)
+y
Dit f(t) = t — In(1+t) x4c dinh Vt > 0
1t

Tacod: f(t)= o= 20 W20 = f(t) luén ludn dong bién [0, +) .
+t +1t

Do d6 phuong trinh (*) : y- In(1+y) = x — In(1+x) < f(y) = f(x) © y=x
Thé vao (2) ta c6 : 64.87" —96.47* 3% +36.2¥7.9%" —327V =0
ox

3x Jx
Chia 2 vé cho 27"* phuong trinh trd thanh : 64. E - 96. g + 36. g -3=0
P g 3 3 3

Ny )t 3
Chia 2 vé cho 4 phuong trinh tr¢ thanh : 16.[§j —24.[§j +9{§j =2

2 Jx
Détt=[§j ,Vix>20=>0<t<1.
Phuong trinh tré thanh : 16¢ — 24¢ + 9t = %

Lai dit t = cos’X (Xe (0, 7)), phuong trinh thanh : 16.cos°X— 24.cos*X+ 9cos’X =

AW

< (4.cos’X — 3cosX)’ = % < cos?3X = % = X=10% X=50°, X =70

= t=cos’10°, t = cos*50°, t = cos*70"
= x=log,’(cos*10"), x =log,’ (cos® 50°), x = log, (cos> 70°) 1a 3 nghiém phuong trinh trén .
3 3 3

Bai 5: (TH&TT T9/309).

1 1+3 =1 i 2
Gidi hé phirong trinh og 1+ C_O”) ogs (sin ) +
logz(l + 3sin y): 10g3(cosx)+ 2

Loi gidi :

Diéu kién co nghia : cosx > 0, siny > 0 .Tur hé da cho taco :

logy(1 + 3cosx) + logz(cosx) = logy(1 + 3siny) +Hlogz(siny) .  (2)

Xét ham sb f(t) = logy(1 + 3t) + logst, voit >0

Ta c6 f()= — >+
(1+3)In2 ¢In3

Do vay, f(t) la ham s6 dong bién trén (0 + o), tir (2) c6 f(cosx) = f(siny).

Do f(t) d6ng bién suy ra siny = cosx .

Thay vaoh¢ phuong trinh (1) ta duoc : logy(1 + 3cosx) — logz(cosx) =2 (3).

Xét ham sb g(v) = log,(1 +3v) — logsv, véi v = cosx € (0,1}.

>0, V>0



: 3 1 ; . In2
Ta co = - a =0khiv=vyg= ——— 0,1}.

e 1+3)mn2 vin3 e(v) Y S 3—m2) €O
Lap bang bién thién, ta thiy g(v) nghich bién tir (0, vo], va dong bién tir [vo, 1).
Nén p/t (3) c6 nhiéu nhat 1a 2 nghiém theo cosx

\ " £ 12 \ 1
va 2 nghiém d6 la:cosx = 1 va cosx = 3

Vay h¢ da cho tuong duong véi 2 h¢ :

1

cosx=1 . cosxr=7
(4) va | (5)

3

sin y=1 sin y =

Giai cac hé (4) va (5)taco:

x=2krx x=iarcos[§j+2k7z
T i ndk,neZ va 1

=4

Y 2 e :(—1)”arsin[§j+n7zk,n62

2

Bai 6. (HSG bang B 1994).Gii hé phuong trinh {xz Hix+in@r+l=y
y +3y+In2y+1) =
Phuong trinh lai dua vé dang h¢ phuong trinh dang 2 .
NQOI DUNG PHUONG PHAP : (Ddy la dang van dung ham s6 ngueoe ) . Bat mét biéu thire ndo dé
ciia phurong trinh thanh mét ham sé roi dan dén hé phwong trinh ¢é tinh chat déi ximg.
Bai 1. Giai phuong trinh : 2" —log,(1+x)=1. (TH&TT T6128)
Loi gidi :
DK: x>-1.

2 =1+y (1)

bat:y=log,(x+1)=>x=2"-1. Do d6 ta c6 hé¢ phuong trinh sau:
2 =1+x (2)

Lay (1) trir cho (2) ta €6:27-2" = y-x =2%x = 2"+y. (3)
Xét ham sb :f(a) = 2*+a 1a ham lién tuc va dong bién trong tap sd thuc R
Phuong trinh (3) twong duong: f(x)=f(y) => x =Y.
Vay phuong trinh (1) tr¢ thanh : 2*=1+x.(4)
Nghiém ctia p/t (4) chinh 13 hoanh d6 giao diém ctia hai @6 thi y=2"vay=x+1
=2 Dua vao d6 thi ta nhan thfiy hai d6 thi cit nhau 1an luot tai hai diém
‘ ¢6 hoanh d0 la :x=0 va x=1.
Vay nghiém cta phuong trinh 1a: x=0 hoac x=1

y=x1

Bai 2 : Pinh tham s a dé phuong trinh sau day c6 ba nghiém phan biét : x* —a=3x+a

HD :Dbaty=3Yx+a=y =x+a .

3

X’ =a+
y:>x3—y3=y—x:>x3+x:y3+y (1)

y =a+x

Pit f(t) =t +t, c6 dao ham £°(t) = 3t + 1 > 0 moi t thudc R , nén ham s ludén dong bién trong R .

Tur phuong trinh trén ta suy ra hé {



Tir phuong trinh (1) suyra f(x)=f(y) => x=y .trdotacox =x +a (¥).

Vay dé phuong trinh trén c6 ba nghiém phan biét thi phuong trinh (*) phai c6 ba nghiém phén biét.
Dung bang bién thién dé phguong trinh c6 ba nghié phan biét thi |a| < % :
Bai 3 : Giai phuong trinh : logy(sinx + 1) =2""—1 .

HD : Daty =logy(sinx + 1) = sinx =2"—1. (1).

y — 2sinx _1
sinx =2" -1
Xét ham sb f(t) =t +2' ¢6 £(t) =1+ 2"In2 > 0 . Ham s6 ludn ludn dong bién R
= y+2" =sinx+2™" < f(y) = f(sinx) = y =sinx.

Phuong trinh tré thanh hé :{ = y—sinx=2""-2" < y+2” =sinx+2%"",

Dodotr(l)tacody=2"-1<2"=y+l<y=0 ;y=1.
Khiy=0=2"" =l x=kr .

Khiy =1 :>2Si“:2<:>x:§+m7r.

Thu lai , phuong trinh ¢6 nghiém :x = % (neZ)

Bai 4 : Giai phuong trinh : log, x = Gj .

4

,
HD. Dit y=log, x= x— Gj . Phuong trinh tr& thanh hé

4

(Diing phurong phdp ham nguwoc dé gidi)

2x+1=y’+y*+y
Bai 7. Giai hé phuong trinh: {2y+1=2*+7’ 47
27+ 1=x+x>+x

Phan tich va loi giai
- B¢ y néu xét mdt phuong trinh ctia hé va xem mdt an 1a bién thi an kia 1a ham theo bién d6 hé
viét lai nhu sau:

1
x=§(y3+y2+y—l) (1)

Hé phuong trinh viét lai {y = %(z3 +z22+z-1) (2).

Z =%(x3 +x*+x-1) (3)
- Ta c6 ham cua bién nay lai la bién cta ham kia;
- Ta nghi dén xét ham f{?) = %(ﬂ +1°+1—1) trén (—o0; +0)

Co £(1)= %(3# +21+1)>0 t€R, nén ham sé luon luon déng bién,



Néu x>y = f(x)> f(»)
Te@B)va(l) =>z>x= f(z)> f(x)
Te(2Q)va3) =>y>z

Vay = x> y >z >x khong thé xay ra
qungtu:

Néuy>zthiy>z>x>y
Néuz>xthiz>x>y>z

Néntaco cox =y =z
Nghiém cua h¢ (1;1;1), (-1;-1;-1)

x+Vx2 —2x+2=3"41
Py p2 =2y +2 =341

Bai 8. Giai h¢ phuong trinh: ; x,yeR (D)

Phan tich va loi giai

- Hé khong mau muc, déytrong hé sb mii ctia cos6 3 1ax—1 vay—1;
- Ta co y bién doi h¢ theox — 1 vay — 1.
bitu=x-1,v=y-1

ut+vui+1=3"

(I) thanh (ID 5

VHyYVi+1=3"
Xétham  f(x) =x++x*+1
X \/X2+1+X> x| +x >0

f'(x) =1+ =
) i+l UxEHl x4l
Vay fdong bién trén R.
Néuu>v =fu)>fiv) =3 >3 = v>u(voly);
Tuong tu néu v > u ciing ddn dén vo 1y

Do d6 hé (I Q{u+\/u2+1:3u©{1:3u(\/u2+1—u) 0
u=yv

u=yv

(Vivul+l-u#0nénu+vu+1=3"<1=3"(u*+1-u))
bit g(u)=3"(vVu* +1-u)

— g'(u)=3"In3(/u? +1 —u)+3“[ d —1J

wr+1

' u 1
g'(u)=3 (\/u2+1—u)[ln3—mj>0,wz eR

Vay g(u) dong bién trén R.

Ta c6 g(0) = 1. Vay u = 0 1a nghiém duy nhét cua (1)
Nén (I)< u=0=v

Vay(DDex=y=1.



3 +2x—1<0 (1)

) . Tim a dé hé co6
X =3x+1-a>0(2)

Bai 9. Cho hé bat phuong trinh: {

nghiém.
Phén tich va 10i giai
- Thyc chat cia bai todn 1a tim a dé€ bat phuong trinh (2) ¢6 nghi¢m théa man (1);

, 1
Nghiém cua bat phuong trinh (1) la: —1<x < 3
Goi vé trai cua (2) 1a f{x)

Ta co f(x)=x3—3x+1—a:>f'(x)=3x2—3;f'(x)=0<:>{x

Ta tim GTLN, GTNN ctia ham sb trén (—l; %)

Béng bién thién . 1 3 1

fx)| + 0 - -0+
3

fix) \
27 1_

. 1
Hé c6 nghiém khi min f >0 ——-a>0&a<—
R 27 27

a

C. DON BIEN CHUNG MINH BAT PANG THU'C
Bai 1:Cho x,y e R théamin y<0;x’ +x=y+12. Tim GTLN, GTNN ciia biéu thirc
P=xy+x+2y+17

Giai:

Tur gid thiét ta cd y=x’ +x—12<0 hay —4<x<3.Khi d6 x* +3x> —9x—7. Xét ham s6

f(x)=x +3x" —=9x—7;x €[4;3]

Tacod f'(x)=3(x"-3+2x);f'(x)=0=>x=-3vx=1

Lap bang bién thién ta ¢6 minf(x) = f(1) = —12;max f(x) = f(-3) =f(3) =20

Vay min P=-12 dat dugc khi x=1 ;yf—IO va max P=20 Qat duoc lghi x=-3; y=-6 hodc x=3; y=0 ’
Nhén xét: Bai toan nay dugc giai bang cach thé mét bi€n qua bién con lai nhung phai danh gia bién
con lai. Tur @6 tim GTLN, GTNN cua ham so chira bién bi chan.

Bai 2. Cho x,y>0 théa x+y=1. Tim GTNN cua biéu thic

K= X + Y
1-x l-y




e2s.my c1 (1:k , . as NPT X I-x
Giai:Tu gia thiét ta c6 y=1-x, 0<x<1. Khi d6 K viét lai thanh K = \/EJF T
Xét ham s6 f(x)= ——— + =%
Vl-x \/;
2-X x+1

fi(x) =

21-x)VI-x  2xvx
fx)=0& x:l
2
Vay min K=+2 dat dugc khi x =y :%
1 X %

Bai 3. Cho xy # 0 thoaman x+ y =1. TimGTNN cia: P=———+———+ —
x+y oy 41 x+1

Giai:
2 2 2 1—1¢
batt=x"+y tacc')(x+y) :111énxy=7

Ap dung BPT (x+ »)’ <2(x* +’) suyra tzé . Khi do
1 +(x4+y4)+(xz+yz)_14_21‘24-81‘—2
xX'+yt Xy +x+y)+l ot £ +2t+5
1 +(x4+y4)+(x2+y2)_14_21‘24-81‘—2
x'+yt Xy +E )+l P +2t+5
Néu sir dung cong thic dao ham ta c6
, 1 -4 +241+44
JO)=—t— :
£ (P +2+5)

f'H=0=@-D(t+1) (-5 =0
Tu BTT ta co

pP=

Xéthamsd f(1)=P =

max P = max f(t) = f(%) =f(5) = %dat dugc khi (x;y)= (%;%) hodc x =2;y =1

min P = minf(t) = f(1) = 2 dat dugc khi (x;y)=(1;0) hoic (0;1)

Bai 4:Cho x,y,z thoa man 1 cac s6 thuc: x> —xy+y* =1.
xt+yt+1

2

Tim gia tri 16n nhat ,nh6 nhat cia biéu thic P = 5
x +y +1

Giai:Tir gia thiét suy ra:
1=x>—xy+y” >2xy—xy =xy;1 = (x +y)’ = 3xy > -3xy

ta co —%SxySI .



Mitkhac x> —xy+y° =1l x> +y> =1+xy nén x*+y*=—x>y> +2xp+1.

bat r=xy
A a1 7 —7+2t+2 1
bai toan s€ trd thanh tim GTLN,GTNN cua: P= f(t):t—z;—gétél
+
t=+6-2
Tinh f'(t)=0< -1+ 6 >=0& V6
(t+2) t=—J6-2(I)

Do ham s lién tyc trén [ —%;1] nén so sanh gia tri cia f (_?1) , f(6-2), f(1) cho ra két qua:

MaxP = (6 -2) =6~ 26 ,min P = f(~3) = 2

Nhan xét: Gia thiét va biéu thic P & dang d6i xtmg vai 2 bién x,y. Vi vdy ta tim cach do6i bién t=xy.
Nhung dé giai tron ven ta phai tim diéu kién cua bién t.

Sau day 1a mot s6 bai toan twong ty.

Bai 5: Cho x> +y? =x+ y. Tim GTNN,GTLN cua biéu thitc P=x"+ y* + x>y + y’x

2 —t

Gidi:bat r =x+y tu gia thiét ta c6 2xy=(x+y)’ —(x+y)=t—t hay xy=

Ap dung BDT (x+ »)? <2(x* +y*)=2(x+y) hay ¢> <2¢ suy ra 0<7<2. Khi d6 biéu thirc
P=(x+y) —2xp(x+y)=1

Do d6 Max P=4 dat dugc khi t=2 hay x+ y=2 va xy=1suyra x=1;y=1

Ta c6 min P=0 khi =0 hay x=0;y=0

Xy

Bai 6: Cho x, y>0 thoa min x>+ y* +xy =1. Tim GTLN cua biéu thirc K = 1
xX+y+

Giai:Pat 1 =x+y. T gia thiét ta co xy=1> —1. Ap dung BDT (x+ y)> > 4xy tacd 0<t<

\/_ .

Khiddé K =¢t-1< “33_3
Vay maxK =t—1<- 3-3 dat duoc khi (x;y) = (i);—i) va hoan vi cta chung.
; NN

Bai 7: Cho a,b,c 14 3 sb thuc thuc [%;3] . Tim gi4 tri 10n nhét cta biéu thirc:

a b c

a+b b+c c+a

a_ . b
a+b b+c c+a
b c (b—c)(a2 —bc)
(a +b)2 (a+c)2 - (a +b)2 (a+c)2

Gidi:bat P(a)= . Xem déy 14 ham theo bién «, con b,c 1 hang sd.

Ta co: P'(a)=



Néua>bh>c va a,b,ce[%ﬁ} , suy ra: b—c>0:a> —bc>0= P'(a)ZO:P(a) tang trén [%;3}

3 b c
3+b+b+c+c+3_f(c)
Xem f(c) la ham theo bién c. Khi dé:

b . 3 (3b C,Z)S
(b+c) (c+3) (b+c) (c+3)

Do d6 f(c) giam trén [%;3} suy ra f(c)sf(

= P(a)< P(3) =

re)= -

1 3 3b 1
= —=g(b).
3} TRETSTRSTIEAQ)
Xem g(b) 1a ham theo bién . Khi dé:

(.3 3 (1-b)(1+d)
«(b)= (3b+1)° (3+b)  (3b+1)(3+b)

Lap bang bién thién cta g(b) trén [%;3} ,taco: g(b)<g(l)=

W | 00

£ \ 1 1 X 2 A ,
*Néuc=>b>a va a,b,c 6[5;3:| . Tu két qua trén ta co P(C,b,a)g 8

W |

Mat khac: P(a,b,c)—P(c,b,a) ( )(b c)(a C)SO:P(a,b,c)S§

(a+b)(b+c)(a+c)
Vay maxPz%@(a,b,c)z{(3 1, ;j G 3 1) (3% 1)}

Bai 9: (Khdi A—2011) Cho x,y,z 13 ba s thuc thudc doan [1;4] va x> y;x > z. Tim gié tri nho nhat

clia biéu thire P=—> 4 4~
2x+3y y+z z+x
Giai:Dat:
Détlza;izb;izc.
x y z
Khi d6 abe=1va 2>+/bc >1.
Tacd P= 1 + 1 + 1

243a 1+b l+c

Xét bai toan mdi nay c6 cac bién » va ¢ binh dang nén ta du doan dang thuc xay ra khi b=c=

1
N

oo 1 2Ja 1
KhldoP—2+3a+ \/_ f(a)VOlaeLtl}

So sanh f (i} voi f(1) ta du doan dugc P dat gia tri nhd nhét khi a :i

Khi d6 b=c=2 va ta tim dugc cac gia tri cua (x,y,z) twong tng la (4,1,2).



Bai 10: Cho a,b,c>0 thoa min a+b+c=3. Chimg minh a’ +b° + ¢’ + abc > 4
Giai:
Tacod: a* +b* +c +abc=(a+b)* —2ab+c* +abc=(c—2)ab+(3—c)* +c* =(c—2)ab+2c¢* —6¢+9
(a+b)’ (3-c)

4 4 )
Tacd: f(t)=(c—2)t+2¢* —6¢+9
Dé thay: f(r) 1a mot ham bac nhat vé6i bién 7. Ta lai c6

9

3 9
0)=2¢"-6c+9=2(c—->)Y+=>=>4
f(0) ( 2) 577

bat: t=ab; (0t <

(c=1)*(c+2)
4

e R R AR S +424

2
Suyra: f(t)>4;¢t€<]0; & _40) ]. Biéu phai chimg minh.

Dau bang xay ra khi: a=b=c=1.

Bai 11: Cho a,b,c 1a cac sd thyc duong théa a > 2b. Chirmg minh rang:
14(a* +b* +*)25(a+b+c)

Giai :14(a> + b +*) > 5(a+ b+ ¢)’
c>9(a2+b2+cz)—10(ab+bc+ca)20

C6 dinh a va c. Xét ham:

f(b) = 9(a2 +b° +c2)_10(ab+bc+ca) voi b e (0;%}
f'(b):18b—10a—100<0

2

:>f(b)227r5a2 +9c¢? —15ac=(§a—30j >0
Tu day ta c6 dpcm

Bai 12:(Khoi A —2012) Cho x,y,z thuc khong 4m thoa x+y+z=0. Tim GTNN cuia chiéu thirc
thire: P = 3" + 3" + 35 — J6x* + 6y + 62°

Cich 1: Tir gia thiét ta c6 z=—(x+y) (1) trong 3 s6 x,y,z ludn ¢ 2 s6 cung dau, khong mat tinh tong

quat gia sir hai s6 d6 1a x,y ta co xy >0
Thay (I) vao P tacd P=3""+32" 1320 _ 127 + 37 + xy)
P =3 13204 3 [12(x + ) - xp)]

2y+x|+2x+y| 3|x+y|

>31423 2 2B x+y 3423 2 —23 x4y
Dat ¢ = x+ y|,(t20) xét £(t)=2.(3)" - 243
F1(x) =233 I3 =243 =2B3.(B33) In3 -1) >0

Nén suy ra ham / dong bién trén [0;+00) nén f(1)> f(0)=2




Ta cé:‘3‘““y‘ >3'=1vay P>3"+2=3

Dau bang xay ra khi va chikhi x=y=2z=0

Cach 2:

Ta ching minh 3’ >¢+1(*)

Xétham f(¢1)=3"-¢-1

Co f'(t)=3'In3-1>0,Vt>0 va f(t)=0 nén (*) ding
Ap dung (¥), ta co:

RS U B Lo s 3+|x—y|+|y—z|+|z—x|

Ap dung bat dang thirc: |a|+|b|> |a + 5| ta co:

(x=yl+ly—zl+lz=x]) dx—y[ +ly—z[ +|z—x[ +|x=y[(y—z[+|z=xD+|y—z|(x -y |+]z - x])

22(|x—y[+|ly—z[ +|lz—x[)
Do d6:

|x—y|+|y—z|+|z—x|2\/2<|x—y|2 +|y—z|2+|z—x|2) =\/6x2 +6y° +62° —2(x+y+z)2 Ma

xX+y+z=0 suyra |x—y|+ y—z|+|z—)c|2\/6)c2+6yz+6z2

Suyra P=3"" 43" 135 _ J6x? + 6y> + 627 >3
Khi x = y=z=0 thi ddu bang xay ra, vay gia tri nho nhat cta P bang 3.

Bai 13: (Khdi B-2012) Cho cac s6 thuc x,y,z théa man x+ y+z=0 va x*+y? +z> =1. Tim GTLN
ctia biéu thuc P=x*+y° +2°

Gidi. Néu x+y+z=0 thi 2(x*+y° +2°) =5x0z(x> + y* + 2%)
Chirng minh: Vi x+y+2z=0 nén dé c6 duoc x* + y* +z° =3xyz
Tuong duong
X+ Y+ 2P+ +2)=3xpz(X° + Y+ 2) O X+ + 20— xyz(xy + yz + xz) = 3xyz(x’ + >+ 2°)
2+ Y +2°) =5xpz(x” + Y+ 2%)
5 (y+2)’-(’+2°) 55 5

Ma x>+ % + 2> =1 nén ta chi cAn tim GTLN cita: P = > xyz = > . 293,
2775 2 2" 7,

Pt f(x)= %f _ %x v6i x thudc [—L1]

J6

f(X):OQX:iT

5.6 -1 6
ta tim duoc GTLN = —— khi x,y,z la bo hoan vi cua
. 36 y (—= [ J— 3 )
Bai 14: Cho a,b,c s6 thuc duong va (a+b+c)* =2(a> +b* +*)>0
a+b'+c’

Tim max ;min P=
(a+b+c)ab+bc+ca)




Gii. Tir gia thiét ta co : ab +bc + ac = i(a +b+c)’. Do do

3 3 3
P:4(a+—b+c;):i[ 4a 34 ( 4b ) +( 4c 3}
(a+b+c) 16 a+b+c a+b+c a+b+c
4a 4b 4c

bat x = 3y = 2=
a+b+c at+b+c a+b+c

Ta co

{x+y+z=4 {y+z=4—x
f—

xy+xz+yz=4 yz=x"—dx+4

[o¢)

Do (y+z)224yZ:>OSxS§

1 3 3 3 1 3 3 1 3 2
P=—x+y + =—|x +(y+ -3 + = P=—Q0@x" -12x" +12x+16

16( y +z) 16[ (y+2) =329(y+2)] 16( )
Xétham s6 f(x)=3x’—12x> +12x+16 V4i x e [o;g]

:>f’(x)=9x2—24x+12:>f’(x)=0<:>x=vvx=% thoa man dk

£(0)=16; (2) = 16;f(§) = %;f(g) = %

Vay MinP =1 chang han khi a =0;b=c =0

MaxP :% chfmg han khi a=b;c=4a;a #0

15

Bai 15: Cho a,b,c>0 théa méin : 21ab + 2bc + 8ac <12. Ching minh rang: 1 + 2 + 3 > )
C

a b

Gidii. Pt x =1,y = %,z =1 bai toan tro thanh:
a C

Cho cac sd thuc duong x, y, z thoa man 2x +8y + 21z <12xyz . Chung minh r?mg: xX+2y+3z> % )]

C ea A N 2 .
Tuglathletz(12xy—21)22x+8y>0,tud0zngyvorl)wl(z).

12xy -21 4y

2x

Suy ra VI(1)>x+2y+ 8y 3).
4xy =17

2 4x%y — sy K \ \ £
x+8y _r) >x +8y vO1 bién x>l va y la tham s6 thuc duong
4xy—-17 4xy -7 4y

16x°y* —56xy—32y> +35
(4xy—7)2

Xét ham sb f(x)=x+

= f(x)=



va qua x, thi f’(x) d6i dau tir Am sang

2y° +14
Trén | 4o | thi f/(x) =0 x=x, =L+ 22 *14
4y 4y 4y
dwong nén f(x) dat cy tiéu tai x, .

Suy ra £(x)2 f(x,) =25, — % SVT() 2 f(0) 422 f()+ 2y = g(0) (4.

Xét ham sb g(y)=2y+4i+%«/32y2 +14
y
= g'(y) =05 (8y* —9)y/32y° +14-28=0.

Dit 1 =4/32y* +14 >0 thipt trén trd thanh /* — 507 —112 =0. Phuong trinh ndy c6 duy nhat mot

nghiém duong t =8 < y =y, :%.

Vay g’(%j = 0. Voiy>0 va qua y, thi g'(y) d6i ddu tir Am sang duong nén g(y) dat cuc tiéu tai y, .
5 15

Luac do =gl = |=—.
uc do g(y,) g( 4j 5

Tur d6 két hop v6i (4) suy ra VI(1) > g(v)> 2(y,) = % Déu "=" xdy ra voi x =3,y = %,z =§ hay

azl,bzi,CZE.
3 5 2
Bai 16: Cho x,y,z € (0;1) théa man xy + zx + xz =1. Tim GTLNN cua P:1 i 2+1 Y 2+1 ! >
-X -y -z

2 2 2
X y z

2 + 2 + 2
x(1=x7)  yd-y7) (-2

Gidi. Taco P=

Xét ham sé f(x) = -~ Vo1 0<x <1
(I-x%)

' _ 3)C2—1 .ot — :L :_L
f(x)_—xz(l—xz)z’f(x) 0= x \6(1’1)\/)C \6(1)
Ta c6 bbt

1
x| 0 — 1
NE)
2 (x) - 0 +

f(x) \



Tir bang bién thién ta c6 ; ! 52 %w < (0:1)
— X

33 33

Vi vay PZT(xz+y2+22)2¥(xy+xz+yz)27

. ) 1
Dau"="xdyrakhi x=y=z=—
g ND

D. DANG KHAC

Bai 1. Tim cac gia tri cia a va b dé phuong trinh x* +ax’® + bx* + ax+1=0
C6 nghiém va tong a’ +b*> dat gia tri nho nhat.

2
HD. Gidi.vdi x = 0 phuong trinh tr¢ thanh (x +lj + a(x +lj +b-2=0
x x

bat t=(x+lj:>at+b =2-1 :>(2—t2)2 =(at+b) <(a*+5%)(r +1)
X

Dang thirc xay ra khi a = br

-4 +4

Do d6 a2+b222——t2—5+
- +1 t

bat f(u):u—5+i,u24
u+1

9
+1

2

Dung dao ham ta c6 a’ + 5’ 2f(u)2f(4)=%
u:t2:4 a:—i;b:_g
Pang thirc xay ra khi {a=bs = 4 25
at+b=2-t 5 5

Bai 2. (HSG bang B 1999).
Xét cdc s thuc a, b sao cho phwong trinh ax’ —x* +bx~1=0
Co ba nghiém thyc duong (cac nghiém co thé bang nhau).
5a° —=3ab+2
a’(b-a)
HD.Goi x,, x,, x, la ba nghiém ctia phuong trinh ax’ —x*> +bx—1=0, ta co

Tim gid tri nhé nhat ciia biéu thirc P =

1 b
X+ Xy + Xy = X,.X,.X5 = (1) xx, +x,x;, +x3x, = - (2).

Vi x,, x,, x,duong nén a,b duong .

Ap sung bat dang thirc ((x, +x, + x;)% = 3(x,x, + x,x; + x,x,).Tir (1) va (2) ta co
I _3b

a’ a 3a -

. (e , 1 1 1
Ap dung bat dang thirc Cauchy ta cé x, + x, +x; 233/x,.x,.0;, > —233— <= 0<a< m 4).
a a

5a* —3ab+2

2

Xét ham sb P(a,b) =
a (b—a)

theo bién sb b thudc [0;%} do (3).
a



— 2 —
Vi P'(b) = % <0 v&i moi b suy ra ham P(b) 13 ham giam ,do d6
a —da

3(5a* +1)

a(l-3a%) 3.

P(a,b) > P(a,%) hay P(a,b)>
a

C s £ 354 +1) | . 1
Lai xét ham s6 >———— trén | 0;)——= | theo (4).
' 02 130 ( 3& @

15a* +14a* -1 NPT n N 1a A s .
Sa_+14a < 0 v6i moi a trén tap xac dinh (4) nén g(a) 1a ham s6 giam, do do6 .

Vi ¢g'(a) =
g'(a) a*(Ba’ -1)°

g(a) > g(%) < gla) > 44 Do d6 tix (5) ta ¢6 P(a,b) >12+/3 .

. s . 1 NV A
Dang thuc xay ra khi a =m, b=-/3 valacdé x, =x, =x,=+/3. VayP. =12.3.
Bai 3. Cho ham s f:(0;+%) — R thoa méin diéu kién f(tan2x) = tan* x + cot* x, Vx € R
Tim gia tri nho nhét cta f(cosx).
2tanx 2

‘as < 1
Gidi . Dat y=tan2x=>y=—7—=—= —tanx =
I-tan"x y tanx

2
izztanszr —2:[iz+2j =tan' x+——+2
y tan” x y tan” x
Suy ra 1—?+g+2=tan4x+cot4x
, ,ae \ £ \ 16 16
Do @6 ta xac dinh ham s6 f(x) 1a f(y)=—+—+2, Vy € (0;+00)
y oy

cos’x  cos’x

Bai 4. (HSG-QG Bang 4 2003). , , .
Cho ham so f xdac dinh trén tdp hop so thuc R ,lay gia tri trén R va thoa man diéu kién
flcotgx) = sin2x + cos2x voi moi x thudc khoang (0; 7).

T d6 ta di cAu hoi f(cosx) :i+i+2, Vxe[o;%j

Hay tim gid tri nhé nhdt va gid tri Iém nhdt ciia ham sé g(x) = f(x) f(I —x) trén doan [-1;1].
Loi gidgi : Ta co f(cotgx) = sin2x + cos2x ,Vx e (0;7).
2cotgx N cotgzx—l B cotg2x+2cotgx—l

< f(cotgx) = 5 5 5 Vx e (0;7).
cotg“x+1 cotgx+1 cotg“x+1
Tir d6 ,luu ¥ ring véi moi t e R déu ton tai x e (0;7) sao cho cotgx =t , ta dugc
2
2t -1
fy="—"""— VieR.
= +1
X x21-x)% +8x(1-x)-2
Dan t6i g(x) = f(x) .f(1 —x) = VxeR.(1).

x2(1-x)? —2x(1-x)+2

Pit u = x(1 — x).D& thiy . khi x chay qua [-1 ;1] thi u chay qua [2 ;i].



Vivay tu (1) tadugc: min g(x)= min A(u) va max g(x)= max | h(u) trong 3o
<x

—-1<x<1 Co<y<t —-1<x<1 Co<y<t
4 4
2 _ 5,2 i ,
By = B2 gy = 2O a0 sat du dao ham trén [-1 517 ¢6 két qua
2 2 2
u —2u+?2 u” -2u+2)

ming(x) = 4—+/34 ; maxg(x) = 2L5 .
Bai 5. (Bang A _2006). Cho b 1a s6 thuc dwong . Hay xdc dinh tit ca cac ham s6 f xac dinh trén tap so
thuc R, lay gia tri trong R va thoa man phuong trinh

fx+y)= f(x).3" O L p* (3’””‘”-1 — b’ ),Vx, yeR.

Loi gidi. Phuong trinh da cho tuong dwong f(x+y)+b™ =(f(x)+b").3" /" vx,yeR (1)
bit g(x)= f(x)+b". Khi d6 (1) c6 dang g(x +y) = g(x).3*""' Vx,y e R.(2)
=0VvVxeR

Thay y = 0 vao phuong trinh (2) , ta ¢ g(x) = g(x).3*"" Vxe R & {gig . re

g =
e g(x)=0VxeR thi f(x)=-b".
e g(0)=1, thé x = 0 vao phuong trinh (2) ta dugc.
g(1)=g(0)3*"" o g(y)=3" <35 —g(y)=0VyeR (3).
Xét ham s6 h(t) =3"" —tco h’(t) =3"In3 — 1, khi h’(t) =0 <1 =log,(log, e)+1<]1.
Ta c6 bang bién thién sau , voi a=logze — logs(logze) — 1 <O.

t Foo logsz(logse)+1 1 +o0

h’(t) 0 +

+o0 + o0
h)t) \ /VO/
a

Tur bang bién thién ta thdy PT h(t) = 0 c6 hai nghiém t, = 1; t,=c v6i 0 <c <1 (h(O) = %)

g(y)=1

VyeR (4).
g(y)=c0<c<l yeR ()

Tuc g(y)=3*"" < {

Gia sir ton tai y, € R sao cho g(y,) = c.

Khi d6 1 = g(0) = g(yo) = &(yo-Yo) = &(-Yo). 3" =cg(-yo)-

Suy ra g(-yo) = ! # ¢ ,mau thuan véi (4). Vay g(y) =1 VyeR, suyra f(x) =1 —b".
C

Vay ¢6 hai ham s thoa man dé bai 1a f(x) =—b* vaf(x)=1-b".

Bai 6 Cho diy so xac dinh bdi : x, = [l +i2j[l +%)[l +i2j Tim lim (Inx, ).
n n n n—+w

2

HD: Dung phuong phap dao ham ta ta chimg minh bt dang thirc x — % <In(l1+x)<x. (Vx>0)

Taco Inx, :ln[l+%j+ln[l+%j+...+ln[l+izj

n n n



i .2 : :
‘ A, 2l ., A e | X =5
Ap dung bat dang thirc trén véi n*  tadugc Lz - l—4 <In(1+ Lz) < Lz
i=123 n° 2n n n

Suy ra L2(1+2+3+...+n)—2—14(12 +2*+3% +..+n*)<Inx, <L2(1+2+3+...+n)
n n n

1 1
: nx, < 2D gy
2 n 6 n 2

Diéu nay twong duong V, = Lz n(ntl) 1 n(n+D@nt1) <
n

Mataco lim V, = lim Un:%: lim xn:%.

Bai 7. Cho cac sb thuc duong a, b, ¢ thoa man diéu kién 4(a+b+c) —9 = 0.

, N b c a
Tim gi4 tri 16n nhét cia biéu thirc S:(a+Ja7 +1) (b+ = +1) (c+Jc7 +1)
Giai : lnS=bln(a+\/a2+1)+cln(b+\/b2+1)+aln(c+\/cz+l)
Xét ham sd f(x)zln(x+\/x2+l),x>0

Tacod f'(x)= 21 = f '(%j = % Do d6 tiép tuyén cua ham sé tai (%;ln 2) c6 phuong trinh Ia
x +1

4 3
y:gx+1n2—g
—X
(x2 +1)\/x2 +1
Do @6 tiep tuyen cta do thi nam phia trén do thi, suy ra
1n(x+ﬁ)£%x+ln2—%, Vx>0.
Ap dung bat dang thirc nay cho sé duong a ta co

1n(a+\/a2 +1)S%a+ln2—%:>bln(a+\/a2 +1)£%ab+(ln2—%jb
Tuong tu ta c6 cln(b+\/b2 +1)S%bc+(ln2—%jc

aln(ch\/c2 +1)£%ca+(ln2—%ja

Cong vé theo vé ba bat dang thirc trén ta dugc

Laico f"(x)= <0, Vx>0, nén d6 thi 16i trong khoang (0;+0)

2
lnSS%(ab+bc+ca)+(ln2—%j(a+b+c)S%@+(lﬂ2—%j(a+b+c)z%ln2

Suy ra gié tri 16n nhat cia S 1 442 khi va chi khi a :b:c:%

Bai8: Chon s6 ty y ajas..anva x €[-1;1] thoa man
X+ a;cosx + acos2x + ...+ancosnx > a;ta,t...+tan
Chung minh : a; + 4a; + 9a; +...n2ang 2
HD: Xét ham sb f(x) = x> + a;(cosx — 1) + ay(cos2x — 1)+ . . . + an(cosnx — 1)
Ta co £°°(x) =2 — a;cosx — 4a,c082X - . . .- N"COSNX .
Néu f°(0)<0 = 35 lalan can cia 0 ma £°(x) <0 Vx e (-5 ;6).Suy ra £(x) nghich bién trong
(=6 ;0)



Do d6 f(x) <f(0) Vx e[0;5)nén f(x) nghich bién trong [0 ;5) .suy ra f(x) < f(0) =0 Vx [0 ;5)
Piéu nay mau thuin voi gia thuyét f(x)> 0 xe[-1;1]
Vay £7(0) 20 < a; +4a, + 9a; +..n%an<2 (dpcm).
Bai 9. (QG 2003). Cho ba so thuc khong am x,y,z thoa man x+y+z > (.
Tim gid tri nh6 nhdt cia bidu thie p=*—2" 102
(x+y+2)

HD: Nhan x¢ét : P( ax, ay,az) = P(x,y,z) vdimoia>0 Tinh thuan nhét cta P cho ta them gla thlet
xty+z =1 ma khong mét tinh tong quat . Bai toan quy vé tim gia tri nho nhét cia Q = x’+y’+162° véi
diéu kién x+y+z =1
(x+y)’ 1

4

1) 21(1—2)3 £162° 12 € (0:1),P(x) = —_(1—2)2 14827 Khi £(x) =0 thi z :é (ze(0:1))

Tacod x* +y° >~~~ (1 z)’. T dd 0>~ (1 z)* +16z° . Diat

Lap bang bién thién ham f(z) trén doan [0; 1] ta thay f(2)=f ( )= ZT
VayGTNN(P)— La khlvachlkhl x= y—z :é

Bai 10.(HSG bangA 1995).Giai phuong trinh x* —3x* —8x+40-8{/4x+4 =0.
HD.Dit f(x)=x’ —3x> —8x+40 = min(x) = f(3)=13.
g(x)=8V4x+4 = max g(x)=g(3)=13.

Bai 11 . Chiing minh mngphu’(mg trinh xX'= (x+1)" c6 mét nghiém duy nhdt
HD:14y logarit co s6 e hai vé ta ¢6 (x+1)Inx = xIn(x +1)..

+1__

Pt f(x)= xIn(x+1)—xInx—Inx. c6 £(x) = In(x+1)+———Inx—t—l=p> Ly ¥ _x*l
x+1 X X x+1 X

Lai dat t:x—H>1 ta co g(t)Zlnt—t+l:>g'(t)zl—iz—l<0.:>g(t) giam trong (1 ;+ ).

X t r ¢
Nén g(t) <g(1) =0 vdi moi ¢ e (I;4+%).Do d6 £(x) <0 Vx e (0;+0) suy ra f(x) giam trong (0;+w).Ta
cof(l)=In2>0.

Mit khéc lim f(x) = lim[ n } .

X—>0 X—>0 X

Bai 12. Tim céc nghiém nguyén duong cua phuong trinh x* +y=y" +x.
Giai D& thay (x;y)=(a:a) 1a nghiém véi moi ae N’

1 1
Giasur x#y,x>y=>x"—)" >0 Y, MY

X Y
Pé thoa mam Bt dang thirc trén khi (b; 1)

Pt f()=""C = fi(r) = —1 In’

Py

. C6 bang bién thién




Nén ham f(t) gidm trong (e;+x©). Vay 4>3= f(3)> f(4) < lnTS > hiT4 = lnTz

Do d6 dé c6 s6 nguyén (x;y) sao cho x>y va thoa Inx > Iny khi (x;y) = (3;2).
X Y

Do d6 cac nghiém nguyén cua phuong trinh 1a (a; a), (b; 1), ((1; ¢), ( 3; 2), (2; 3)

Bai 13. Gidgi phuong trinh 2x +1)(2 +/4x> +4x+4)+3x(2++9x> +3)=0.
HD. Phuong trinh tuong duong

Cx+DQR+C2x+1)>+3)=3x2++/(-3x) +3) = fQx+1) = f(-3x).

Trong d6 f()=t(2++/t> +3), la ham d@)ng bién va lién tuc trong R, phuong trinh tr& thanh
f2x+1) = f(-3x) € 2x+1=3x < x = —% 2 nghiém duy nhét

Bai 14. Giai phuong trinh (sinx-2)(sin2 x— sinx+1) =33/3sinx—1+1
Giai. Phuong trinh da cho tuong duong
sin® x—3sin’ x + 3sinx-2 = 33/3sinx -1 +1
& (sinx-1)’ =333sinx—1+2
Cach 1. Bat u =sinx-1, v=3/3sinx-1
P=3v+42
Tacohe |
Vi =3u+2

Cich 2. Bién d6i phwong trinh twong dwong
(sinx-l)3 +3(sinx-1) =3sinx—1+33/3sinx -1
< f(sinx-1)= f(x3/3sinx—l)

Trong d6 f(t) =t +3t
3 +sinx+cosx

Bai 15. Giai phuong trinh sinx+cosx-sinxcosx=1+lg ,
4 +sinxcosx

Giai Ta cO 3+sinx+cosx>1; 4+sinxcosx>1
Phuong trinh trén tuong duong log(4 +sinxcosx ) — (4 +sinxcosx ) = log (3 +sinx+cosx ) — (3 +sinx+cosx)
Xétham s6 f(t) =lgt—1,1 e (1;+0)
Tim tham so6 a dé hé sau co nghiém (x;y) thoa man diéu kién x> 4.
Vx+4y =3
{m i<
HD:Dit \/x =t = y=(-3)> . Vi x>4=¢>2. Hé trén c6 nghiém khi bat phuong trinh

()=t +5+~¢> —6t+12 <a c6 it nhat mot nghiém théa ¢>2
tuong duong M inf(¢#) <a (£>2)
Ta c6 P(t) = ——— 4 =6
N2 45 2 —6t+12
[2;+00). Do d6 Min(t) = f(2) =5 . VAy a>5

>0 moi t thudc [2;+ ) suy ra ham sé f(t) luén dong bién trong



3 +2x—1<0 (1)

) . Tim a dé hé c6 nghiém.
X =3x+1-a>0(2)

Bai 17. Cho hé bat phuong trinh: {

Phan tich va 10i giai o
- Thyc chat cia bai todn 1a tim a dé€ bat phuong trinh (2) ¢6 nghi¢m théa man (1);

. 1
Nghiém cua bat phuong trinh (1) la: —1<x < 5
Goi vé trai cua (2) 1a f{x)
X
Tacd f(x)=x"-3x+1-a= f'(x)=3x" —3;f'(x)=0<:>{

Ta tim GTLN, GTNN ctia ham s trén (—l; %)

Bang bién thién

X -1 3 1
fx)| + 0 - -0+
3-a
fix) \
4 ]-a
27

. 1 1
Hé c6 nghiém khi min f >0 ——-a>0&a<—
R 27 27

x+Vx2 —2x+2=3"41
Py p2 =2y +2 =341

- Hé khong mau muc, dé y trong hé s mii ciacoso 3 lax—1vay—1;
- Ta co y bién doi h¢ theox — 1 vay — 1.

u+vu?+1=3"

batu =x—-1,v=y—1(I) thanh D) ;

VHVVI +1=3"

2
Xéthaim i) =x+Vx2+1 taco f(x) =1+ VX F1+x X*+x 0.
Jx2+1 Jx2+1 Vxi+1

Bai 18. Giai h¢ phuong trinh: ; x,yeR (D)

Giai

Vay fdong bién trén R.
Néuu>v =fu)>f(lv) =3'>3" = v>u(voly);
Tuong tu néu v > u ciing ddn dén vo Iy



u=v =

(Vivul+l-u#0nénu+vu*+1=3"<1=3"Wu*+1-u))

Pit gu)=3"(Vu? +1-u) = g'(u) =3" In3(u? +1 —u)+3“[ u —1J
vur+1

Do d6 hé (I Q{uﬂ/uul:3u©{1:3u(\/u2+1—u) 0
u=yv

' __u 2 1
g'(u)=3 (\/u +1 u)[ln?) mj >0,YVueRr
Vay g(u) dong bién trén R .Ta c¢6 g(0) = 1. Vay u = 0 1a nghiém duy nhat cta (1)
Nén (I) < u=0=v Vay(Dex=y=1.
(1+42x—y).51—2x+y — 1+22x—y+1

Bai 19.(HSG bang A 1999). Giai hé phuong trinh :
Vv +4x+1+In(y* +2x)=0

t t+1
HD. Diit t = 2x — y phuong trinh thir nhét ctia hé trd thanh (1+4°).5" =142 < 1;4 _ “52
Chung minh vé trai 1a ham nghich bién,vé phai dong bién nén t = 1 1a nghiém duy nhat ctia phuong

trinh dAu ,thé 2x —y = 1 = x:yT” vao phuong trinh thir 2 ta ¢6 y® +2y+3+In(y> +y+1) =0

Chung minh vé trai, ham s6 dong bién thi ta c6 y = -1 1a nghiém duy nhat cia phuong trinh 2.
Vay h¢ co nghiémlax=0;y=-1.

Bai 20. (HSG 2001). Tim céc gia tri thuc ciia m dé hé phuong trinh sau day c6 nghiém

{x3 ~y’ 43y =3x-2=0

x2+\/1—x2 —3\/2y—y2 +m=0

\ -1<x<1
Giai. Didu kién { *
0<y<2
Tir phuong trinh ddu suy ra x* =3x* =(y 1)’ =3(y-1)
Xétham sé f(r)=¢ -3¢, nghich bién trong —1<¢<1suyray=x+1
Thay vao phuong trinh hai , ta c6 f(x)=-x"+2V1-x" =m=-1<m<2
Bai 21..(HSG bdng B 1999).
x=3z2"+227
Giai hé phuong trinh { y = 3x° +2x7
x=3y"+2y°
x+z=32"+2z"+z x+z=f(z)
Giai. Hé phuong trinh twong duong < y+x=3x" +2x" +x < 1y +x= f(x)
x+y=3y"+2y"+y x+y=/1()
Véi f(t)=3C+22 +t= f'(t)=9>+4t+1>0, VteR
La ham s6 dong bién trong R nén
Gia stir x = Max {x,y,z}



x2ze f(O)2f) =D yv+x2x+zeoy2z= ()2 f(e)eoy>x
Ma x=Max{xyz}=>x=y= f(x)= f(y)=>x=z

Suy ra h¢ c6 nghiém (x;y;z) = (—1;—1;—1),(0;0;0),(%;%;%)

Bai 22 : (Thi HSG bang A 2005-2006).

Giai hé phuong trinh :
Vx? = 2x+6.logs (6 - y) =x

V2 =2y +6.logy(6-2)=y
Vz2 =2z +6.10g3(6-x) =z

Loi gidi : Diéu kién xac dinh x,y,z < 6 .Hé da cho twong duong véi

X
log3(6-y)=—————= (1)
x2 -2x+6

gy)=/f(x)

logy(6-2)=—2—— (2) < 1g(2)=/(»)
vy -2y +6 2(x) = £(2)
zZ

— ()

log3(6-x) =
\/22 -2z+6

. t . 6t .
Xétham so : f(t) = ———= VvOi1t<6.Tacod f'(t)= >0 voit<6
VT =2t+6 (1 =2t +6)Wt* =2t +6

Suy ra ham sé f(t) déng bién trong khoang (—; 6).

Mit khac ta xét ham s6 g(¢) = log,(6 —¢), 1a ham giam trong khoang ( —oo; 6).

Néu (x,y,z ) 1a mot nghiém cuia hé phuong trinh ta chimg minh x =y = z. Khong mat tinh tong quat,
gia st x = max(x,y,z) thi c6 hai truong hop.

TH1 . x2y2>z = f(x)2 f(y)2 f(z) = log3(6—y) 2log3(6—z) 2log3(6—x)=>x2z2y=>x=y=z
TH2. x2z2y = f(x)2 f(2) 2 f(y) = log5(6—y) 2log3(6—x) 2 log3(6—z) = z2x2y=>x=y=z
Vay phuong trinh f(x) = g(x) c6 nghiém duy nhat x = 3 .h¢ c6 nghiém duy nhatx =y =z=13

Bai 23 (THTT T9/333)
¥ (x+)=2(y" —x)+1
Giai hé phuong trinh {y*(y+1)=2(z" - y)+1
Z(z+1)=2(x" —z)+1

¥ +xP+2x =2y +1 f(x) =g
Loi gidgi : Viét hé da cho dudi dang {y* + 1> +2y =22 +1 4 f(y) = g(2)

2427 +2z=2x"+1 f(z)=g(x)
Xét hai ham s6 f{t) = £ + €2 +2t va g(t) = 2°+1. , S
Vi f(t) =3t + 2t + 2> 0 ;g°(t) = 6t> > 0.Suy ra hai ham so (t) va g(t) luén dong bien trong R.
Gia su (x,y,z) 1a nghi€ém hé da cho , khong gidm tong quat gia su
x2y=>g)=/(02f)=g@)=y2z



Mitkhacvi x>y = f(y)=g(2)2g(y)=f(x) = y>x. Diéunéy chixdyrakhix=y=z.
X=y=z X=y=z ()
=
f(x) = h(x) {f +x°+2x=2x"+1 (2)
Phuong trinh (2) tuong dwong h(x) =x> —x*-2x +1 1 ham s6 lién tuc trén R
vataco h(-2)<0;h(0)>0;h(l)<0;vah(2)>0
suy ra phuong trinh cé ba nghi¢m phan biét trong (-2 ; 2).
bat x = 2cosu voi u € (0; ). Phuong trinh tr¢ thanh 8cos’u — 4cos”u- 4cosu +1 =0 .
suy ra sinu (8cos’u — 4cos’u- 4cosu +1) =0
= 8sinucos’ u—4cos’ u.sinu —4cosu.sinu+sinu =0 < 4sinu.cosu(2cos’ u—1)

Vay h¢ tuong duong voi hé {

=3sinu —4sin’ u =sin3u .

Tuong duong sindu = sin3u . Giai phuong trinh ta thu dugc u € {%377[57”}
Vay nghiém cta h¢ phuong trinh trén la x =y =z = 2cosu voi u € {%,37”,57”}

Bai 24: (TH&TT T9/309).

1 1+3 =1 i 2
Gidi hé phirong trinh og 1+ C_O”) ogs (sin ) +
logz(l + 3sin y): 10g3(cosx)+ 2

Loi giai :
biéu kién c6 nghia : cosx > 0, siny > 0 .Ttur hé¢ da cho ta ¢ :
loga(1 + 3cosx) + logs(cosx) = logy(1 + 3siny) +Hogs(siny) . (2)
Xét ham so f(t) = logy(1 + 3t) + logst, voit>0
Ta co f(t) = 3 + ! >0, V>0
(1+3)In2 ¢In3
Do vy, f(t) la ham s6 dong bién trén (0 + o), tir (2) ¢6 f(cosx) = f(siny).
Do f{(t) dong bién suy ra siny = cosx .
Thay vaoh¢ phuong trinh (1) ta duoc : logy(1 + 3cosx) — logz(cosx) =2 (3).
Xét ham sb g(v) = log,(1 +3v) — logsv, véi v = cosx € (0,1}.
3 1 , . In2

- a =0khiv=vy= ——— € (0,1}.
(1+3)mn2 vin3 e VT S 3—m2) €O
Lap bang bién thién, ta thiy g(v) nghich bién tir (0, vo], va dong bién tir [vo, 1).
Nén p/t (3) c6 nhicéu nhat 1a 2 nghiém theo cosx

Ta co g’(V) =

va 2 nghiém d6 la:cosx = 1 va cosx =

g .
Vay h¢ da cho tuong duong véi 2 h¢ :
1
cosx=1 ) cosx= 3
. (4) va (%)
sin y=1 sin y = 1
3
Giai cac hé (4) va (5)taco:
x=2kr X =xar cos[%j + 2km

T o onmkneZ va 1
=— + , n .
d 2 e y=(-1) arsm[gjntn;zk,neZ






